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Abstract

Accurate dynamic models of industrial robot manipulators are essential for achiev-
ing high-performance control and for realizing accurate physics simulation. How-
ever, improving model fidelity typically requires extensive experimental data
and time-consuming identification procedures. This thesis addresses this trade-
off by advancing system identification methods aimed at improving the accuracy
of physically parameterized robot models. The advancements are focused on re-
source-efficiency in terms of shortening experiment duration for data collection,
decreasing data volume and reducing need for manual effort related to experi-
ment design and tuning of the identification algorithm.

The work first investigates high-fidelity modeling approaches, including multi-
body formulations with flexible links derived from Finite Element data. These
models enable accurate prediction of robot dynamics early in the development
process without requiring experimentally identified stiffness parameters. To fur-
ther enhance model realism, extended joint models incorporating gear, bearing,
and link flexibility are developed, allowing separation and identification of trans-
mission- and arm-side dynamics using dual encoder measurements.

The second central contribution of the thesis is the development of improved
experiment design strategies for frequency-domain identification. By formulat-
ing and solving optimization problems based on information criteria, optimal
robot configurations for data collection are identified, significantly reducing ex-
perimental effort while maintaining or improving parameter estimation accu-
racy. These methods are validated both in simulation and on real industrial
manipulators, demonstrating substantial reductions in experiment time. The
approach is further extended to systems incorporating nonlinear transmission
stiffness through the use of statistical linearization.

Third, the thesis introduces advanced estimation techniques for extracting
more information from limited data. In particular, local parametric methods for
frequency response function estimation are adapted to nonlinear, closed-loop,
multi-input multi-output robotic systems, reducing the number of required ex-
periments and improving estimation accuracy compared to classical approaches.

A key contribution of the thesis is the experimental validation of the proposed
methods and models, ensuring their practical relevance. Overall, the results
demonstrate that substantial improvements in model fidelity can be achieved
without increasing experimental resources. By combining physically parameter-
ized models, optimized experiment design, and efficient estimation methods, the
proposed framework has significant practical and industrial impact, supporting
the development of accurate and computationally efficient dynamic models for
industrial robot manipulators.
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Populärvetenskaplig sammanfattning

Industrirobotar används i allt från biltillverkning till precisionsmontering och
förväntas arbeta snabbt, noggrant och med hög tillförlitlighet. För att uppnå det-
ta krävs matematiska modeller som kan förutsäga hur roboten rör sig och beter
sig under olika förhållanden. Ju bättre dessa modeller är, desto mer precist kan
roboten styras och optimeras. Samtidigt är det både tidskrävande och kostsamt
att ta fram mycket exakta modeller, eftersom det ofta kräver omfattande experi-
ment och datainsamling.

Denna avhandling handlar om hur mer noggranna modeller av industrirobo-
tar kan tas fram på ett mer resurseffektivt sätt. Fokus ligger på så kallad syste-
midentifiering, vilket innebär att mätdata från roboten används för att anpassa
modellens parametrar för att bättre stämma överens med verkligheten.

En viktig del av arbetet är att utveckla realistiska modeller av robotars meka-
nik. Traditionellt har förenklingar av robotarnas leder och länkar gjorts genom
att göra dem helt styva, men verkligheten är inte så eftersom de kan böja sig och
ha komplexa egenskaper. I avhandlingen presenteras modeller som tar hänsyn
till dessa fysikaliska fenomen, vilket leder till mer precisa beskrivningar av robo-
tarnas rörelser.

En annan viktig del är att förbättra hur experimenten för att utreda robotmo-
dellens egenskaper planeras. Istället för att samla in stora mängder data på ett
osystematiskt sätt utvecklas metoder för att välja ut de mest informativa rörel-
serna och arbetslägena för robotarna. På så sätt kan både mättid och datamängd
minskas, samtidigt som tillförlitligheten i modellerna bibehålls eller till och med
förbättras.

Vidare rör avhandlingen utvecklandet av metoder för att få ut mer informa-
tion ur den data som samlas in. Genom avancerade beräkningsmetoder kan exem-
pelvis robotarnas beteende i frekvensdomänen analyseras, och därigenom skattas
parametrarna i modellerna mer effektivt även när systemen är komplexa och olin-
jära.

Ett bidrag som särskiljer denna avhandling från tidigare forskning är att data
från mätningar på riktiga robotar har använts för att verifiera resultaten, vilket
säkerställer att metoderna fungerar i praktiken. Resultaten visar att det är möjligt
att kombinera hög modellnoggrannhet med kortare experimenttid och mindre
databehov. Detta är särskilt viktigt inom industrin, där både utvecklingstid och
kostnader är kritiska faktorer. Arbetet har därför stor praktisk och industriell
betydelse och kan bidra till att utveckla snabbare, lättare och mer precisa robotar,
samt förbättra deras styrning och användning i avancerade tillämpningar.
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Allgemeinverständliche Zusammenfassung

Industrieroboter werden in Bereichen wie der Automobilproduktion und der Prä-
zisionsmontage eingesetzt und sollen schnell, genau und zuverlässig arbeiten.
Um dies zu erreichen, werden mathematische Modelle benötigt, die vorhersagen
können, wie sich ein Roboter unter verschiedenen Bedingungen bewegt und ver-
hält. Je besser diese Modelle sind, desto besser lässt sich der Roboter steuern und
optimieren. Gleichzeitig ist die Erstellung genauer Modelle zeit- und kostenauf-
wendig, da sie oft umfangreiche Messdatenerhebungen erfordert.

Diese Dissertation befasst sich damit, wie sich genauere Modelle von Indu-
strierobotern auf ressourceneffiziente Weise entwickeln lassen. Der Fokus liegt
auf der sogenannten Systemidentifikation, bei der Messdaten des Roboters ver-
wendet werden, um Modellparameter so anzupassen, dass sie die Realität besser
widerspiegeln.

Ein wichtiger Teil dieser Arbeit ist die Entwicklung realistischer Modelle der
Robotikmechanik. Traditionell werden Gelenke und Glieder häufig vereinfacht
als vollständig starr dargestellt, obwohl sie sich in der Realität verformen und
komplexe Eigenschaften aufweisen. In dieser Arbeit werden Modelle vorgestellt,
die Verformungssteifigkeit berücksichtigen und dadurch genauere Beschreibun-
gen der Roboterbewegungen ermöglichen.

Ein weiterer zentraler Aspekt dieser Arbeit ist die Verbesserung der Versuchs-
planung zur Schätzung der unbekannten Steifigkeitsparameter. Anstatt große
Datenmengen unsystematisch zu erfassen, werden Methoden entwickelt, um die
informativsten Bewegungen und Versuchskonfigurationen des Roboters gezielt
auszuwählen. Dadurch können Messzeit und Datenmenge reduziert werden, oh-
ne die Genauigkeit der Modellparameter zu beeinträchtigen.

In dieser Arbeit werden außerdem Methoden entwickelt, um mehr Informa-
tionen aus den vorhandenen Daten zu gewinnen. Mithilfe von Messdaten und
fortgeschrittener Berechnungsverfahren kann beispielsweise das Verhalten des
Roboters im Frequenzbereich analysiert werden, wodurch sich Modellparameter
effizient bestimmen lassen.

Ein wichtiger Beitrag dieser Dissertation besteht darin, dass experimentelle
Daten zur Verifizierung der Ergebnisse verwendet werden, was die praktische
Anwendbarkeit der Methoden sicherstellt. Die Ergebnisse zeigen, dass sich eine
hohe Modellgenauigkeit mit reduziertem experimentellem Aufwand erreichen
lässt. Dies ist insbesondere für industrielle Anwendungen von großer Bedeutung,
da sowohl Versuchsplanung als auch -ausführung entscheidende Kostenfaktoren
sind. Die Arbeit hat daher große praktische und industrielle Relevanz und kann
mit Methoden für hohe Modellgenauigkeit zur Entwicklung schnellerer, leichte-
rer und präziserer Roboter beitragen.
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1
Introduction

Modern robotics is defined by the synergy between physical capability and com-
putational intelligence. While a robot’s mechanical structure provides the “body”
for physical interaction, its software serves as the “brain”, realizing motion. Ar-
tificial Intelligence (AI) is becoming a popular interface for human-robot inter-
action, promising unprecedented accessibility and intuitiveness. Nevertheless, a
crucial gap remains: the translation of user intentions into precise physical ac-
tions. In modern frameworks, this translation may begin with high-level reason-
ing, such as Vision-Language-Action (VLA) models that attempt to map percep-
tion directly to motor commands in a black-box (sometimes called “model-free”)
manner. However, in practice, high-level intentions must still be decomposed
into low-level signals for the robot’s actuators in order to guarantee physical con-
sistency and enable high-precision execution. Whether an AI generates a target
trajectory or a human operator provides a manual command, the system must
ultimately rely on a deterministic control layer to bridge the gap between user
intentions and the rigid demands of physical movement.

The end-effector trajectory is the quantity that matters for most tasks such as
grasping and manipulating (see Figure 1.1). In order to create low-level signals
for the robot’s actuators, industrial robot controllers use measurement feedback,
if available, and predict the end-effector pose through a model. From the perspec-
tive of traditional control, high-performance operation, such as high speed or
high precision applications, requires a high-fidelity dynamic model, i.e. a model
that captures accurately how the robot responds to forces and accelerations.

Beyond real-time control, high-fidelity models are the backbone of realistic
simulations and digital-twin workflows, facilitating both advanced controller de-
sign and predictive performance analysis. In the context of AI and Machine
Learning, physically realistic simulations are increasingly valued for generating
synthetic training data for learning algorithms.
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2 1 Introduction

Figure 1.1: A robot manipulator converting user
instructions into low-level motor signals.

While design-phase data, such as Computer-Aided Design (CAD) geometry,
nominal rigid-body parameters, and component specifications provide a founda-
tional initialization, they often fail to account for the nuanced physical realities
of the assembled system. Critical properties, such as dynamic stiffness, damping,
and friction, cannot be reliably extracted from design-phase data alone. In order
to bridge the gap between idealized design and real-world performance, these pa-
rameters must be determined from experimental data through system identifica-
tion. Dealing with “the problem of building mathematical models of dynamical
systems based on observed data from the system” (Ljung, 1999), system identifi-
cation includes the process of data collection, the selection of a suitable model
class, and the actual identification method, which determines the model of the
selected class that best fits the data.

1.1 Research goals

The overall objective of this thesis is advancing the accuracy of dynamic mod-
els for industrial robot manipulators through resource-efficient system identifica-
tion. In this context, resource efficiency means short experiment duration for data
collection, small data volume and minimal manual effort for adapting the experi-
ment design and the identification algorithm. This overall objective is structured
in the following three research goals:

1. Develop high-fidelity, physically parameterized robot models, enabling
high-performance control and real-time simulation.

2. Improve experiment design in terms of resource-efficient data collection.

3. Extract more information from limited data through improved estimation
methods, improving model fidelity.
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Addressing these research goals, this thesis contributes by modernizing the ex-
isting robotic identification pipeline. By developing high-fidelity physics mod-
els that account for transmission and structural flexibilities without unnecessary
complexity, a more precise prediction of robot behavior under varying conditions
is achieved. When paired with optimized experiment design and tailored estima-
tion algorithms for robot identification, resource-efficient system identification
can be realized, significantly reducing the “experimental footprint” on the labo-
ratory floor. Ultimately, the advancements of this thesis facilitate a shift toward
fast, autonomous on-site identification. Reducing the experimental effort and the
time needed for identification will enable robots to adapt to component wear or
changing operational conditions by event-based updating and re-tuning the con-
troller model. This thesis contributes to transform the identification process from
a costly development activity into a streamlined tool, for example, for predictive
maintenance and on-site controller optimization.

1.2 Thesis outline

This thesis is organized into two parts. Part I introduces the theoretical back-
ground, summarizes the relevant state-of-the-art across several subfields, and
provides motivation for the key methodical choices made throughout the research.

Chapter 2 addresses the topic of robot modeling. It begins by motivating
the need for accurate and physically parameterized models and continues with
reviewing rigid-body models with flexible joints. Nonlinear transmission effects,
including friction and other compliance-related phenomena, are discussed next,
followed by a brief description of how flexible link manipulator models can be
implemented.

Chapter 3 focuses on the identification of frequency response functions (FRFs).
Introductory remarks are made on the role of FRFs as an intermediate step in
robot parameter identification, on closed-loop identification, linearization, and
methods for friction identification. The chapter then describes the procedures
for data collection and experiment design, including the choice of excitation sig-
nals. Several FRF estimation methods are presented and compared, including
nonparametric approaches and the Local Rational Model (LRM) method. Finally,
methods for validating FRF estimates are discussed.

Chapter 4 is devoted to the identification of robot model parameters. It be-
gins with definitions and a review of the state-of-the-art in kinematic calibration,
rigid-body inertial identification, and stiffness estimation. The main method of
this thesis is presented in Section 4.2 on stiffness identification in the frequency
domain, where prior knowledge, the selection of robot configurations, parameter
optimization strategies, and validation procedures are described in detail.

Chapter 5 provides concluding remarks, summarizing the main findings of
the thesis, discussing their implications, and outlining directions for future re-
search.
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Part II of the thesis consists of seven papers addressing the research goals stated
above, and presenting the main contributions and experimental results.

Paper A: Dynamic modeling of robotic manipulators for accuracy evaluation
Stefanie A. Zimmermann, Tobias F. C. Berninger, Jeroen Derkx, Daniel J.
Rixen; 2020 IEEE International Conference on Robotics and Automation
(ICRA), Paris, France, 2020, pp. 8144-8150.

Paper B: Improving experiment design for frequency-domain identification of in-
dustrial robots
Stefanie A. Zimmermann, Martin Enqvist, Svante Gunnarsson, Stig
Moberg, Mikael Norrlöf; IFAC PapersOnLine 55-37 (2022) 475–480, ISSN:
24058963, presented at 2022 Modeling, Estimation and Control Confer-
ence (MECC).

Paper C: Experimental evaluation of a method for improving experiment design
in robot identification
Stefanie A. Zimmermann, Martin Enqvist, Svante Gunnarsson, Stig
Moberg, Mikael Norrlöf; 2023 IEEE International Conference on Robotics
and Automation (ICRA), London, United Kingdom, 2023, pp. 11432-
11438.

Paper D: Efficient estimation of frequency response functions of industrial robots
using the Local Rational Method
Stefanie A. Zimmermann, Stig Moberg; 2024 IEEE/RSJ International Con-
ference on Intelligent Robots and Systems (IROS), Abu Dhabi, United
Arab Emirates, 2024, pp. 8717-8723.

Paper E: Using statistical linearization in experiment design for identification of
robotic manipulators
Stefanie A. Zimmermann, Stig Moberg, Svante Gunnarsson, Martin En-
qvist; Control Engineering Practice 150 (2024) 106008, ISSN 0967-0661.

Paper F: Identification of a robot joint with gear and link flexibility using dual
encoders
Stefanie A. Zimmermann, Stig Moberg, Svante Gunnarsson, Mikael Norr-
löf, Martin Enqvist; accepted for IFAC World Congress, 2026.

Paper G: Identification of a 6-axes collaborative robot with gear and link flexibil-
ity using dual encoders
Stefanie A. Zimmermann, Stig Moberg, Svante Gunnarsson, Mikael Norr-
löf, Martin Enqvist; to be submitted.

As first author, I am responsible for the intellectual direction and execution of
these papers. Inspired by high-level discussions with my supervisors, I devel-
oped the original research concepts and methodology, subsequently implement-
ing all simulations and hardware experiments. The robotic hardware systems, as
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Figure 1.2: Publications forming the contributions (Part II) of this thesis.

well as the industrial control framework were provided by ABB Robotics, who
also offered technical assistance. I authored the complete manuscripts, with my
co-authors providing technical oversight and editorial comments.

1.3 Contributions

In line with the research goals stated above, this dissertation contains the follow-
ing contributions, which are published in independent papers and which also
form Part II of this thesis. Figure 1.2 illustrates the relationship of the individual
publications A–G to the three research goals and subject areas of this dissertation.
Table 1.1 summarizes the main contributions by research goal and publication.

Goal 1: Develop high-fidelity, physically parameterized robot
models, enabling high-performance control and real-time
simulation.

Targeting Research Goal 1, a novel manipulator model with flexible links is pro-
posed in Paper A. In order to develop high-fidelity, physically parameterized
robot models, available Finite Element (FE) models of the manipulator are re-
duced in complexity by applying substructuring techniques and by reducing the
number of degrees of freedom. This allows to include distributed flexibility in
the multibody model of a 6-axes manipulator, making the model suitable for
fast simulation in closed loop. Validation of the proposed flexible link model in
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time and frequency domain is presented, demonstrating highly accurate dynam-
ics compared to measurement data of a real robot.

Papers F and G also target Research Goal 1, dealing with modeling flexibil-
ity of a manipulator’s links. Compared to Paper A, the flexibility is modeled
by lumped parameters in the robot joints. The novelty of this lumped param-
eter model lies in separating gear and link flexibility and in identifying both
using dual encoder measurements. The model is an enabler for arm side posi-
tion control and for predicting the gear output torque, thus for realizing force or
impedance control as well as for collision detection and safe human-robot collab-
oration. The identification method and the model performance are studied and
validated by both simulations and real experiments.

Goal 2: Improve experiment design in terms of resource-efficient
data collection.

Shifting focus from physics modeling towards system identification, Research
Goal 2 is about improving experiment design in terms of resource-efficient data
collection for identification. Assuming that FRF estimates in a number of robot
configurations (linearization points) are the identification data for parametric sys-
tem identification, experiment design requires to find suitable, or optimal, robot
configurations. The method proposed in Wernholt and Löfberg (2007) suggests
to solve an optimization problem for finding the best combination of configura-
tions from a set of candidates. Paper B presents a novel definition of an informa-
tion matrix as basis for this optimization, which contains parameter gradient and
simulated FRF uncertainty as key elements. The results of a simulation study
show that a realistic estimate of the FRF uncertainty is crucial for successful ex-
periment design. Paper C continues the work with an experimental validation
using measurements from a medium size industrial robot. The parameter identi-
fication needs less data and experiment time is reduced if the experiment design
is improved by only using data from the most informative robot configurations.
Furthermore, the average standard deviation of the parameter estimate is shown
to be reduced compared to random experiment configurations.

In addition, Paper C experimentally demonstrates that non-linear transmis-
sion stiffness will significantly improve the model performance. This motivation
is followed up in Paper E, where the previously published experiment design
method is applied together with a robot model that contains nonlinear transmis-
sion stiffness functions. Experimental results are presented, showing that statisti-
cal linearization based on applied motor torque allows to identify the model with
nonlinear transmission stiffness functions. It is also shown that improved exper-
iment design, i.e. an optimized set of experiment configurations, yields reduced
estimation bias and standard deviation of the robot parameters.

Goal 3: Extract more information from limited data through im-
proved estimation methods, improving model fidelity.
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Research Goal 3 treats resource-efficient data collection with respect to shorter ex-
periments by extracting more information from available data. Strictly nonpara-
metric FRF estimation requires, for multiple input-multiple output (MIMO) sys-
tems, multiple experiments with appropriate excitation. Local rational modeling
of the frequency response has been proposed (McKelvey and Guérin, 2012; Pin-
telon et al., 2010), offering a method for FRF estimation that exploits data more
efficiently. In Paper D, the LRM method is adapted and applied for estimating the
FRFs of a 6-axes robot manipulator. Different properties and parametrizations of
the LRM-method are experimentally explored and resulting FRFs are compared
to strictly nonparametric estimates. Practical recommendations for choices re-
lated to LRM when applying for robot identification are presented. Experimental
results also show that considering the reference signal and following a joint input-
output approach (Ljung, 1999) improves the estimate significantly compared to
methods based on input- and output data only. Further results are presented,
bringing FRF estimates in the role of identification data for estimating the param-
eters of robot dynamic equations. The amount of data used for FRF estimation
relates to both quality of the FRF estimate itself and, ultimately, to the quality of
the parameter estimates of the robot dynamic equations. Paper D shows that the
LRM-method can provide a good compromise between data-efficient FRF estima-
tion and parameter estimates with small biases.

Table 1.1: Summary of main contributions by research goal and publication.

Goal Main Contributions Papers

1 Developed a novel distributed flexibility model for 6-axes manipula-
tors using substructuring and model order reduction.

A

Introduced a lumped parameter model that distinguishes between
gear and link flexibility, showcased parameter identification utiliz-
ing dual-encoder measurements.

F, G

2 Proposed a novel information matrix for experiment design that in-
corporates parameter gradients and simulated FRF uncertainty.

B

Applied experiment design to nonlinear stiffness models to reduce
estimation bias via statistical linearization.

E

Experimentally validated the proposed experiment design methods
in terms of resource-efficiency and improved parameter estimates.

C, E

3 Experimentally demonstrated that joint input-output approaches
with LRM provide an attractive trade-off between high-quality pa-
rameter estimates and data-efficient FRF estimation.

D

Data and code availability

Due to confidentiality, the primary measurement data utilized to generate the re-
sults presented in Part II of this thesis cannot be made publicly available. To mit-
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igate this restriction and ensure scientific transparency, the following measures
have been taken:

• Each paper provides a detailed methodological framework, documenting
the experimental procedures.

• The research relies exclusively on standard internal signals inherent to in-
dustrial robotic systems. No proprietary sensors or specialized external
hardware were employed during the data collection process.

• By utilizing common robotic architectures (6-axes serial types), the experi-
ments are designed to be platform-independent. This allows other research-
ers to replicate the experimental setups, thereby facilitating the generation
of independent datasets to validate the findings of this thesis.

Beyond the raw data, the source code developed for this research is subject to
proprietary restrictions, as it integrates closely with the internal control architec-
tures of the industrial systems involved. Consequently, the full codebase cannot
be released as open-source material. However, access to the specific source code
is not a prerequisite for replicating the results or extracting value from this re-
search. The primary contribution of this thesis lies in the underlying mathemat-
ical models and algorithmic frameworks, with a strong focus on demonstrating
real-world applicability and industrial benefits. These core methodologies are
fully disclosed in the accompanying papers, providing a logical blueprint that is
independent of any particular programming language or software environment.



Part I

Background





2
Robot models

This chapter addresses physically parameterized models of robotic systems, which
are mathematical descriptions derived from physical laws. Throughout this the-
sis, these are also referred to interchangeably as physics models or gray-box models;
a formal definition is provided below. Depending on the intended application
of a model, different modeling approaches and levels of detail may be required.
The aim of this chapter is to provide an overview of modeling concepts that are
relevant to the methods and analyses presented in this thesis.

Definition: A physics model, physically parameterized model, or gray-box
model is a mathematical representation of a system expressed as algebraic
or differential equations. The internal structure is determined by physical
laws to describe known phenomena. Model parameters can be interpreted,
such as mass, inertia, or stiffness constants, but their values can be unknown
and must be identified using data-driven techniques.

The chapter begins by motivating the use of physically parameterized robot mod-
els and situates modeling within the broader contexts of control, simulation, and
artificial intelligence (AI). Subsequently, rigid-body models with flexible joints
are introduced. These models are the primary class of models considered in this
thesis and form the basis for the system identification methods developed and ap-
plied in the accompanying publications. Building on these models, the chapter
then discusses nonlinear transmission modeling as an extension for improving
model fidelity. In particular, effects such as friction, nonlinear stiffness, and hys-
teresis are considered. Finally, flexible-link models are briefly introduced and
discussed as an alternative to rigid-body formulations, highlighting their poten-
tial advantages and limitations in comparison to the models primarily used in
this thesis.

11
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2.1 Applications for robot models

Accurate robot models are essential for classic control and the simulation of
robotic systems, but also a good choice as prior knowledge for machine learning
algorithms. They form the basis for transforming user intentions into machine
actions and for predicting system behavior under various operating conditions.

In typical robot applications, the user specifies a desired motion of the tool,
often in the form of a trajectory defined in Cartesian space. To execute this mo-
tion, the trajectory must be converted into appropriate motor input signals. In-
dustrial robot controllers primarily rely on joint-level measurements, such as mo-
tor currents and joint angles. Because the controlled variable of interest is the
tool position (and velocity), these quantities must be inferred through a dynamic
model of the robot. Models for control are usually required to only have a few
parameters, to ensure computational efficiency and real-time capability. Never-
theless, the model must accurately capture the dynamic behavior of the robot,
particularly its low-frequency characteristics, as these have the greatest impact
on closed-loop performance.

Simulations are needed whenever the user wants to analyze or design a robotic
system, especially one that does not yet physically exist. These simulations rely
on physically parameterized robot models, also called a digital twins, encoding
geometry, kinematics, and dynamics. Such model are often implemented using
markup languages and they are interpreted by a physics engine (e.g. MuJoCo
(Todorov et al. (2012)) or NVIDIA Isaac Sim (NVIDIA (2026))), which resolves
the robot’s behavior, real-world interactions and constraints. Simulation enables
early predictions of robot behavior and helps verify integration into existing in-
stallations (e.g. Robot Studio, ABB Robotics (2026b)). It also allows the study of
forces, contacts, and other physical interactions. During robot development, sim-
ulations support component dimensioning, controller design, lifetime prediction
of gears or bearings, and analysis of thermal characteristics.

In the context of AI and machine learning, physically accurate simulations
are valued for generating synthetic training data. While modern learning-based
methods often utilize simplified or black-box models to achieve scalability, accu-
rate parametric equations remains essential in fields like Physics-Informed Ma-
chine Learning (von Rueden et al. (2021), Deng et al. (2024)). By integrating
these formal robot models, researchers can significantly enhance data efficiency
and ensure that learned behaviors remain grounded in physical reality.

Figure 2.1 summarizes a variety of applications for physically parameterized
robot models in the fields of control and simulation, and as prior knowledge for
AI. Together with Sections 2.1.1 to 2.1.3, these applications give a motivation for
identifying physically parameterized robot models and therefore the work of this
thesis.

2.1.1 Robot models in the context of control

Accurate and physically meaningful robot models play a central role in robot con-
trol systems. Depending on the task, such models are used at different levels of
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Figure 2.1: Applications for physically parameterized robot models in con-
trol, simulation and as prior knowledge for AI.
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abstraction and with varying requirements on accuracy, computational efficiency,
and robustness. In particular, robot models are essential in motion planning, mo-
tion control, and force control, where they contribute to the robot’s performance
(e.g. high speed and high precision), its safety, and its reliability in terms of, e.g.,
robustness to disturbances or changes in environmental conditions. A compre-
hensive foundation for these concepts is provided by, e.g., Spong et al. (2020) and
Siciliano and Khatib (2016), who detail how physics modeling serves as the back-
bone for control strategies, ranging from classical computed torque methods for
nonlinear tracking to advanced geometric and passivity-based approaches. The
following paragraphs briefly introduce the fields of motion planning, where mod-
els dictate feasible trajectories; motion control, where they ensure precise path
following; and force control, which relies on the model’s description of physical
interaction to safely engage with the environment.

Motion planning In motion planning, the dynamic model is primarily used to
predict the system behavior and to generate feasible trajectories that respect phys-
ical constraints. This includes constraints related to actuator torques, joint veloc-
ities and accelerations, as well as structural constraints arising from flexibility
and compliance. Dynamic models enable the incorporation of such constraints
directly into trajectory optimization formulations, allowing the planner to avoid
infeasible or sub-optimal motions. While automated, collision-free path genera-
tion has become a standard feature in industrial software suites (ABB Robotics,
2026c) and academic research in this field is still active, e.g., Wullt et al. (2024),
Schoels et al. (2020), Bonalli et al. (2019). For robots with significant elastic ef-
fects or complex transmission dynamics, sufficiently high-fidelity dynamic mod-
els are indispensable for ensuring that planned trajectories remain executable by
the underlying control architecture. Beyond ensuring feasibility, model-based
predictions facilitate the achievement of advanced performance objectives, in-
cluding proactive collision avoidance, energy-efficient motion generation, and
time-optimal planning, which are vital for high-speed and high-precision appli-
cations. For instance, Hansen et al. (2012) demonstrates that integrating elec-
trical drive characteristics into the dynamic model allows for the generation of
trajectories that significantly reduce total energy consumption. The work of Ver-
scheure et al. (2009) establishes a framework for time-optimal path tracking by
leveraging convex optimization considering torque constraints.

Motion control In motion control, the primary objective is typically trajectory
tracking (e.g. Sciavicco et al. (2010)), where the robot is required to follow a
desired joint or task-space reference trajectory zd while respecting physical con-
straints, such as torque bounds, velocity limits, and safety constraints. A general
robot controller structure is illustrated in Figure 2.2, where z is the actual exe-
cuted trajectory. The motor references r are generated by a feedforward block
(Ff f ), using a gray-box robot model. The feedforward controller also generates
the state references x̄ which are used by the feedback controller (Fy) to generate
a correction torque uf b. The measured signals y are disturbed by measurement
noise v and the feedback controller is designed to stabilize the system and to com-
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Figure 2.2: General control system for the plant G with feedforward
(Ff f ) and feedback (Fy) controller (see, e.g. Sciavicco et al. (2010)).

pensate for errors in the model-based feedforward block. While z represents the
actual end-effector trajectory executed by the robot, y is the noisy measurement
of the joint-space states, meaning they diverge due to measurement noise v as
well as structural compliance and joint flexibility within the plant G that cannot
be measured. The robot is is exposed to external disturbances d, illustrated as an
unknown input in Figure 2.2.

This general controller structure showcases that dynamic models are funda-
mental for the design of high-performance controllers, as they provide the basis
for feedforward compensation of inertial, Coriolis, centrifugal, and gravitational
effects. Such model-based feedforward terms significantly reduce the feedback
effort required for tracking and improve disturbance rejection. Moreover, dy-
namic models are central to advanced control strategies, including computed-
torque control, and adaptive control, where they enable systematic handling of
nonlinearities, constraints, and uncertainties (Borrelli et al. (2018); Slotine and Li
(1991); Spong et al. (2020)). In the presence of joint flexibility, transmission non-
linearities, and structural compliance, accurate modeling becomes particularly
important, as unmodeled dynamics may lead to degraded tracking performance,
excitation of resonant modes, or even closed-loop instability (Albu-Schäffer et al.
(2007); de Luca and Book (2016); Spong (1987)).

Force control In force control, the interaction between the robot and its environ-
ment is explicitly regulated, which places demands on both modeling accuracy
and control design. As emphasized by Villani and de Schutter (2016), “Force
feedback and force control becomes mandatory to achieve a robust and versatile
behavior of a robotic system in poorly structured environments as well as safe
and dependable operation in the presence of humans”. In impedance and ad-
mittance control, the goal is to regulate how the robot dynamically responds to
external forces during interaction with its environment (Villani and de Schutter,
2016). Instead of strictly enforcing a predefined motion, the controller specifies
a desired dynamic relationship between forces and motion allowing the robot
to interact compliantly when needed, or to remain stiff when high precision is
required. To realize this behavior, either accurate force/torque sensing or a suf-
ficiently precise dynamic model of the robot is required (Lynch and Park (2017);
Ott (2008)). In sensor-less approaches, a robot model is used to predict how con-
trol inputs translate into motion and interaction forces, and to compensate for the
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robot’s inherent dynamics, including inertia, friction, and structural compliance.
Inaccuracies in the model lead to deviations from the desired dynamic behavior,
potentially resulting in oscillations, poor force tracking, or unstable interactions.
This is particularly critical in contact-intensive applications, such as assembly,
machining, and human–robot collaboration, where stable, responsive, and safe
interaction is essential. While Haddadin and Croft (2016) serves as a founda-
tional reference for the safety aspects of physical human-robot interaction, the
technical realization of sensor-less force estimation through residual-based ob-
servers and systematic model identification is exemplified by de Luca and Flacco
(2012) and Gaz et al. (2019).

Overall, robot modeling forms a cornerstone of control system design, en-
abling systematic development of planning, motion control, and force control
strategies. The increasing demand for higher performance, safety, and autonomy
in robotic systems continues to drive the need for more accurate and experimen-
tally validated dynamic models.

2.1.2 Robot models for simulation

The development and application of robot simulation models are fundamentally
driven by the specific objectives of the study, as the requirements for model fi-
delity and complexity vary significantly across different domains.

In the industrial sector, simulation serves as a cornerstone for offline pro-
gramming and the optimization of path planning, allowing engineers to per-
form commissioning before any physical hardware is deployed. This domain
is increasingly focused on the creation of Digital Twins, which provide a syn-
chronized virtual representation of the production line. While specialized tools
like ABB RobotStudio (ABB Robotics, 2026b) are standard for industrial work-
flows, general-purpose software frameworks such as NVIDIA Isaac Sim (NVIDIA,
2026), Unity (Unity Technologies, 2025), and Unreal Engine (Epic Games, 2026)
are frequently utilized for high-end visualization and complex environment ren-
dering. Simulation models designed primarily for visualization and marketing
prioritize high-fidelity geometric descriptions and advanced textures to provide
realistic aesthetic representations, often neglecting detailed physical dynamics.
In contrast, models intended for collision and contact simulation utilize simpli-
fied geometries to optimize computational efficiency while incorporating rigor-
ous multibody dynamics and detailed surface physics descriptions.

For the development of autonomous systems, simulation provides a scalable
environment for robot learning and training. These platforms are essential for
generating synthetic data, which facilitates the training of models without the
need for prototypes and real environments. A critical focus in this area is simu-
lation-to-real (Sim2Real) transfer, where the goal is to minimize the “reality gap”
such that policies learned in a virtual environment remain robust in the physical
world. Exemplary software frameworks in this context are NVIDIA Isaac Sim
(NVIDIA, 2026) and MuJoCo (Todorov et al., 2012). Isaac Sim is widely used for
photorealistic, GPU-accelerated simulation, enabling large-scale synthetic data
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generation, while MuJoCo is favored for its fast and accurate rigid-body dynam-
ics, making it a standard benchmark environment for reinforcement learning re-
search.

During the prototyping and research phase of manipulator development, sim-
ulation models are indispensable for component dimensioning, controller design,
and algorithm validation. High-fidelity physics simulations allow researchers to
perform safety certifications by studying contact forces and physical interactions
that might be hazardous to test in reality. Furthermore, simulation aids in life-
time prediction by modeling wear and tear over extended cycles. Compared to
simulation for AI development, the scale of complexity increases significantly
when considering mechanical structure analysis. This frequently employs Fi-
nite Element (FE) simulations, which involves thousands of degrees of freedom
(DOFs) to capture material stress and deformation. Conversely, control-oriented
studies typically rely on streamlined multibody simulations, generally restricted
to fewer than 30 DOFs, to focus on the essential low-frequency behavior of the
system. The software landscape for these applications ranges from FE solvers like
ANSYS (ANSYS, 2026) and multibody dynamics tools like Simscape (The Math-
Works, Inc., 2026a) or Dymola (Dassault Systèmes, 2026) to versatile research
environments such as MATLAB Simulink (The MathWorks, Inc., 2026b).

2.1.3 Robot models in the context of AI

In AI-driven robotics, the role of robot models has shifted from providing accu-
rate parametric descriptions of motion to enabling scalable data generation and
learning. Learning-based methods often rely on simplified or randomized simu-
lation models rather than accurate equations of motion. Nevertheless, accurate
dynamic models expressed as parametric equations of motion remain useful and
popular in the field of Physics Informed Machine Learning. In scenarios with lim-
ited training data, incorporating prior knowledge into the learning process can
significantly improve generalization, robustness, and data efficiency. The com-
prehensive survey by von Rueden et al. (2021) provides an overview of strategies
for integrating prior knowledge into machine learning systems. With respect to
physics-based (“scientific”) knowledge, the authors distinguish between direct
integration of physical equations into learning architectures and indirect integra-
tion via simulation and the generation of synthetic training data.

Physics informed machine learning In the direct case, differential and alge-
braic equations can be embedded into learning systems, for instance by formulat-
ing knowledge-based loss terms that penalize violations of physical laws. Alter-
natively, neural networks can be trained to approximate solutions of differential
equations, as in physics-informed neural networks, or to model unknown param-
eters within such equations. For example, in Lutter et al. (2019), the equations
of motion of a robot manipulator are learned by combining the analytical struc-
ture of Lagrangian mechanics with a deep network learning approach. Another
example is Morse et al. (2020), who propose a meta-learning framework, that
trains loss functions for inverse dynamics learning. Deng et al. (2024) design
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specialized neural network layers in order to learn parameters of an inverse dy-
namics model. Their paper also offers a thorough overview of advanced hybrid
approaches that integrate conventional statistical methods with machine learn-
ing techniques for robotic dynamics modeling.

More generally, physics-based models can serve as structured priors in hybrid
approaches, in which learning compensates for unmodeled dynamics instead of
replacing first-principles physical models entirely. This can be seen as a type of
model error learning. Pure black-box learning has been shown to be incredibly
data-hungry since everything is learned from scratch. Compared to that, physics-
informed learning can be more data-efficient: By providing a physics model,
learning is focused on the unpredictable environmental disturbances, rather than
the robot’s own physics, which are predictable structural dynamics. Furthermore,
starting to train a robot with prior knowledge about its basic physics will pre-
vent it to accidentally collide and damage itself. An example for increased data-
efficiency through physics-informed learning is the approach by Ren and Ben-
Tzvi (2020): A series of modified Generative Adversarial Networks is proposed
for solving the inverse kinematics and dynamics problems. Two trajectories are
generated including around 60,000 data samples and the authors conclude that
their method “works well in cases of limited dataset compared to the widely used
fully connected neural network, and even when the manipulator is used to track
previously unseen trajectories.”

Synthetic training data In addition to direct model learning, Simulation-Assisted
Machine Learning has gained considerable importance due to the scarcity and cost
of real-world training data (see e.g. Pitkevich and Makarov (2024)). Dynamic
models formulated as differential equations provide a foundation for physics-
based simulation, enabling the efficient generation of realistic synthetic datasets.
As emphasized by Liu and Negrut (2021), “in the quest to leverage machine learn-
ing for developing AI-enabled robots, physics-based simulation can generate a
wealth of labeled training data in a short amount of time” while also serving as
a controlled environment for algorithm development and verification. “Physics-
based simulation also creates an ideal proving ground for developing intelligent
robots that can [. . . ] learn from their mistakes” (Liu and Negrut, 2021). Conse-
quently, simulations based on accurate, physically parameterized, robot models
are valuable whenever the goal is predictive fidelity. This includes the generation
of physically meaningful training data for low-level policies, but also controller
validation, contact force estimation, and hardware stress analysis.

In summary, dynamic models, as identified with the methods developed in this
thesis, remain highly relevant in the age of AI. They provide a principled foun-
dation for physics-based simulation and synthetic data generation, and serve as
structured prior knowledge that enables faster learning, improved generalization,
and increased safety and robustness in learning-based approaches.
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Figure 2.3: Three layers of robot modeling: Kinematics, rigid-body dynam-
ics and rigid-body dynamics including flexibility. A human anatomical anal-
ogy.

2.2 Rigid body models with flexible joints

A robot manipulator is often described as a Multibody System with rigid (or flexi-
ble) bodies, the robot links, connected by joints that restrict the relative motion of
these bodies. To accurately represent the physical behavior of such a system, mod-
eling can be categorized into three classes, as conceptually illustrated through the
human anatomical analogy in Figure 2.3.

1. Kinematic model (the “skeleton”): The kinematic description serves as the
foundational layer for all subsequent models. It focuses strictly on the ge-
ometry of motion without considering the forces or torques that cause the
motion. A kinematic robot model commonly includes link lengths, joint
axes, offsets, and workspace boundaries. In this context, kinematics repre-
sents the “mathematical skeleton” of the robot, defining the purely geomet-
ric relationship between the joint space (angle in the shoulder, elbow and
wrist joints) and the Cartesian end-effector space (position and orientation
of the hand).

2. Rigid-body dynamic model (the “muscle and mass”): Dynamic models
extend the kinematic foundation by incorporating the inertial properties of
the system, specifically the mass, center of mass, and inertia tensor of each
body. By defining the relationship between acceleration and the required
forces and torques, this model class represents the “flesh and muscle” of the
robot: The dynamic model describes how the flesh’s weight is accelerated
by the force of the muscles.
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3. Stiffness model (the “tendons and ligaments”): The third level of fidelity
accounts for structural compliance, describing how the robot deforms or de-
flects during high-speed maneuvers or under external contact forces. These
models can be compared to human tendons and ligaments, which intro-
duce elastic deformation. A widely adopted modeling convention involves
“lumping” the distributed flexibility of gear components and robot links
into discrete spring parameters located at the joints.

Assuming that the kinematic model is known, the fundamental dynamic equa-
tions of a robot manipulator can be expressed as

Ma q̈a + Ca + Ga = τa (2.1)

where qa is the vector of joint angles, Ma = M(qa) is the inertia matrix, Ca =
C(qa, q̇a) is the velocity dependent torque, containing centrifugal and Coriolis
effects, Ga = G(qa) is the gravity torque, and τa the vector of arm side torques.
Equation (2.1) is the general rigid-body model of a robot manipulator.

Each robot joint comprises several mechanical components, most notably the
actuator, gearbox, and bearings. For high-performance control, it is essential
to model the joint dynamics accurately, since these dynamics directly influence
the robot’s ability to track trajectories, reject disturbances and detect unexpected
contacts. The fundamental equations governing the motor dynamics are

Mmq̈m + rgτa + τf = τm, (2.2)

where qm denotes the vector of motor joint variables, τm the vector of applied
motor torques, Mm a diagonal matrix of motor inertias, rg the matrix of inverse
gear ratios and τf friction torques. The model of a single joint with motor inertia
and transmission ratio is illustrated in part (a) of Figure 2.4.

This thesis focus specifically on this third model category, i.e. robots described
by rigid links and flexible joints. Gearboxes exhibit mechanical flexibility, and
robot links also possess a certain degree of structural compliance. To capture
these effects, lumped flexibility is introduced into the transmission model, as
illustrated in part (b) of Figure 2.4. Assuming linear stiffness and damping, the
joint torque is given by

τj = Kj (rgqm − qa) + Dj (rg q̇m − q̇a), (2.3)

where Kj is a diagonal matrix of joint stiffness constants and Dj is a diagonal ma-
trix of joint damping constants. The joint torque is usually nonlinear w.r.t. the
deformation qm − qa and (2.3) can be extended by, e.g., a nonlinear stiffness de-
scription, or a hysteresis model, see Section 2.3.

Another possible extension is shown in part (c) of Figure 2.4 where bearing
flexibility and link flexibility are added in directions that are not actuated. In
order to represent these additional flexibility modes, the variables qe are intro-
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duced, and the general model (2.1) extends to

Mae

[
q̈a
q̈e

]
+ Cae + Gae =

[
τj
τe

]
Kj (rgqm − qa) + Dj (rg q̇m − q̇a) = τj

−Keqe − De q̇e = τe

(2.4)

where Mae = M(qa, qe) is the extended inertia matrix of the robot arm, Cae =
C(qa, qe, q̇a, q̇e) the velocity dependent torque, Gae = G(qa, qe) the gravity torque.
The matrices Ke and De describe stiffness and damping in the directions qe, which
are orthogonal to the actuation direction and represent structural flexibility out-
side the transmission path. The complete system, including motor dynamics, can
be written as 
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where all terms are expressed on arm-side of the gearbox (utilizing rg ) and fric-
tion is included in Cm. Introduced by Öhr et al. (2006), this joint model has been
applied in robotic literature for two decades and is also used in Papers A to E.

For some applications, it is advantageous to distinguish between the stiffness
and damping of the gearbox, Kg and Dg , and the lumped stiffness and damping of
the robot arm, Ka and Da. Part (d) of Figure 2.4 illustrates the idea that the total
stiffness and damping of a joint, Kj and Dj , are expressed as a series connection
of two spring-damper pairs:

K−1
j = K−1

g + K−1
a , D−1

j = D−1
g + D−1

a (2.6)

Assuming linear gear stiffness and damping, the gear torque is

τg = Kg (qm − qg ) + Dg (q̇m − q̇g ) (2.7)

The angular position qg can be measured if a secondary encoder is available in
the joint assembly and the relation of qg to qm and qa is derived from the torque
equilibrium τj = τg . In frequency domain, this relation is described by the Filter
F(s) as:

qg = qm + F(s) (qa − qm) (2.8)

where s represents the Laplace complex frequency variable acting as the differen-
tiation operator. The elements of the transfer function matrix F(s) are computed
component-wise from the structural stiffness and damping matrices Kj , Dj , Kg , Dg :

F(s) =
Kj + s Dj

Kg + s Dg
(2.9)
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The idea of distinguishing between gear and link stiffness in the joint model is
introduced in Paper F for the one-dimensional case. Paper G extends the concept
for a robot with six joints and combines it with the flexible joint model (2.5).

2.3 Nonlinear transmission modeling

Robotic joints frequently exhibit nonlinear stiffness and hysteresis, arising from
elastic elements, transmission components, and frictional effects within the drive-
train (García et al. (2020), Pham and Ahn (2018)). Examples for sources of nonlin-
earity are harmonic drives, cycloidal gearboxes, belt drives and bearings. Unlike
ideal linear springs, these components introduce torque-deflection relationships
that depend on load magnitude, direction, and motion history. Accurate model-
ing of nonlinear stiffness and hysteresis generally requires augmenting the para-
metric equations of motion with state-dependent or history-dependent elements.

A recent example of comprehensive modeling and identification of nonlinear
joint dynamics is the paper by Madsen et al. (2020). The proposed model is tai-
lored to accurately describe the characteristics of strain-wave transmissions that
are commonly used for collaborative robot manipulators and considers nonlin-
ear friction dependent on velocity, load, and temperature, as well as nonlinear
stiffness, hysteresis, and kinematic error.

In this thesis, however, the focus lies on system representations linearized
around operating points, called robot configurations, where FRFs are estimated
from small-amplitude motions. Under these conditions, the system operates in
a narrow neighborhood around each configuration, and the dominant nonlinear
effects can be approximated locally by linear models. Consequently, detailed
nonlinear transmission models are beyond the scope of this thesis. Nevertheless,
the most significant nonlinear effects must be accounted for in order to ensure
realistic system behavior and to enable high-performance control design. Sec-
tions 3.1.3 and 3.1.4 describe how nonlinear effects are taken into account in this
thesis, where Section 3.1.3 is about linearization and Section 3.1.4 about friction
identification.

2.3.1 Friction

Friction in robotic joints is a complex force that resists motion, arising from the
interaction of mechanical surfaces in the gear, seals, and lubricants (see, e.g.,
Armstrong-Hélouvry et al. (1994)). Accurately modeling these effects is essential
for achieving high-precision control, as uncompensated friction leads to steady-
state errors, oscillations, and stick-slip behavior.

All publications attached to this thesis assume Coulomb friction:

τf = τc sign(q̇m) (2.10)

where τc is the Coulomb friction torque constant (see also Figure 2.5). Coulomb
friction is the dominant type of friction at low velocities, which are characteris-
tic for the small-amplitude multisine excitation signals which are employed for
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Figure 2.4: Lumped parameter joint models: (a) Rigid joint model, (b) Flex-
ible joint model (FJM), (c) Extended FJM, (d) Extended FJM with separated
gear and arm stiffness. Gear inertia is added to the motor inertia Jm on
the high-speed side. Motor torque τm, motor angular position qm can be
measured with built-in sensors of the manipulator. For some collaborative
robots, also gear angular position qg can be measured.



24 2 Robot models

the identification experiments of this thesis. More elaborate models are often
required to accurately describe joint behavior over a wider range of operating
conditions. Common extensions include viscous friction

τf = τc sign(q̇m) + βq̇m (2.11)

with the viscous friction coefficient β and Stribeck effects

τf =
[
τc + (τs − τc)e−|q̇m/ q̇s |

i
]

sign(q̇m) + βq̇m (2.12)

where τs is the static friction torque (stiction), q̇s is the Stribeck velocity (the
speed at which the transition occurs) and i is an exponent (often set to 2, known
as the Gaussian Tustin model).

Dynamic friction models such as the LuGre model introduce internal state
variables z representing bristle deformation at the contact interface (Canudas de
Wit et al., 1995). The LuGre model defines the friction torque by

τf = σ0z + σ1 ż + σ2q̇m (2.13)

with the state equation

ż = q̇m + σ0
|q̇m|
g(q̇m)

z (2.14)

where g(q̇m) = τc + (τs − τc)e−|q̇m/ q̇s |
2

incorporates the Stribeck effect, σ0 is the
stiffness of the bristles, σ1 is the microscopic damping coefficient, and σ2 is the
macroscopic viscous friction.

Dynamic friction models are capable of describing presliding behavior, fric-
tional lag, and hysteresis effects at the cost of model complexity and identifica-
tion effort. Their parameters are often configuration-dependent and sensitive to
temperature, wear, and lubrication conditions. A recent example of modeling
temperature-dependent joint friction using Neural Networks is given in Trinh
et al. (2023b). Wear-related effects to friction are, for example, studied in Bitten-
court (2014). The identification of advanced friction models, often in combina-
tion with models for other nonlinear joint effects, is content of recent research
such as Indri and Trapani (2020); Madsen et al. (2020); Mahmoudkhani et al.
(2024) and is further outlined in Section 4.1.4.

For the small-amplitude experiments under known laboratory conditions that
are considered in this thesis, the additional modeling accuracy provided by dy-
namic friction models is limited. Consequently, a Coulomb friction represen-
tation is deemed sufficient and is preferred for its robustness, simplicity, and
compatibility with linearization-based identification methods. Coulomb friction
identification is covered in Section 3.1.4.

2.3.2 Nonlinear stiffness

Many types of gear transmissions, such as harmonic drives and cycloidal gear-
boxes, exhibit an increase in stiffness torque with increasing joint deflection (e.g.



2.3 Nonlinear transmission modeling 25

Figure 2.5: Coulomb
friction torque.

Figure 2.6: Piece-wise
linear gear torque.

Figure 2.7: Hystere-
sis gear stiffness.

Harmonic Drive (2026), Ingvarsson (2025)). This stiffening behavior can be at-
tributed to physical phenomena such as elastic contact deformation, load-depen-
dent engagement of transmission elements, and geometric nonlinearities in com-
pliant components (Oberneder et al., 2024). As a result, the effective joint stiff-
ness is not constant but increases with torque or deflection magnitude.

Paper E models the gear stiffness torque using a piecewise linear approxima-
tion. Figure 2.6 illustrates an example with two stiffness regions, defined by kg1
and kg2 and mathematically described by:

τg (∆qm) =

kg1 ∆qm , 0 ≤ ∆qm < qbp
τbp + kg2 (∆qm − qbp) , qbp ≤ ∆qm

(2.15)

where ∆qm = qm − qg is the angular deflection of the gearbox. The stiffness char-
acteristic is assumed symmetric and the break-point angle qbp follows from the

stiffness slopes and torque break point τbp: qbp =
τbp
kg1

. Such piecewise-linear

stiffness parametrizations are widely used for robotic gearboxes, including com-
mercial units such as those described in Harmonic Drive (2026).

To account for this behavior within a linear identification framework, a sta-
tistical linearization approach is presented in Paper E. The method exploits the
histogram of measured gear torques and determines an equivalent linear stiff-
ness by minimizing a quadratic cost function. In this way, a locally valid linear
approximation of the nonlinear stiffening characteristic is obtained, which cap-
tures the dominant transmission behavior near the operating point. Combining
multiple locally valid linear approximations estimated from different robot con-
figurations allows the construction of a piecewise linear torque description (Fig-
ure 2.6), which significantly increases model fidelity compared to a purely linear
torque representation (2.3), as demonstrated by the results in Papers C and E.

2.3.3 Hysteresis

In robotic joints with elastic transmissions, hysteresis arises from phenomena
including micro-slip between contacting surfaces, backlash with frictional pre-
loading, and internal compliance of gear elements (see, e.g., Mesmer et al. (2022);
Ruderman et al. (2009); Zhang et al. (2015)). These effects produce energy dis-
sipation and distinct looped torque-deflection characteristics as illustrated in
Figure 2.7. Hysteresis behavior can be described mathematically using opera-
tors or differential equations. Examples for operator-based hysteresis models are
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the Preisach model, the Krasnosel’skii-Pokrovskii model, the Prandtl-Ishlinskii
model and the Maxwell-Slip model. The Bouc-Wen model and the Duhem model
are examples for differential-based modeling. A comprehensive survey of hys-
teresis modeling, identification, and control is provided in Hassani et al. (2014).

An example for a complete flexible joint model with hysteresis is given in Ru-
derman (2012). The total restoring torque composes of a nonlinear transmission
spring and a Bouc-Wen-type hysteresis model. Polynomials ki are used for de-
scribing the characteristic stiffness curve and the total joint torque τj is expressed
as function of the relative angular displacement δ and the dynamic state variable
x:

τj (δ, x) =
∑
i

(
µkisgn(δ)|δ|i + (1 − µ)kisgn(x)|x|i

)
+ Dδ̇ (2.16)

where D is linear damping. The coefficient 0 < µ < 1 describes the proportion
of the purely elastic (µ = 1) and the purely hysteretic (µ = 0) contribution. The
elasto-plastic deflection, which causes the hysteresis, is described by the differen-
tial equation

ẋ = Aδ̇ − β|δ̇||x|n−1x − γδ̇|x|n (2.17)

where the parameters A, β, γ define the shape of the hysteresis.
The recent study by Mesmer et al. (2022) compares the Bouc-Wen model with

a nonlinear autoregressive exogenous model (NARX) where the nonlinear func-
tion for the joint torque is an output-feedback recurrent neural network. The
study investigates hysteresis in robot joints equipped with cycloidal drives, which
are known for substantial elastic deformation and backlash under load. Experi-
mental results from a test bench with designed excitation signals demonstrate
that the static hysteresis behavior (joint torque over torsion angle) can be well
described by both the Bouc-Wen as well as the proposed NARX model. Exper-
iments that perform an application cycle with varying load torque show joint
torsion that depends on the motor speed. Comparing the estimated joint torques
of the Bouc-Wen and the NARX model for such application cycles demonstrates
that the NARX model is more flexible regarding extensions towards additional
dependencies and that more accurate torque prediction and trajectory tracking
can be achieved using the proposed NARX model.

Hysteresis modeling has been shown to be beneficial for high-performance
control. For example, Ruderman (2016) analyzes sensorless torsion control of
elastic-joint manipulators subject to combined friction and hysteresis effects. The
work highlights how hysteresis in the elastic transmission contributes to tracking
errors and limit cycles when only motor measurements are available. Control
strategies that explicitly account for the hysteretic torque contributions are pro-
posed.

Despite their descriptive power, hysteresis models add complexity to both the
structure of the dynamic model and the identification problem. For this thesis,
the focus remains on locally linear approximations around specific operating con-
figurations. Where hysteresis is pronounced, its effects may be partially captured
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through equivalent linear damping and stiffness estimates or residual error anal-
ysis.

2.4 Flexible link models

Finite Element simulation is a well-established and powerful tool for the high-
fidelity analysis of mechanical components and structures (see, e.g, Cook (2001)
for general reference). It enables accurate prediction of deformation, stress distri-
bution, and vibration behavior by discretizing the structure into a large number
of elements. However, the resulting FE models typically involve a very large num-
ber of degrees of freedom, which leads to prohibitively long simulation times and
makes their direct use impractical for system-level simulations, control design, or
parameter identification.

The behavior of a flexible body obtained from a FE discretization can be writ-
ten in second-order form as

Mq̈ + Dq̇ + Kq = τ (2.18)

where q ∈ R
n denotes the nodal displacement vector, M, D, K ∈ R

n×n are the
mass, damping, and stiffness matrices, respectively, and τ represents external
forces and torques. The dimension n can be on the order of 104 − 107 for a FE
model, motivating the need for model order reduction in the context of system-
level simulations or control design.

Model order reduction is achieved by introducing a reduced set of generalized
coordinates qr ∈ Rm, with m≪ n, and a projection matrix Φ ∈ Rn×m such that

q ≈ Φ qr . (2.19)

The m columns of Φ are mode shapes (basis vectors), which are constructed such
that Φ spans a subspace capturing the dominant deformation patterns of the
structure. Substituting approximation (2.19) into the full system (2.18) and ap-
plying the projection yields the reduced-order model

Mr q̈r + Dr q̇r + Krqr = τr (2.20)

with the reduced matrices

Mr = ΦTM Φ , Dr = ΦTD Φ , Kr = ΦT K Φ , τr = ΦT τ. (2.21)

Modal truncation is a straight-forward approach to model order reduction, which
includes pure vibration modes and truncates the systems DOFs at higher frequen-
cies. The method is based on the eigenvalue problem

(K − ω2
i M)φi = 0 (2.22)

where φi are the eigenvectors and ωi the corresponding eigenfrequencies. Choos-
ing the first m eigenmodes yields the projection matrix

Φtrc = [φ1, . . . , φm] (2.23)

which can be used to reduce a system as formulated in (2.19)-(2.21).
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Component Mode Synthesis (CMS) techniques were developed to reduce the
order of FE models while preserving their essential dynamic behavior. CMS-
reduced models provide a flexible-body representation that is well suited for
integration into multibody dynamics simulations. In this framework, the over-
all system dynamics are described by a combination of rigid-body motion and
elastic deformation, allowing flexible structures to interact with other mechani-
cal components such as joints and actuators. A CMS flexible body is coupled to
the surrounding multibody system through a set of attachment nodes, which cor-
respond to specific nodes in the underlying FE mesh. These attachment nodes are
typically located at kinematic joints or at points where external loads and bound-
ary conditions are applied, ensuring a physically consistent coupling between the
reduced flexible model and the multibody system.

CMS methods commonly partition the degrees of freedom into retained (mas-
ter) and eliminated (slave) coordinates,

q =
[
qm
qs

]
(2.24)

The mass, stiffness and damping matrices are partitioned correspondingly such
that (2.18) becomes[

Mmm Mms
Msm Mss

] [
q̈m
q̈s

]
+
[
Dmm Dms
Dsm Dss

] [
q̇m
q̇s

]
+
[
Kmm Kms
Ksm Kss

] [
qm
qs

]
=
[
τm
τs

]
(2.25)

One of the earliest reduction methods is referred to as the Guyan reduction
(Guyan, 1965; Irons, 1965). The method builds on eliminating internal degrees
of freedom under the assumption that the response between eliminated and re-
tained degrees of freedom is correctly represented by the static modes only (Craig
and Kurdila, 2006). Since the slave DOFs are not directly excited, i.e. τs = 0,
(2.25) reduces to

Kmsqm + Kssqs ≈ 0 ⇒ qs ≈ −K−1
ss Ksmqm (2.26)

The projection Φ for the Guyan reduction is therefore

q =
[
qm
qs

]
≈
[

1
−K−1

ss Ksm

]
︸       ︷︷       ︸

ΦGuyan

qm (2.27)

While computationally efficient, this approach neglects dynamic effects of the
truncated modes and is therefore highly dependent on the selection of retained
degrees of freedom.

A more accurate and widely used CMS technique is the Craig-Bampton reduc-
tion method (Craig and Bampton, 1968), which augments static constraint modes
derived from Guyan reduction with a selected set of vibration modes associated
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with the dynamics of the degrees of freedom internal to the substructures. The
reduced coordinates are defined as:

qr =
[
qm
η

]
(2.28)

where qm are the physical interface coordinates and η the modal amplitudes of
internal vibration modes. The projection matrix Φ is then constructed as:

q =
[
qm
qs

]
≈
[
I 0
Φc Φn

]
︸     ︷︷     ︸

ΦCB

[
qm
η

]
(2.29)

where:

• The matrix Φc contains the constraint modes and describes how internal
DOFs deform when interface DOFs are displaced quasi-statically. It can be
formulated analogously to (2.27) as:

Φc = −K−1
ss Ksm (2.30)

Each column corresponds to one interface DOF and represents the static
deformation shape when that interface DOF is given a unit displacement
while all other interface DOFs are fixed.

• The matrix Φn contains the fixed-interface normal modes, i.e. the internal
vibration modes when the interface is fixed, qm = 0. Model order reduc-
tion is realized by only retaining low-frequency modes. This leads to an
eigenvalue problem similar to (2.22):

(Kss − ω2
i Mss)φi = 0 (2.31)

Collecting the first p modes leads to:

Φn = [φ1, . . . , φp] (2.32)

In a multibody context, Φn ensures compatibility when the flexible struc-
ture is coupled to other bodies.

The Craig-Bampton reduction method allows the reduced model to capture both
rigid-body motion and elastic deformation with high fidelity over a specified fre-
quency range. Key properties of the Craig–Bampton basis are

• Exact representation of interface motion (identity block in (2.29)),

• Static consistency thanks to the constraint modes in Φc,

• Dynamic enrichment thanks to the modal part Φnη, which captures reso-
nance behavior inside the structure.
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For further reference, see, e.g., Flodén et al. (2014) or Shabana (2014).

CMS-based flexible body models have been successfully applied in Paper A
to modeling robot links and compliant transmission elements, enabling accurate
prediction of flexibility behavior while maintaining tractable computation times
for simulating the complete robot multibody dynamics. A manipulator model
with link flexibility based on model order reduction and gear flexibility adapted
from supplier information is shown to be accurate in a wide range of frequen-
cies and allows accurate trajectory prediction. The most considerable advantage
of the approach presented in Paper A is that a high-fidelity robot model can be
derived without experiments and a real prototype involved. CAD data and corre-
sponding FE models are usually available early during the development of a new
manipulator and applying model order reduction allows to build a high-fidelity
model, which can be used for, e.g., controller design and virtual prototyping.
Compared to the models of Section 2.2, i.e. rigid body models where the link flex-
ibility is taken into account by lumped parameters in the joints, flexible link mod-
els could be beneficial for accurately describing high-frequency behavior, since
internal vibration modes of the robot links are considered. Nevertheless, due to
the limited bandwidth of industrial controllers and simulation environments, dy-
namic robot models usually need to be accurate only in the low-frequency range.
Therefore, the models used in Papers B to G are of rigid-body type with flexible
joints.



3
Identification of frequency

response functions

Frequency response functions (FRFs) provide a compact and informative repre-
sentation of the local linear dynamics of robotic systems and their analysis is a
key tool for control design, and model validation. In the context of this thesis,
FRFs that are estimated from data serve as input for parameter identification
of gray-box robot models. This chapter is focused on the methods for FRF es-
timation and validation that are used in this thesis. First, the use of FRFs as
an intermediate step in parameter identification is motivated and introductory
remarks on related topics are provided, including closed-loop identification, sys-
tem linearization, and friction identification. The second section addresses data
collection and experiment design, covering aspects related to sensor data as well
as the selection and design of excitation signals. The third section summarizes
methods for FRF estimation. It starts with nonparametric approaches for multi-
input multi-output (MIMO) systems, continues with Local Rational Model (LRM)
methods, and finally outlines nonparametric kernel-based techniques. The chap-
ter concludes with a discussion of methods for validating FRF estimates.

3.1 Introductory remarks

3.1.1 FRFs as intermediate step in parameter identification

In the scope of this thesis, FRF estimates are used as an intermediate step in
the parameter identification process of robot models such as (2.5) (p. 21). While
robot parameter estimation is treated in Chapter 4, this chapter is about creating
the identification data, i.e. FRF estimates of the system in different robot config-
urations. Since FRF estimates are used as identification data, they are referred to
as FRF measurements.

The advantages of this intermediate frequency-domain step are well recog-
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nized in the system identification literature. Pintelon and Schoukens “strongly
advised to take this intermediate step in the identification process” (Pintelon
and Schoukens, 2012, Ch. 3.9) since “it provides a lot of qualitative information
about the complexity of the problem, as well as quantitative information about
the plant and the measurement quality.” By designing an appropriate excitation
signal, carefully preprocessing the raw time-domain data and by selecting a suit-
able FRF estimation algorithm, high-quality FRF measurements can be obtained.
These measurements form a reliable and compact data basis for subsequent pa-
rameter identification, as large volumes of raw time-domain data are condensed
into a small number of FRFs with high information density.

FRF measurements give a lot of valuable information about the robot under
consideration. An experienced engineer can directly interpret characteristic fea-
tures of an FRF and gain insight into the system dynamics, for instance by iden-
tifying unusually stiff or compliant joints, dominant resonance frequencies, or
unexpected damping characteristics. Moreover, fundamental properties such as
motor inertia and rigid-body dynamics can be assessed. Incorrect rigid body data
or erroneous motor inertia typically manifest themselves clearly in the FRF and
would otherwise severely compromise a direct time-domain identification of the
stiffness parameters. An example of how rigid body data and motor inertia im-
pact the FRFs of a 6-axes robot is shown in Figure 4.2.

However, since industrial robots exhibit nonlinear dynamics, the key chal-
lenge of using FRFs as an intermediate step in the parameter identification pro-
cess is the requirement for system linearization. The choice of linearization points,
here referred to as robot configurations, becomes critical as outlined in Section 3.1.3.

3.1.2 Closed-loop identification

A key prerequisite for robot identification is that the system must be operated in
closed loop for safety and hardware protection reasons. As a result, identification
experiments are performed while the robot is regulated by a feedback controller,
which impacts the relationship between applied inputs and measured outputs.
Standard system identification methods established for open loop systems will
therefore give biased estimates in closed-loop setups. Closed-loop identification
has been studied extensively in the system identification literature, notably by
Ljung (1999), who classifies direct, indirect, and joint input-output methods.

A closed-loop setup as shown in Figure 2.2 is considered, where G is the plant
to be identified, r(t) the reference signal, u(t) the applied input, y(t) the measured
output, v(t) some noise signal and Fy a feedback controller.

In the direct approach for closed-loop system identification, the plant G is
identified as if the system was an open-loop system. Standard identification meth-
ods based on measurements of the actuator input u and the output y are applied,
any feedback is ignored and the reference signal remains unused. Forssell and
Ljung (1999) formulate three criteria (to be fulfilled individually or simultane-
ously) for a small bias in the estimate of the plant: 1: The noise model is good (or
flexible enough), 2: the feedback noise contribution is small, and 3: the signal-
to-noise ratio is high. Dedicated experiment design for a robotic system allows
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to realize a high signal-to-noise ratio, making the direct approach the primary
choice in this thesis.

The joint input-output (JIO) approach extends the direct method by explicitly
exploiting the availability of both the reference signal r(t) and the measured actu-
ator input u(t). The open loop problem of a system with outputs y(t) and u(t) and
input r(t) is considered. A major advantage of JIO identification is the improved
separation of disturbances and nonlinear effects. Careful design of the reference
signal can enhance excitation at specific frequencies and improve averaging and
disturbance rejection in the identification process. This is particularly beneficial
for frequency-domain identification using periodic or multisine excitations (Pin-
telon and Schoukens, 2012).

Indirect methods seek to reconstruct an equivalent open-loop description us-
ing known controller dynamics and assuming that the reference signal is mea-
sured. Two open-loop problems are solved: First, estimating a model from the
reference to the output, and second, estimating the plant’s transfer function by
exploiting the known controller dynamics. In practice, however, this approach
is difficult to apply reliably since industrial robot controllers are typically highly
complex, incorporating cascaded control loops (current, velocity, position), non-
linear elements such as saturation, dead zones, friction compensation, and con-
figuration-dependent gain scheduling. Even if the nominal controller structure
is known, the exact implementation often includes discretization effects, filter-
ing, and safety logic that are hard to access. Since the plant dynamics are recov-
ered by mathematically “removing” the controller dynamics from the closed-loop
response, any uncertainty in controller parameters, delays, or filters is directly
mapped into the estimated plant model. Small modeling errors in the controller
can therefore lead to significant bias in the inferred plant dynamics.

3.1.3 Linearization

Linearization is a key step in many identification procedures, particularly when
estimating FRFs, transfer functions, or modal properties of a systems. The equa-
tions of motion of a robot (2.5) are inherently nonlinear due to Coriolis terms,
gravity, friction, and elastic effects, and linear approximations are obtained by
local linearization around an operating point.

While linearization enables the use of powerful linear system identification
tools, it inevitably leads to a loss of information. Nonlinear effects such as load-
dependent stiffness, hysteresis, and friction may be averaged out or misrepre-
sented. In particular, linearization may obscure:

• Load- or deflection-dependent stiffness characteristics,

• Hysteretic behavior and memory effects,

• Nonlinear friction phenomena such as stiction and Stribeck effects.

In order to mitigate loss of information, two complementary strategies are
employed in this thesis. First, the input signal is compensated for friction effects
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prior to identification, ensuring that friction-induced nonlinearities do not con-
taminate the estimated linear dynamics; see Section 3.1.4. Second, a statistical
linearization technique is applied to identify nonlinear stiffness functions, see
Paper E.

Furthermore, the choice of linearization points is critical for successfully iden-
tifying a globally valid robot model. Linear models obtained around irrelevant
or weakly excited configurations may fail to represent the dynamics encountered
during arbitrary operation. Papers B and C present a systematic method for se-
lecting relevant robot configurations based on data quality (FRF estimation un-
certainty) and sensitivity measures (parameter gradient). This issue is revisited
in Section 4.2.3 of this chapter, where experiment design and, in particular, the
selection of operating points are discussed in detail.

3.1.4 Friction identification

Friction is a dominant nonlinear effect in robotic joints and can severely dis-
tort identification results if not properly addressed. As stated in Section 2.3.1,
a Coulomb friction representation is deemed sufficient in the scope of this the-
sis, and is preferred for its simplicity and compatibility with linearization-based
identification methods. In the scope of this thesis, Coulomb friction torques are
treated as a disturbance that is removed from the torque signal prior to frequency-
domain identification. Furthermore, viscous friction is not included explicitly in
the dynamic model to be identified. Instead, this type of friction is treated as
damping and identified together with other velocity-related parameters.

The estimation of the Coulomb friction torque is performed separately for
each joint in the time domain prior to stiffness parameter identification. Assum-
ing that the motor torque τm ∈ R

N×1 and the motor angular position qm ∈ R
N×1

are measurable, the Coulomb friction coefficient τc can be estimated by solving
the following least-squares problem[

1 sign (q̇m)
] [τ̄m

τc

]
= τm (3.1)

where angular velocity q̇m is computed by numerical differentiation. N is the
number of samples in the measurement and, correspondingly, 1 ∈ R

N×1. Here,
τ̄m represents the torque offset of the robot joint, which accounts for the constant
torque required to compensate for gravitational forces acting on the link at that
specific position, as well as any static sensor bias in the torque measurement.
Formulation (3.1) enables robust estimation of the Coulomb friction level from
low-speed experimental data and allows the friction contribution to be removed
from motor torque data prior to frequency-domain identification, assuming that
the output signal is not affected by friction thanks to the feedback controller. As
a result, the remaining motor torque is interpreted as the effective input to the
identification problem. Figure 3.1 shows an example of measured motor torque,
the corresponding estimate of Coulomb friction torque, and the resulting effec-
tive (friction-compensated) motor torque.
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Figure 3.1: Input motor torque τm for dynamic stiffness identification,
Coulomb friction torque τc and compensated motor torque τm − τc. τm is
computed by the controller from the designed speed reference signal of mul-
tisine type (see Section 3.2.2). τc is estimated using measurements of the
motor angular position qm and (3.1).
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3.2 Data collection and experiment design

3.2.1 Sensor data

In the scope of this thesis, the data used for FRF estimation are obtained from
sensors available in standard industrial robots. The primary measured signals
are the motor angular positions, acquired using high-resolution encoders, and
the motor torques computed by the controller. The motor torques are not actu-
ally measured by sensors. Instead, the torque reference that is generated by the
position controller is used, assuming that the motor torque control is ideal1. All
signals are sampled at a rate not below 1 kHz, ensuring sufficient bandwidth for
the frequency range of interest. Reliable synchronization across measurement
channels is realized by the controller.

In addition to the motor signals, the gear output angular positions are mea-
sured for the work in Papers F and G using secondary encoders at the output
shaft of each joint unit, i.e. on the arm side of the gearbox. These measurements
enable direct observation of elastic effects across the transmission and the identi-
fication of separate parameters for link and gear stiffness. However, quantization
effects may become significant when the gear ratio is high and the resolution of
the output-side encoder is limited. Since the angular velocity obtained by numeri-
cal differentiation amplifies the quantization error, the FRF is estimated using an-
gular position measurements and differentiation is done in frequency domain, us-
ing the known vector of excited frequencies. Quantization errors can be reduced
by applying a low-pass non-causal zero-phase digital filter to the angular posi-
tion measurements, as suggested in Miranda-Colorado and Moreno-Valenzuela
(2018). General, information-theoretic approaches for identification of systems
in with quantized output observations are given in Le Wang (2010), where topics
such as convergence, convergence rate, estimator effciency and input design are
covered. An example for how quantization affects the FRF estimate of the base
joint of a collaborative robot is given in Paper F. It is shown that the FRF esti-
mate becomes disturbed by quantization noise mostly for frequencies larger than
about 70 Hz, which is not the prior frequency range of interest for control design,
but can be important for structural analysis.

3.2.2 Excitation signals

Multisine signals have become a standard excitation for FRF estimation, espe-
cially for MIMO (Multi-Input Multi-Output) systems (Pintelon and Schoukens,
2012). They can be designed flexibly with respect to frequency content, ampli-
tude, and crest factor and offer several advantages such as minimization of noise
and detection of non-linearity (Dobrowiecki and Schoukens, 2007; Dobrowiecki
et al., 2006). Optimized multisine signals with specified frequency grid and am-
plitude spectrum are preferred in the context of FRF estimation because they give
“maximal flexibility combined with a minimum measurement time and a maxi-

1Nearly ideal motor control can be realized using model-based feedforward control and appropri-
ate tuning (Moberg, 2010).
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mum quality of the measurements. Moreover, by making a dedicated selection of
the components of the excitation signal, it is even possible to detect, qualify, and
quantify the presence of nonlinear distortions.” (Pintelon and Schoukens, 2012,
p. 162). In the scope of this thesis, random-phase multisine signals such as

ums(t) =

Nf∑
k=1

Akcos(ωkt + φk) (3.2)

are used. These signals are characterized by the following parameters:

• Frequencies ωk : These are selected from a discrete frequency grid defined
by { 2πl

NP Ts
} for l = 1, . . . , NP

2 − 1, where NP is an even number of samples and
Ts is the sampling time.

• Amplitudes Ak : To achieve a specific desired power spectrum Φu(ω), the

amplitudes are scaled as Ak = 2
√

Φu (ωk )
NP

.

• Phases φk : The phases are independent stochastic variables, following a
uniform distribution over the interval [0, 2π).

Nf represents the total number of excited frequencies that are present in the mul-
tisine signal. While the frequency grid provides a range of possible values up to
the Nyquist limit, Nf determines how many of those specific bins are actually

“filled” with energy. Constrained by Nf ≤
NP
2 − 1, the selection of Nf is character-

ized by two design choices:

• Spectral Density: A higher Nf creates a “denser” signal in the frequency
domain, which is useful for identifying high-order systems with complex
dynamics.

• Energy Distribution: Because the total power is distributed across Nf com-
ponents, increasing Nf while keeping the total signal power constant will
decrease the individual amplitudes Ak .

The input signal for identification experiments is designed to ensure suffi-
cient excitation of the relevant dynamics while respecting physical constraints
of, e.g., the motors and the gearboxes. In this thesis, a multisine speed refer-
ence is applied to the motors, superimposed by a square-wave component to re-
duce the influence of static friction effects. General recommendations by Pintelon
and Schoukens (2012) are followed and application-specific findings by Wernholt
(2007) are applied. The excited frequencies k are selected to cover the range that
is relevant for control design and feasible given the available bandwidth. The grid
of excited frequencies is logarithmically spaced to capture both low-frequency
rigid-body dynamics and higher-frequency elastic behavior. The amplitude of
the excitation is chosen as high as possible within the allowable limits of the ac-
tuator and transmission components.
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FRF estimation for MIMO systems requires special attention when designing
the excitation. In order to estimate the ny × nu = 6 × 6 FRFs of a 6-axes manipu-
lator, all motors are excited simultaneously. For nonparametric FRF estimation,
nb = nu = 6 experiments are required, each using a rotated phase of the designed
multisine signal. The phases of (3.2) are shifted as

φl,m =
2π
nu

(l − 1)(m − 1) (3.3)

for different channels (index l) and experiments (index m) to realize an orthog-
onal excitation. Orthogonality here means that the signals are uncorrelated, en-
suring that the contribution of each input channel can be isolated during MIMO
FRF estimation. These nb = 6 experiments form a block of experiments. Applying
random phase realizations and generating multiple blocks of data enables aver-
aging, which is beneficial in the presence of disturbances and to reduce bias due
to nonlinearities.

In contrast to nonparametric FRF estimation, a single experiment is sufficient
when using the LRM method. Averaging of multiple random phase realizations
is still beneficial, as showcased in Paper D. Details about FRF estimation methods
are presented in Section 3.3.

Chirp excitation has been used in the field of frequency-domain system iden-
tification for decades (Godfrey, 1993). A chirp is defined as a sinusoidal signal
whose instantaneous frequency f (t) varies continuously within a specified range
[fl , fu] over the duration of the signal:

uch(t) = A(t) sin

2π
t1∫
t0

f (τ)dτ + φ

 , t ∈ [t0, t1] (3.4)

where f (t) = ea0t+a1 with the constants a0 and a1 determined through f (t0) = fl
and f (t1) = fu .

Important characteristics of chirp excitations are the high signal to noise ra-
tio and the good crest factor (the ratio between the maximum power to the mean
power). A significant disadvantage of chirps compared to multisines is that chirps
provide a continuous sweep across the spectrum, thereby exciting all frequencies
within the range rather than only the specific frequencies of interest. This lack
of frequency selectivity leads to a distribution of energy over unneeded spectral
bins, which can reduce the precision of the estimated FRF at critical points. Fur-
thermore, a longer measurement time is generally required compared to multi-
sine signals. This is because a chirp must sweep through the entire frequency
range to achieve a high-resolution spectral estimate, whereas a multisine signal
excites all target frequencies simultaneously within a single period.

Saupe and Knoblach (2015) present a comparison of FRF estimation for in-
dustrial manipulators using multisine and chirp excitation signals. The design of
both signals is discussed with respect to dynamic gear load constraints, Coulomb
friction, nonlinear stiffness, measurement and discretization noise. The authors
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conclude that high excitation amplitudes are a key factor for successful FRF es-
timation, especially when using chirp excitation. They conclude that using very
high amplitudes and chirp excitation allows good estimates at the risk of mechan-
ical damage or wear during data collection for identification.

Other general purpose excitation signals have been proposed for FRF estima-
tion, such as Pseudorandom Binary Sequence, random noise, or random burst.
Properties are summarized in, e.g., Chapter 5 of Pintelon and Schoukens (2012)
together with a comparison of the signals in time and frequency domain.

3.3 FRF estimation methods

3.3.1 Nonparametric FRF estimation for MIMO systems

Assuming random phase, orthogonal multisine excitation of type (3.2), (3.3), non-
parametric estimation methods derive the FRF independently at each excited fre-
quency ωk , as illustrated in the left part of Figure 3.2. This approach makes min-
imal assumptions about the underlying system dynamics and directly computes
the FRF from the measured input–output data u(t), y(t). Assuming that data
of ne experiments is collected, the matrices of discrete Fourier transforms are
U(ωk) ∈ Cnu×ne and Y(ωk) ∈ Cny×ne , at the frequencies ωk = k 2π

NTs
, k = 1, 2, . . . , N ,

where N is the total number of samples, nu the total number of input signals, ny
the total number of output signals, and Ts the sampling period. In the noise-free
case, the system’s FRF G(Ωk) ∈ Cny×nu is defined by

Y(ωk) = G(Ωk)U(ωk) (3.5)

where Ωk = ejωkTs . The phase of the multisine excitation is rotated as (3.3) when
generating the reference of the ne experiments, and FRF estimates can be com-
puted as

Ĝ(Ωk) = Y(ωk)UH (ωk)
(
U(ωk)UH (ωk)

)−1
(3.6)

where ( )H is the conjugate transpose.
Averaging multiple data sets is a powerful tool in order to suppress the in-

fluence of disturbances and to reduce the contribution of nonlinear effects. For
applying averaging techniques, data is collected for M blocks of experiments,
using different phase realizations for each block. Assuming ne = M × nu , (3.6)
becomes

Ĝ(Ωk) =

 1
M

M∑
m=1

Y[m](ωk)U[m](ωk)
H

 1
M

M∑
m=1

U[m](ωk)U[m](ωk)
H

−1

(3.7)

Different other estimation and averaging methods are summarized and experi-
mentally compared in Paper D.
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Figure 3.2: Illustration of FRF estimation methods: Nonparametric method,
estimating G individually for each ωk (left side) and LRM, assuming a ratio-
nal function within a frequency window ωk+r (right side).

Assuming periodic excitation and that averaging is performed, nonparametric
FRF estimates provide unbiased estimates at the excited frequencies (Pintelon
and Schoukens, 2012). A main drawback of these methods is that it requires
multiple experiments (ne = M × nu), and ne = nu experiments as a minimum.

3.3.2 The Local Rational Model (LRM) method

The LRM method estimates FRFs by fitting a local rational transfer function over
a sliding frequency window, as illustrated in the right part of Figure 3.2. In-
stead of treating each frequency independently, the LRM approach exploits the
local smoothness of the FRF to reduce variance and improve robustness. The
sliding window with chosen width 2b + 1 is centered around the excited frequen-
cies ωk , respectively. The other frequencies within the window are ωk+r where
r ∈ [−b, . . . , 0, . . . , b]. The LRM approach then defines:

Y(ωk+r ) =
G(Ωk+r )
D(Ωk+r )

U(ωk+r ) (3.8)

with the polynomials

G(Ωk+r ) = G(Ωk) +
R∑
s=1

gs(ωk)rs (3.9)

D(Ωk+r ) = 1 +
R∑
s=1

ds(ωk)rs (3.10)

where R is the chosen polynomial order and gs, ds the corresponding polynomial
parameters. The FRF estimate finally composes of the terms G(Ωk) in (3.9) for all
excited frequencies ωk . The sliding window effectively introduces a bias–variance
trade-off: larger windows yield stronger noise suppression but may oversmooth
sharp resonances, whereas smaller windows preserve fine dynamics at the cost of
higher variance.
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Assuming local rational transfer functions makes FRF estimates possible with
data from only one experiment, i.e. the condition ne = M × nu can be dropped.
This property makes LRM particularly attractive for MIMO systems and applica-
tions where experimental time is limited. “For lowly damped systems the local
polynomial methods result in a significant reduction of the measurement time or,
for a given experiment time, in a significant increase of the frequency resolution”
(Pintelon and Schoukens, 2012, Ch. 7).

In Paper D, the LRM method is adapted and applied for estimating the 6 × 6
FRFs of a 6-axes industrial robot. Different MIMO-parametrizations of the local
rational models are presented and experimentally compared. Furthermore, vari-
ants using the Joint Input-Output (JIO) approach and logarithmic averaging of
multiple LRM estimates are studied using real experimental data. It is shown
that a strict MIMO parametrization and considering the reference signal (JIO ap-
proach) are both beneficial for accurate FRF estimates, while keeping experiment
time short.

3.3.3 Nonparametric kernel-based methods

Beyond the methods used in this thesis, nonparametric kernel-based modeling
of linear time-invariant systems has been studied for FRF estimation by, e.g.,
Lataire and Chen (2016). This approach applies Gaussian process regression to
the transfer function, where the covariance is defined by a kernel function and
encodes structural assumptions such as stability and smoothness. While classic
nonparametric methods and the LRM provide estimates at discrete frequencies
Ωk only, the Gaussian process method provides estimates which are continuous
in Ω. Unlike the discrete estimates provided by classic methods and the LRM, the
kernel-based approach replaces discrete polynomial tuning with the continuous
optimization of hyperparameters, offering superior flexibility.

Selecting an appropriate kernel expression is critical yet non-trivial. Halle-
mans et al. (2022) introduce a framework that combines multiple kernels to in-
corporate structural prior knowledge: A DC-kernel (diagonal correlated kernel)
captures smooth, low-frequency system contributions, while resonance kernels
represent lightly damped dynamics. The resonance kernels are constructed from
the impulse responses associated with resonating poles, which are typically esti-
mated via an LRM preprocessing step. The resulting hyperparameters are tuned
by maximizing the marginal likelihood. Consequently, the method suppresses
noise-induced variance more effectively than generic smoothness-based regular-
ization while preserving sharp resonance features. However, the method intro-
duces a higher computational burden and requires solving large linear equation
systems, which may limit its direct applicability in large-scale or real-time sce-
narios. Furthermore, numerical stability can be challenging to guarantee, since
kernel matrices often suffer from poor numerical conditioning. Also, the tuning
process is sensitive to the initial values assigned to hyperparameters before opti-
mization.

While Hallemans et al. (2022) proposes a global method that uses all data
points simultaneously, Fang et al. (2024) introduces a local method (Local Gaus-
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sian Process Regression) that estimates the FRF within sliding frequency win-
dows, improving robustness to noise and sample size without requiring separate
pole estimation.

Although kernel-based FRF estimation has shown potential for identification
of low-dimensional systems (particularly in Single-Input Single-Output simula-
tion studies), its scalability to MIMO systems or real-world industrial applica-
tions remains limited. The reliance on the inversion of the kernel matrix intro-
duces significant stability issues and computational costs as the dataset size in-
creases. While the flexibility to incorporate prior knowledge is a core strength of
kernel-based approaches, the tuning or selection of optimal kernel structures as
well as hyperparameter optimization remain challenging and highlights a signif-
icant gap between theoretical potential and industrial applicability.

3.4 Validation

The quality of FRFs estimated from input-output data can be assessed using sev-
eral complementary validation criteria. In this thesis, the following three criteria
are used:

• Analysis of FRF uncertainty

• Comparison of results from different estimation methods

• Physical interpretation

First, assuming random phase multisine excitation, the uncertainty of an FRF
estimate is obtained from averaging across experiments, or blocks of experiments,
and provides an indication of identification reliability. Increased FRF uncertainty
can be interpreted as an indicator of nonlinear distortions, disturbances, or in-
sufficient excitation, and is commonly used to assess the validity of the linear
approximation (Pintelon and Schoukens, 2012).

Second, FRFs obtained using different estimation methods are compared. Con-
sistency between strictly nonparametric and LRM-based estimates increases con-
fidence in the results.

Finally, prior physical knowledge is used for qualitative validation. Since the
rigid-body parameters of the robot are assumed to be known, the behavior of the
FRF at very low and very high frequencies can be checked against physical expec-
tations. In particular, the low-frequency gain and the asymptotic high-frequency
roll-off provide important sanity checks on the estimated dynamics. Further-
more, the symmetry of the 6 × 6 matrix of FRFs can be exploited in the case
of motor measurements only, see Appendix A.
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parameters

This chapter deals with the parameter identification of robot models, such as
those presented in Chapter 2. In line with the three layers of robot modeling in-
troduced in Section 2.2 (Figure 2.3), parameter identification can be categorized
into:

1. Kinematic identification

2. Rigid-Body inertial identification

3. Stiffness identification

The first part of the chapter describes the respective goals and characteristics of
these three identification problems and provides examples from the literature
to illustrate the current state of the art in the field of robot parameter identifi-
cation. The main focus of this thesis is the identification of dynamic stiffness
parameters, while the kinematics and rigid-body dynamics are assumed to be
known. This is a valid assumption for this thesis which is part of a collaboration
project with ABB Robotics. However, robot identification in other contexts usu-
ally requires kinematic and rigid-body identification in a first step, which is why
relevant approaches and methods for all three layers are summarized, compared,
and discussed in the following.

Section 4.1 also contains an overview of state-of-the-art identification method-
ologies for advanced friction models. While the scope of this thesis is restricted
to the identification of static friction phenomena, the proposed framework is de-
signed with modularity in mind, allowing for future extensions towards more
sophisticated dynamic friction models. Section 4.1.4 provides the necessary con-
text for these advanced formulations.

The second part of the chapter focuses on stiffness identification in the fre-
quency domain, which forms the methodological basis for the work related to

43
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this thesis. The approach of this thesis builds on the methods proposed by Wern-
holt and Moberg (2008) and Moberg et al. (2014), where the optimal parameter
vector θ̂ is estimated by minimizing the weighted logarithmic error between the
parametric FRFs of the model and the non-parametric FRFs estimated from ex-
perimental data. This section further discusses the required prior knowledge,
the characteristics of the identification data, and the selection of suitable robot
configurations. The parameter optimization algorithm is then presented, and the
chapter concludes with approaches for model validation.

4.1 Definitions and state-of-the-art

4.1.1 Kinematic identification and robot calibration

“Kinematics pertains to the motion of bodies in a robotics mechanism without
regard to the forces/torques that cause the motion“ (Siciliano and Khatib, 2016).
Robot kinematic identification involves determining the geometric parameters
of a robot manipulator including link lengths, joint offsets, and twist angles. A
standard kinematic model is the Denavit-Hartenberg description (Denavit and
Hartenberg, 1955), and the corresponding set of parameters is known as DH pa-
rameters. Typically, least-squares algorithms are applied for parameter identifi-
cation, together with measurement data of the end-effector position.

Robot calibration is a systematic, multi-stage procedure that uses measure-
ment data to refine a robot’s kinematic model. With the objective of improving
the robot’s absolute positioning accuracy, calibration determines an error model
that compensates for discrepancies inherent in the nominal kinematic descrip-
tion. Absolute accuracy is crucial for tasks requiring high precision such as
gluing, sealing, laser welding, and precision cutting. Modern industrial robots
achieve absolute position accuracy of 0.1 mm (ABB Robotics, 2026a). Common
methods aim to reduce the deviation between the planned (programmed) and
the actual end-effector position. To achieve this, calibration accounts for geo-
metric inaccuracies throughout the robot’s mechanical structure, as well as static
deflections resulting from structural compliance and gravitational loading. This
is typically accomplished by adjusting the robot’s DH parameters, or by adding
an error model.

Both kinematic identification and robot calibration methods generally rely on
high-precision external measurement systems to determine the true Tool Cen-
ter Point (TCP) position, such as laser trackers, laser interferometers, or camera-
based systems. Representative examples demonstrating that the Root Mean -
Squared (RMS) error of the TCP pose is significantly reduced by appropriate cal-
ibration are Ginani and Motta (2011); Nubiola and Bonev (2013); Ye et al. (2006).
An alternative approach to TCP measurements as database for calibration is pre-
sented in Gao et al. (2022). This approach employs a camera motion capture
system in conjunction with several optical markers mounted all over the manipu-
lator arm. These measurements allow the determination of the absolute rotation
matrices and translation vectors of each link, which form the basis for estimating
the desired joint angles and DH parameters.
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4.1.2 Rigid-body inertial identification

Inertial parameter identification is the process of estimating the physical dy-
namic properties of each robot link, specifically mass, center of mass, and inertia
tensor. Most approaches assume that the links of the robot model are rigid, and
the inertial parameters are therefore also called rigid body parameters. The com-
mon approach is that the robot follows a trajectory exciting the different compo-
nents of its dynamic model. Joint movements and torque signals are analyzed for
determining the dynamic rigid body parameters. In the following, four groups
of identification techniques are briefly discussed:

• Inverse dynamic model and least-squares estimation methods

• Maximum likelihood identification

• Output error identification methods

• Instrumental variable methods

Other techniques using nonlinear Kalman filtering, Adaline neural networks, or
Hopfield-Tank recurrent neural networks have been proposed. A recent review
about approaches to inertial parameter identification is given by Leboutet et al.
(2021). Different techniques are summarized and compared, and a decision pro-
cess for selecting an appropriate parameter identification algorithm is presented.

Inverse dynamic model and least-squares regression

The equations of motion in joint space (2.1) are nonlinear with respect to the
standard dynamic parameters χS

q̈a = M−1(qa, χS ) (τa − C(qa, q̇a, χS ) − G(qa, χS )) (4.1)

where χS includes for each link the mass, the components of the inertia tensor
and the center of gravity vector, as well as the inertia of actuator and gear. This set
of standard dynamic parameters can be reduced to the base parameters χ which
are defined as the minimum set of parameters that determine a dynamic model
uniquely (Gautier and Khalil (1990); Mayeda et al. (1990)). This reduction is done
by eliminating those parameters which have no effect on the dynamic model and
by grouping parameters using linear relations. Since the kinetic and potential
energies are linear w.r.t. the χ, the inverse dynamics of a rigid-link robot can be
formulated as in Gautier (1997):

τa =
∂τa
∂χ

χ + e (4.2)

where e is an error due to measurement noise and modeling errors. Equation (4.2)
is referred to as the Inverse Dynamic Identification Model (IDIM) and least -
squares regression is used on sampled joint positions, velocities, and accelera-
tions to derive a parameter estimate χ̂. Using the IDIM does not require the
integration of (4.1) and χ̂ is a one step linear LS solution which does not need
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initial conditions. However, velocities and accelerations must be derived from
position measurements using well-tuned bandpass filtering of the joint position
(Gautier, 1997). This least-squares approach based on the IDIM has since become
a standard offline method for robot dynamic identification and several variants
and extensions have been published. Examples are Han et al. (2020); Jin and
Gans (2015); Szabó and Gincsainé Szádeczky-Kardoss (2021).

Maximum likelihood methods

Maximum Likelihood (ML) estimation provides a statistical framework by explic-
itly modeling measurement noise and disturbances and deriving parameter esti-
mates that maximize the probability of the observed data. Since noisy torque
and joint angle measurements are common in robot identification, modeling the
noise characteristics can be beneficial.

Early and influential contributions by Swevers et al. established ML estima-
tion as a powerful tool for identifying robot dynamics in the presence of col-
ored noise and closed-loop operation (Swevers et al., 1997). Their work demon-
strates that ML formulations outperform classical least-squares methods when
realistic noise and disturbance models are considered. Similarly, Olsen and Pe-
tersen (2001) developed ML-based identification schemes, emphasizing consis-
tent parameter estimation under feedback and providing systematic approaches
for noise modeling and experiment design.

More recent research has focused on improving the computational efficiency,
robustness, and practical applicability of ML-based identification methods. Ad-
vances in numerical optimization, automatic differentiation, and efficient simula-
tion tools have significantly reduced the computational burden associated with
repeated forward simulations and gradient evaluations, which traditionally lim-
ited the adoption of ML approaches in high-degree-of-freedom systems. More-
over, modern formulations increasingly incorporate regularization, Bayesian in-
ference, and probabilistic priors to improve robustness and handle limited data
scenarios (see e.g. Qiao et al. (2024); Ting et al. (2011)).

Output error identification methods

Output-Error (OE) identification methods estimate the parameter vector χ by
minimizing a quadratic cost function defined as the discrepancy between the
measured joint positions y (actual output) and the simulated joint positions ys,
obtained by numerically integrating the direct dynamic model (4.1):

χ̂ = arg min
χ

1
2
||ys − y||2 (4.3)

Problem (4.3) constitutes a nonlinear least-squares optimization and is typically
solved using iterative numerical methods such as Gauss-Newton regression, gra-
dient-based methods, or the Levenberg-Marquardt algorithm.

The OE framework is frequently used in robotics as it directly minimizes the
actual output error of the system. However, identification accuracy comes at the
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cost of significantly increased computational complexity. Each iteration of the
nonlinear optimization requires numerical integration of the dynamic equations
and, in many cases, the associated sensitivity equations. Consequently, OE-based
identification is computationally expensive and time-consuming, particularly for
high-degree-of-freedom robotic systems. Moreover, good initial parameter esti-
mates are essential to ensure convergence to a meaningful solution and to avoid
finding local minima.

Gautier et al. (2013) propose a “torque-based” output error approach that
bridges the gap between IDIM and OE approaches. While this method adopts
the closed-loop simulation framework of traditional OE by utilizing the direct
model (forward dynamics) (4.1), it aligns with IDIM by estimating the parame-
ter vector χ through the minimization of the 2-norm of the difference between
measured and simulated joint torques. By using the forward dynamics model to
predict torques rather than positions, it bypasses the signal differentiation issues
inherent in standard IDIM while avoiding the high computational overhead of
traditional state-based OE methods, provided the robot’s controller is accurately
known.

The effectiveness of OE identification is intrinsically linked to the design of
the excitation trajectory. In order to ensure parameter observability and improve
numerical conditioning, systematic trajectory design is essential. Swevers et al.
(1997) introduce the use of periodic multisine excitation signals for robot dy-
namic identification, providing a systematic framework for optimizing excitation
spectra, improving signal-to-noise ratio, and minimizing experiment time. Their
approach enables precise shaping of frequency content, which is particularly ad-
vantageous for exciting elastic modes associated with joint and transmission stiff-
ness. This methodology has become a cornerstone in time-domain identification
of robotic systems with flexibilities. Swevers et al. (2007) further develop opti-
mal experiment design strategies for nonlinear dynamic systems, explicitly tar-
geting improved conditioning of OE-based parameter estimation problems. By
maximizing the sensitivity of the output to the elastic parameters, these meth-
ods directly address the risks of ill-conditioning and local minima inherent in
time-domain OE identification.

Despite these robust design tools, the OE method remains sensitive to noise,
unmodeled dynamics, and controller interactions. Requiring large, high-quality
data sets in combination with nonlinear dynamic simulation and large-scale non-
linear optimization, the method also demands a significant amount of computa-
tional resources.

Instrumental variable methods

Instrumental Variable (IV) methods constitute a powerful class of system iden-
tification techniques for estimating model parameters in the presence of mea-
surement noise and disturbances. In particular, IV identification is well suited
for situations in which the input signals are correlated with noise, as commonly
encountered in feedback-controlled systems, where standard least-squares esti-
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mators become biased (Ljung, 1999; Söderström and Stoica, 1989). The central
idea of IV methods is to introduce auxiliary signals, called instruments, which are
correlated with the regression variables but uncorrelated with the noise, thereby
enabling statistically consistent parameter estimates. A common strategy for con-
structing suitable instruments is based on simulation of a preliminary model us-
ing previously obtained parameter estimates. The nonlinear equations of motion
(4.1) are simulated using an initial IV estimate of the parameter vector χ, while
applying the same reference trajectory and control law as in the real experiments.
The resulting noise-free simulated signals are then used to generate the instru-
ments through sampling of the inverse dynamic model. This approach ensures
strong correlation with the regression variables while effectively decoupling the
instruments from measurement noise.

IV methods have a long history in robot dynamics identification. Puthenpura
and Sinha (1986) established a rigorous mathematical framework for applying
IV techniques to continuous-time robot dynamics models, demonstrating their
ability to provide consistent estimates in closed-loop conditions. More recently,
Janot et al. (2014) and Brunot et al. (2018) refined this methodology by construct-
ing instruments from noise-free simulations of the robot dynamics, embedded in
a recursive identification loop. This strategy significantly improves estimation
accuracy and eliminates the need for acceleration measurements, which were
traditionally required but are often difficult to obtain reliably in industrial en-
vironments. By introducing dedicated filtering operations prior to the IV esti-
mation, the method further reduces the impact of vibration and high-frequency
noise, which is particularly beneficial for modern high-speed robotic manipula-
tors. However, in practical industrial settings, the effectiveness of modern IV
methods is frequently limited by the quality of the “noise-free” simulations used
in the IV loop. Any structural mismatch between the simulation model and the
physical hardware can lead to biased estimates.

While classical IV approaches focus on achieving statistical consistency, they
do not inherently guarantee the physical feasibility of the identified parameters,
such as positive definiteness of inertia matrices or physically meaningful friction
coefficients. To address this, Ardiani et al. (2025) propose a constrained IV frame-
work for identifying the dynamic parameters of industrial robots while explicitly
enforcing physical consistency. Their approach incorporates linear inequality
constraints into the estimation problem, ensuring that the resulting parameters
remain within physically plausible bounds.

4.1.3 Stiffness identification

Stiffness identification aims at determining the elastic deformation properties of
robotic systems, primarily arising from joint transmissions, bearings, and struc-
tural compliance. Furthermore, lumped stiffness parameters accounting for flexi-
ble, lightweight links might be identified. Accurate stiffness models are essential
for high-performance motion control, vibration suppression, force control, and
precision tasks, particularly in high-speed and high-load industrial applications.
The following section summarizes selected examples from literature about stiff-
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ness identification, classifying the approaches in three groups:

• Quasi-static stiffness identification based on TCP displacement

• Time-domain OE stiffness identification

• Frequency-domain stiffness identification

Table 4.1 provides an overview of the three groups and compares the individual
advantages and challenges, which are also explained in the following paragraphs.

Quasi-static stiffness identification based on TCP displacement

Utilizing a kinematic-based modeling framework, joint stiffness can be identified
by applying known forces or torques at the robot end-effector and measuring the
resulting translational and rotational displacements. This method exploits the an-
alytical relationship between joint stiffness and Cartesian compliance, expressed
through the robot Jacobian, which allows stiffness parameters to be estimated
without direct joint torque sensing. This quasi-static approach is widely adopted
in industrial robotics due to its simple experiment design and due to avoidance
of complex dynamic modeling.

A primary strength of this method lies in its mathematical structure; the iden-
tification problem is typically formulated as a linear-in-parameters regression.
This allows for the use of convex optimization techniques, ensuring low computa-
tional overhead and minimal estimator bias, provided the underlying kinematic
model is accurate. Furthermore, conducting experiments under static, open-loop
conditions eliminates the biases often associated with closed-loop control and dy-
namic noise, leading to high signal-to-noise ratios. Moreover, the high informa-
tion content of static measurements allows accurate parameter estimation from
relatively small data sets, resulting in high data efficiency.

The literature demonstrates that this framework is highly effective for full ma-
nipulator calibration. For instance, Klimchik et al. (2015) expanded this method-
ology to account for both joint and link compliance, developing robust algo-
rithms capable of handling the measurement errors, load uncertainties, and work-
space constraints that are typical for factory environments. Similarly, Dumas
et al. (2012) provided a practical validation of the approach on industrial se-
rial robots, confirming that high repeatability and practical feasibility can be
achieved even in noisy industrial settings. The paper also discusses conditioning
and identifiability issues, showing how pose selection directly affects estimation
accuracy.

Despite its efficiency, the Jacobian-based identification relies critically on ac-
curate kinematic modeling (calibration) and precise computation of the Jacobian.
The approach also requires equipment for reliable measurements of external
forces or torques and the resulting end-effector displacements. Furthermore, the
method is highly configuration-dependent: The numerical conditioning of the
estimation problem can deteriorate significantly near kinematic singularities or
when the directions of external excitation are poorly chosen.
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To mitigate these issues, researchers emphasize the importance of optimal ex-
periment design. For example, Dumas et al. (2012) highlight that pose selection
directly dictates the observability of stiffness parameters, noting that poorly cho-
sen configurations lead to ill-conditioned matrices. Wu et al. (2012) introduce
formal optimality criteria for selecting measurement poses. Their work focuses
on providing a systematic and theoretically grounded method for excitation de-
sign by maximizing parameter observability and minimizing estimation variance,
aiming to strengthening the reliability and robustness of the general identifica-
tion framework. Similarly, Oexle et al. (2024) present a systematic selection of
robot configurations based on the robot Jacobian such that the parameter observ-
ability is maximized. An optimization problem is formulated in which stiffness
parameters are iteratively adjusted to minimize a loss function defined by the
discrepancy between measured and model-predicted TCP displacements.

A hybrid static-dynamic identification framework is proposed in Ni et al.
(2019): The full robot parameter set is explicitly decomposed into motion-depen-
dent parameters (e.g., inertial and friction parameters) and motion-independent
parameters, among which joint stiffness is classified. While dynamic experiments
are employed to estimate motion-dependent parameters using trajectory excita-
tion, the stiffness parameters are identified separately through quasi-static exper-
iments, following a procedure conceptually consistent with the Jacobian-based
approach.

Time-domain OE stiffness identification

In contrast to quasi-static, Jacobian-based methods, time-domain Output-Error
(OE) identification treats stiffness estimation as a dynamic gray-box system iden-
tification problem. This paradigm relies on simulating a flexible robot model and
minimizing the discrepancy between predicted joint trajectories and experimen-
tal time-series data. OE approaches operate in the time domain under dynamic
excitation, exploiting the full information content of transient system responses.
This enables the simultaneous identification of stiffness, damping, inertial, and
friction parameters within a unified framework.

A defining advantage of the OE approach is its reliance on dynamic excita-
tion trajectories and full time-series measurements, typically joint or motor po-
sitions and, when available, actuator torques. Since stiffness parameters are in-
ferred indirectly from their influence on the dynamic response, external force
sensing at the end-effector is not required, which significantly simplifies experi-
mental setups in industrial environments where such instrumentation may be un-
available. Furthermore, the time-domain formulation naturally accommodates
complex, nonlinear models of joint and transmission elasticity, and even flexible
links, thereby enabling high-fidelity stiffness characterization beyond the limits
of static compliance models.

The literature reflects a progression from simplified axis models to high-fide-
lity multibody simulations. Early work on stiffness identification in industrial
robots focuses on low-order, physically parameterized dynamic models identi-
fied from time-domain experiments. Östring et al. (Östring et al., 2003) pro-
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pose a closed-loop identification framework for a single robot axis modeled as
a physically parameterized three-mass system, representing motor inertia, gear-
box elasticity, and load inertia. Their work formulates the identification problem
directly in the time domain, explicitly accounting for the interaction between
robot dynamics and feedback control. A key contribution is the integration of
flexible joint modeling within a closed-loop OE framework, enabling reliable stiff-
ness and damping estimation despite controller-induced signal distortions. This
study establishes the conceptual foundations for time-domain stiffness identifica-
tion under realistic industrial operating conditions. The results demonstrate that
even relatively simple lumped-parameter models can provide accurate descrip-
tions of joint flexibility, provided that appropriate excitation and identification
procedures are employed. However, the study is limited to one-dimensional mo-
tion and linear elastic behavior.

Expanding beyond linear approximations and one dimension only, Miranda-
Colorado and Moreno-Valenzuela (2018) extend OE identification toward com-
plete robot models with nonlinear flexible-joints, explicitly incorporating elastic
couplings and nonlinear dynamic effects. Their method utilizes nonlinear opti-
mization to minimize a quadratic cost function of the output error, enabling the
joint estimation of mechanical parameters from full trajectory data. The experi-
mental section of the paper, however, only considers a two link manipulator.

Pushing the limits of model accuracy, Aivaliotis et al. (2021) adopt a high-
fidelity physics-based simulation framework combined with time-domain OE
identification. Instead of using a low-order, flexible joint model with lumped pa-
rameters, their method integrates FE-based flexible body representations directly
into the optimization loop. While this significantly increases computational com-
plexity and modeling effort, it allows for the characterization of distributed elas-
tic effects in both links and transmissions, which is critical for lightweight or
high-speed manipulators.

The advantages of OE methods come at the cost of high computational ef-
fort, since each iteration requires nonlinear dynamic simulation and large-scale
nonlinear optimization. Furthermore, the resulting estimation problem is non-
convex, making it sensitive to initialization and prone to local minima. These
challenges motivate the choice of frequency-domain methods, addressed in the
following and in Section 4.2.

Frequency-domain stiffness identification

Approaches for frequency-domain stiffness identification use FRF estimates as
the measurement input for a nonlinear parameter optimization algorithm. Be-
cause FRFs inherently encapsulate the modal characteristics of the system, specif-
ically the resonances, anti-resonances, and damping ratios, they provide direct
insight into the underlying system’s dynamics. This approach relies on a lin-
ear representation of the robot, necessitating the linearization of the dynamics
around specific operating points. This requires a precise selection of lineariza-
tion points to ensure that the identified parameters remain valid across the task
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space, as purely frequency-based linear models do not directly capture nonlinear
phenomena such as nonlinear joint stiffness and friction.

The identification framework employed in this research builds upon the fre-
quency-domain methodology established by Wernholt (2007) and Moberg et al.
(2014), which involves determining an optimal parameter vector by minimizing
the weighted logarithmic error between theoretical FRFs and those estimated
from experimental data (details see Section 4.2). This objective function choice
is a common thread in the literature, though the specific formulation of the cost
function varies. For instance, Li et al. (2024) enhance this approach by employ-
ing a genetic algorithm to minimize a dual-objective function that compares both
the full FRF profile and the discrete natural frequencies. Their work is particu-
larly notable for identifying three-dimensional torsional and translational stiff-
ness at each joint to account for inaccuracies caused by joint backlash. Similar to
the work by Wernholt (2007), Gnad et al. (2025) apply FRF-based identification
to Delta robots with parallel kinematic structure, utilizing a two-step disassem-
bly procedure to isolate gear-drive flexibility from the structural stiffness of the
struts.

A distinct subset of frequency-domain identification is rooted in inverse eigen-
value theory, which seeks to reconstruct physical mass and stiffness matrices from
measured eigenvalues and eigenvectors. Building on the foundations laid by Hov-
land et al. (2001), Hardeman (2008) presents an inverse eigenvalue identification
method that extracts resonance and anti-resonance frequencies in order to iden-
tify the inertia and stiffness parameters of robot drives. For an industrial robot
with stiffness matrix K and mass matrix M, the generalized eigenvalue problem
is formulated as:

(K − ω2M)ν = 0 (4.4)

where ω2 represents the eigenvalues (squared resonance frequencies), and ν rep-
resents the eigenvectors. A key contribution of Hardeman (2008) is the mass
normalization of eigenvectors. By choosing a normalization such that νTMν = I ,
explicit relationships are established between the physical parameters (mass and
stiffness) and the measured modal data. Compared to the original method pro-
posed by Hovland et al. (2001), this approach utilizes MIMO identification within
a stochastic framework (Linear Errors-in-Variables), allowing for accurate param-
eter extraction even in the presence of measurement noise and active feedback
control.

Practical constraints in data acquisition also drive methodological variations
within the frequency domain. Xu et al. (2021) address the challenge of asyn-
chronous input/output data by proposing an identification scheme that relies ex-
clusively on the amplitude of the FRF. By ignoring the phase information, which
is frequently corrupted by acquisition delays or hardware-induced latencies, their
method provides a robust alternative for environments where precise time-syn-
chronization between excitation and sensing is difficult to maintain.
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4.1.4 Identification of advanced friction models

While the previous sections 4.1.1 to 4.1.3 were about the identification of full,
MIMO, robot models, the identification of friction models is usually considered
on joint-level, focusing on a single axis.

A widely used static friction model combines Coulomb and viscous friction
with a Stribeck term (2.12) to describe the decrease in friction torque at low ve-
locities. This model is typically identified using steady-state velocity sweeps or
low-acceleration trajectories, allowing the friction parameters to be estimated via
nonlinear least-squares methods (Armstrong-Hélouvry et al., 1994; Olsson et al.,
1998). Although such models improve accuracy compared to only considering a
Coulomb term, they remain without memory and cannot capture transient fric-
tion dynamics. Identification of advanced friction models with different levels of
complexity has been discussed in literature for decades. Some recent examples
are summarized in the following.

Decomposition and iterative methods

Decomposition methods are founded on the principle of partitioning the high-
dimensional, nonlinear identification problem into smaller, more manageable
sub-problems based on specific physical regimes. Madsen et al. (2020) and Indri
and Trapani (2020) exemplify this strategy by utilizing multi-stage procedures to
decouple static effects, which are velocity-dependent, from dynamic effects that
are displacement or state-dependent. In order to identify complex strain-wave
gear phenomena, including load- and temperature-dependent friction, hysteresis
and position-dependent backlash, Madsen et al. (2020) employs a two-stage iden-
tification strategy using the Genetic Algorithm for exploring the parameter space
and Nelder-Mead optimization for finding the exact parameter values. Similarly,
Indri and Trapani (2020) adopts a two-stage approach, first identifying a linear-
in-parameters static model before addressing the nonlinear differential equations
of dynamic friction via subset optimization.

The central assumption of these decomposition methods is that static and dy-
namic friction contributions can be effectively decoupled. While this decomposi-
tion simplifies the identification problem and improves parameter interpretabil-
ity, the validity of the assumption is not guaranteed in all systems, and errors
introduced in the first stage may propagate to subsequent stages. Furthermore,
the requirement for distinct experimental setups can increase the overall identi-
fication effort.

Shifting away from rigid stage-wise decoupling, an iterative identification al-
gorithm for identifying the LuGre friction model is proposed in Mahmoudkhani
et al. (2024). The algorithm alternates between estimating the internal friction
states and updating the model parameters. This approach can be interpreted as
a form of alternating minimization or an expectation maximization procedure,
where the unobserved internal states are inferred from the data and then used
to refine the parameter estimates. The key assumption here is that the internal
states can be reliably reconstructed from the available measurements. The main
challenges of this method are computational complexity, sensitivity to measure-
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ment quality, and potential challenges in ensuring convergence and identifiabil-
ity, given the presence of latent variables. The method is furthermore highly sen-
sitive to error propagation, as inaccuracies in the first stage, such as static friction
estimation, bias the subsequent dynamic identification.

Output Error identification

An example for OE friction identification based on nonlinear simulation and mea-
sured trajectories is the work by Trinh et al. (2023a, 2024). The authors propose
three distinct excitation trajectories in order to ensure high-fidelity data collec-
tion for specific friction phenomena: A chirp signal modulated by an exponen-
tial function is used to identify the standard Coulomb-viscous parameters and
to train a Long Short-Term Memory (LSTM) recurrent neural network. A steady-
state trajectory, comprising triangular functions generated at four discrete con-
stant velocities, is designed to capture the nonlinear velocity-friction relationship
of the Stribeck model. To excite the presliding regime and to identify the LuGre
model, a trajectory characterized by very low velocities and a down-chirp func-
tion is implemented. The objective function, defined as the residual between the
measured torque and the calculated model torque, is minimized using Matlab’s
Particle Swarm optimization algorithm with predefined parameter bounds.

Frequency-domain identification

Frequency-domain techniques rely on the spectral density or FRF of the robot
joints, typically targeting the linearized behavior of the friction model. An ap-
proach for frequency-domain identification of the LuGre model parameters is
presented in Hensen et al. (2002). The approach builds on a linearization of the
LuGre model that is valid for the stick regime. The system is excited with random
noise for collecting data for FRF estimation. Time domain experiments validate
that the parameter estimates are accurate for the linearized presliding behavior,
but confirm limitations of the approach outside the linearization horizon.

Another dynamic friction model, describing both presliding and sliding re-
gimes, is identified in Ruderman and Bertram (2011) using frequency-domain
identification. A chirp excitation within a narrow frequency range is used for col-
lecting data for FRF estimation and all model parameters are estimated simulta-
neously by least-squares optimization of a cost function. The authors particularly
highlight the advantage of easy experiment design, which is relevant for practical
applications and in controlled motion systems.

Frequency-domain methods are characterized by practicality and speed, offer-
ing simple experimental design for industrial motion control systems and pro-
viding direct insights into the stiffness and damping characteristics of the con-
tact interface. However, linearization is required, leading to the fundamental
limitation that results only are guaranteed to be valid close to the linearization
point. As Hensen et al. (2002) demonstrates, models identified in frequency-
domain lose validity as soon as the system exits the small-displacement preslid-
ing regime. These models are therefore less suitable for robots performing large



56 4 Identification of robot model parameters

manipulations with continuous velocity changes compared to models found by
time-domain methods such as OE or decomposition-based approaches.

4.2 Frequency-domain identification of dynamic
stiffness

Parameter identification aims to determine the values of the parameters in a cho-
sen model structure, e.g. (2.5) (p. 21), such that the model reproduces the experi-
mentally observed dynamic behavior of the robot. In this thesis, identification is
performed in the frequency domain using estimated FRFs as the primary data.

4.2.1 Basic method

The identification methodology employed in this thesis follows a three-step frame-
work originally proposed by Wernholt and Moberg (2008). As illustrated in Fig-
ure 4.1, the process transitions from empirical measurements to a high-fidelity
parametric model through the following steps:

1. Collect closed-loop experimental data (r(t), u(t), y(t)) in a number of robot
configurations i ∈ Qc and estimate non-parametric FRFs Ĝ(i)(ω).

2. Select a suitable dynamic model structure, e.g. (2.5), and linearize it in each
robot configuration to derive parametric FRFs G(i)(ω, θ), which are func-
tions of the unknown stiffness and damping parameters θ.

3. Identify optimal parameters θ̂ by minimizing the weighted logarithmic dif-
ference between the measured and modeled FRFs:

θ̂ = arg min
θ

∑
i∈Qc

Nf∑
l=1

[
E(i)(ωl , θ)

]T
W (i)(ωl) E(i)(ωl , θ)

E(i)(ωl , θ) = log vec(Ĝ(i)(ωl)) − log vec(G(i)(ωl , θ))

(4.5)

where W (i)(ω) is a weighting matrix, and Nf the number of frequencies.

Details about the first step of FRF estimation from experimental data were dis-
cussed in Chapter 3, while exemplary model structures for the second step were
introduced in Chapter 2. The remainder of this chapter treats aspects of the pa-
rameter estimation in the third step.

4.2.2 Prior knowledge

System identification is often guided and constrained by prior knowledge about
the system, which determines how the model structure and complexity are cho-
sen. Black-box identification methods avoid explicit use of physical insight and
instead rely on standard model structures such as polynomials. Such approaches
can be powerful when large amounts of representative data are available and
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Figure 4.1: Three-step process for identification of dynamic
stiffness in robotic manipulators.

when prediction accuracy is the sole objective. However, black-box models can
suffer from limited interpretability and weak extrapolation capabilities outside
the training domain. In the context of industrial robots, these limitations are
particularly critical, as models are frequently required to generalize across con-
figurations, payloads, and operating conditions, and to be integrated into safety-
critical control architectures. In the scope of this thesis, prior knowledge about
the system is therefore used to define the model structure. The physical laws
of rigid-body mechanics provide the equations of motion, yielding differential
equations that describe the robot dynamics in a structured and physically mean-
ingful way. Choosing this model structure ensures physical interpretability of
the identified parameters and facilitates their direct use in model-based control,
simulation, and analysis.

The work of this thesis focuses on the identification of the dynamic stiffness
parameters of robot manipulators, while the robot kinematics and rigid-body pa-
rameters (link masses, inertias, and center-of-mass locations) are assumed to be
known. These parameters are typically obtained from CAD data or prior iden-
tification procedures and are not re-estimated here. When such information is
unavailable or insufficiently accurate, separate identification steps are required.
Kinematic identification focuses on estimating geometric parameters such as link
lengths and joint offsets, while rigid-body identification aims to estimate inertial
parameters using regression formulations based on the Newton-Euler equations.
Both topics are well covered in the robotics literature, see overview in Section 4.1,
and form the foundation for subsequent dynamic stiffness identification.

Within the scope of this thesis, FRFs are employed as identification data. In-
troducing the intermediate step of FRF estimation provides a valuable opportu-
nity to verify and, if necessary, correct the assumed rigid-body parameters. For a
single axis, for instance, the FRF magnitude converges to the inverse of the motor
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inertia at high frequencies, while at low frequencies it approaches the inverse of
the mass matrix. Figure 4.2 shows two examples of how rigid body data impacts
the robot FRFs from motor torques to motor accelerations. A reference model of
type (2.5) is shown in black. The blue robot has a motor in joint 2 with 20 % lower
inertia, while the yellow robot has 20 % higher mass and inertia in the fifth robot
link. All 6 × 6 FRFs are impacted by these two changes and the enlarged sections
A and B demonstrate the interpretability: The higher FRF amplitude of the

blue model in A indicates the lower inertia of motor 2. The lower FRF ampli-

tude of the yellow model in B indicates the higher mass and inertia of link 5.
Figure 4.2 also shows how the resonances and anti-resonances are impacted by
the changes in the rigid body data, revealing that inaccuracies in the rigid-body
model lead to erroneous estimates of the stiffness and damping parameters

Paper F presents an illustrative example of how the framework of Section 4.2.1
can be utilized not only for validation of rigid-body parameters, but also for the
initial identification of inertial properties. In this study, the FRF of a single one-
dimensional joint is estimated, and the rigid-body parameters as well as the stiff-
ness and damping coefficients are identified. The results demonstrate that the
approach is effective for this simplified robotic system. However, they also con-
firm that inaccuracies in the rigid-body model lead to erroneous estimates of
the stiffness and damping parameters, thereby highlighting the importance of
accurate rigid-body data as prior knowledge for identifying dynamic stiffness in
frequency domain.
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Figure 4.2: Impact of rigid body data on FRF. Black: FRF amplitudes from
motor torques to motor accelerations for a reference model. Blue: Inertia of
motor 2 is reduced by 20 %; Yellow: Mass and inertia of the fifth rigid body
of the kinematic chain is increased by 20 %.
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Figure 4.3: Exemplary robot configurations for collecting identification data.

4.2.3 Identification data and choice of robot configurations

The identification data consist of estimated FRFs, which are interpreted as mea-
surements of the local linearized dynamics of the robot around a given operating
point. Each FRF characterizes the input–output behavior of the system over a
finite set of excited frequencies and is accompanied by an uncertainty estimate
obtained during the FRF estimation process.

The use of FRFs as identification data offers several advantages, as discussed
in Section 3.1.1. First, frequency-domain data provide direct access to key dy-
namic characteristics, such as resonance phenomena, which are essential for con-
trol-oriented modeling. Second, FRFs offer a highly compact representation of a
large amount of time-domain data, thereby eliminating the need to simulate long
time-domain trajectories during parameter optimization. Third, FRF estimation
exhibits strong robustness to measurement noise, thanks to mature excitation
design techniques and the statistical benefits of averaging across multiple exper-
imental realizations.

One of the challenges in experimental design for parametric identification
based on FRF measurements is the selection of representative linearization points,
that is, the selection of robot configurations at which the FRFs are estimated. In
this context, a configuration is a realization of joint angular positions qa, as the
examples shown in Figure 4.3. Traditionally, the configurations for collecting
identification data have been selected manually to ensure adequate coverage of
the manipulator workspace by varying qa, TCP positions and orientations, and
gravity-induced loads across the joints (Moberg et al., 2014). While a large num-
ber of configurations can lead to lower parameter estimation uncertainty, the
practical implementation of identification experiments is often constrained by
the limited time and resources available for physical execution, see Papers B, C
and E.

Improved experiment design strategies formulate this task as an optimization
problem (Wernholt and Löfberg, 2007), aiming to determine an optimal subset
Qopt of configurations from a large randomly generated candidate set QC . This
approach exploits the sensitivity of the model structure with respect to the un-
known stiffness and damping parameters Ψ (θ0), together with the estimated un-
certainty of the FRFs Λ0, in order to maximize the information content of a small
subset of experiment configurations. The matrix Hi is defined as a measure of
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informativity of each candidate configuration i ∈ QC :

Hi = 2Re
{
Ψ (i)(θ0)

[
Λ

(i)
0

]−1 [
Ψ (i)(θ0)

]T }
(4.6)

where Ψ (i)(θ0) = ∂G(i)(θ0)
∂θ0

is computed using the central differences. A convex
optimization problem with respect to the weighting vector λ is formulated:

minimize log det
[∑

i∈Qc
λiHi

]−1

subject to λ ≥ 0, 1T λ = 1
(4.7)

Defining a threshold ϵ, all configurations i with λi > ϵ build the subset Qopt . The
result λ can be re-used during parameter estimation when defining the configu-
ration-dependent weighting matrix W (i) (4.5).

As a contribution of this thesis, Paper B presents a novel definition of an in-
formation matrix as basis for the optimization (4.7). The results of a simulation
study show that a realistic estimate of the FRF uncertainty is crucial for successful
experiment design. Paper C continues the work with an experimental validation
using measurements from a medium size industrial robot. The parameter identi-
fication needs less data and experiment time is reduced if the experiment design
is improved by only using data from the most informative robot configurations
Qopt . Furthermore, the average standard deviation of the parameter estimate is
shown to be reduced compared to random experiment configurations. Paper E
further extends the experiment design method by taking into account nonlin-
ear transmission stiffness functions in the robot model. Experimental results are
presented, showing that statistical linearization based on applied motor torque
allows to identify the model with nonlinear transmission stiffness functions. It is
also shown that using qopt yields reduced estimation bias and standard deviation
of the robot parameters.

The information matrix as formulated in (4.6) is dependent on the initial val-
ues θ0. Paper G contains a brief study of the sensitivity of the proposed exper-
iment design method w.r.t. the initial values θ0. Different sets Qopt might be
found depending on the quality of θ0 and an iterative approach, updating θ0 = θ̂
after a first parameter estimation (4.5), can be beneficial.

4.2.4 Parameter optimization

This section is about solving the optimization problem (4.5), i.e. step 3 of the
identification process of Figure 4.1. A model structure as described in Section 2.2
is linearized in the configurations i ∈ QC (or i ∈ Qopt if optimal experiment de-
sign is used) and formulated as a state-space system. An analytic, continuous
FRF G(i)(θ) is evaluated at the excited frequencies ωl , l = 1, . . . , Nf and the un-
known parameters θ are estimated by solving the nonlinear optimization prob-
lem (4.5). The cost function is defined as the weighted logarithmic error between
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the measured FRFs Ĝ(i)(ωl) and the parametric model FRFs evaluated at the same
frequencies ωl .

A local minimum of the cost function is computed using the MATLAB func-
tion fminunc, which performs unconstrained nonlinear optimization based on
gradient information. Since the relationship between the parameters and the
FRF is nonlinear, the resulting optimization problem is generally non-convex.
Consequently, convergence to the global optimum cannot be guaranteed from an
arbitrary initial parameter guess. To mitigate this issue, initial parameter values
are chosen close to physically plausible ranges, and the optimization is repeated
multiple times using different random initializations. The best solution is se-
lected based on the achieved cost value, increasing the likelihood of identifying
the global minimum.

Frequency- and configuration-dependent weighting is applied in the cost func-
tion. Frequency-dependent weighting commonly emphasizes frequency ranges
that are important for the intended use of the model and for which the FRF un-
certainty is lowest. For good control performance, for example, the correct fre-
quency location of the first anti-resonance and resonance are crucial. In addition
to frequency weighting, configuration-dependent weighting can be introduced in
order to reflect the relevance of different robot configurations, as determined by
the experiment design proposed in Papers B, C and E.

4.2.5 Validation

The identified model is validated using three complementary approaches, as il-
lustrated in Figure 4.4. The first two approaches verify if the identified model
(Id-model) shows the same behavior as the real robot, both in frequency- and
time-domain. A robot model that closely matches the real robot’s behavior will
be useful in a simulation context for, e.g., analysis of the system, or synthetic data
generation. The third approach implements the identified model in a controller
architecture, verifying its usefulness for real-world applications.

Frequency-domain validation The analytical, continuous FRF of the identified
robot model is compared to the measured FRF across the frequency range of in-
terest. If available, validation data should be used, that is FRFs in robot con-
figurations that were not used for parameter identification. Good agreement in
magnitude and phase, particularly near resonant frequencies and control band-
widths, indicates that the identified parameters capture the dominant dynamics.
Easily accessible, this validation method is used in all of the attached papers.

Time-domain simulation For validation in time-domain, the model is simulated
in closed loop together with the same controller as used on the real system. Us-
ing the same controller ensures a fair comparison and avoids masking modeling
errors through controller re-tuning. The simulated response is compared to ex-
perimental data for representative trajectories, such as standardized ISO paths
or small circular motions. Maximum or average trajectory tracking errors can be
used as measures. Examples are shown in Paper A.
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Figure 4.4: Approaches for validating an identified robot model (Id-model).

Controller implementation Finally, the identified model is evaluated in a con-
trol context. If the model is used for controller design or tuning, satisfactory
control performance on the real robot provides strong evidence of model validity.
Satisfactory control performance includes accurate trajectory tracking, limited
overshoot in fast point-to-point motions, and stable behavior under high accel-
erations. An example for this type of validation is given in Paper C, where the
identified model is used for controller design. The absolute TCP position is mea-
sured with a laser tracker while joint 1 is moved a step of 1 deg with maximum
acceleration. The presented example shows that the peak-to-peak oscillation of
the TCP position is affected by the underlying model parameters and that high
control performance can be realized if the identification was successful.





5
Concluding remarks

As industrial robotics moves toward more agile and autonomous systems, the de-
velopment and identification of high-fidelity robot models remains a fundamen-
tal challenge. This thesis has addressed this challenge by advancing the accuracy
of dynamic models for industrial robot manipulators through the development
of resource-efficient system identification frameworks. This research offers both
academic and industrial contributions by balancing the need for high model accu-
racy with the practical constraints of industrial application. From a methodolog-
ical perspective, the thesis advances the field of system identification through
the systematic reduction of the “experimental footprint”, which is achieved via
shortened data acquisition experiments, reduced data volumes, and the reduc-
tion of manual tuning in experimental design. These academic developments
are validated with real-world data and robotic systems and provide significant
industrial value by enabling high-performance control, realistic simulations, and
by facilitating synthetic data generation and “Physical AI”.

Part I of this thesis has established the theoretical foundation and motivated
the methodological choices across three core chapters: Chapter 2 summarized
robot physics models, covering rigid-body dynamics, flexible joints, and nonlin-
ear transmission effects. Chapter 3 treated FRF identification, detailing experi-
ment design, excitation signals, and different estimation methods like the LRM
method. Chapter 4 presented a frequency-domain framework for dynamic stiff-
ness identification, including parameter optimization and validation strategies.

The research goals defined in Chapter 1 are addressed by the publications
included in Part II. The work of this thesis comprises the contributions outlined
in Section 1.3 and detailed in each of the attached Papers A to G. In the following
sections, these academic contributions are summarized in relation to the research
goals, which are repeated below. A special attention is given to their industrial
relevance and practical impact.
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Goal 1: Develop high-fidelity, physically parameterized robot models,
enabling high-performance control and real-time simulation.

Goal 2: Improve experiment design in terms of resource-efficient data
collection.

Goal 3: Extract more information from limited data through im-
proved estimation methods, improving model fidelity.

5.1 Academic contributions

Goal 1 is addressed in Paper A where a novel manipulator model with distributed
link flexibility is proposed. The integration of reduced FE models of the robot
links into a multibody framework with flexible joints yields a high-fidelity de-
scription of the dynamic behavior while keeping real-time capabilities. In Pa-
pers F and G, link flexibility is modeled by lumped parameters in the robot joints.
The novelty of this lumped parameter model lies in separating gear and link flex-
ibility and in identifying both using dual encoder measurements. This enables
arm side position control and predicting the gear output torque, which is essen-
tial for realizing force or impedance control as well as for collision detection and
safe human-robot collaboration.

Focusing on Goal 2, Paper B presents a redefined information matrix as the
foundation for optimizing experiment configurations, which is experimentally
validated in Paper C. Compared to random configuration selection, the experi-
ment time is reduced with the proposed method, while keeping or improving
the parameter estimation accuracy. This methodology is extended in Paper E to
incorporate robot models featuring nonlinear transmission stiffness functions.

Goal 3 is targeted in Paper D. The LRM method is adapted and applied for
estimating the FRFs of a 6-axes robot manipulator. Different properties and
parametrizations of the LRM-method are experimentally explored and resulting
FRFs are compared to FRF estimates obtained from nonparametric MIMO meth-
ods. It is shown that the LRM-method provides a good compromise between
data-efficient FRF estimation and parameter estimates with small biases.

5.2 Industrial contributions

All contributions named above are relevant for industry and the methods devel-
oped in the scope of this thesis are directly applicable in practice. The experi-
mental results in Papers A, C, D, E and F, demonstrate the practical feasibility
of the methods and validate their performance within real-world contexts. The
following section outlines specific industrial contributions in further detail.

The modeling approach presented in Paper A is relevant during commercial
manipulator development, since it allows to build a high-fidelity robot model
without need for experimental data. CAD models of the robot links together with
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catalog data of the gear and joint components is sufficient for building the model,
which can serve as reference during the development phase when no prototype
is available.

The flexible joint model proposed in Papers F and G enables model-based
force or impedance control as well as collision detection and safe human-robot
collaboration. The industrial appeal is that the separate stiffness parameters,
modeling the lumped gear and link flexibility, can be identified with an identifi-
cation procedure which is similar to Moberg et al. (2014) without any additional
experiments. The modularity of the proposed model structure and separate gear
stiffness identification furthermore allows easy replacement and re-identification
of the gear if deviations are detected in the joint behavior.

Applying the methods of this thesis has shown to result in accurate identi-
fication results that are valid over the entire robot workspace and for arbitrary
movements. Also, the dynamic behavior can be described with high accuracy of
all robots of a specific type or family. Nevertheless, robot individuals differ due to
component tolerances, assembly inaccuracies or environmental conditions. Even
higher model accuracy and control performance could therefore be achieved if
each robot individual is identified on-site, that is when installed and in opera-
tion. In line with research goals 2 and 3, this thesis contributes to the transition
from laboratory identification to on-site adaptation by increasing the resource-
efficiency of robot identification. Particularly, the experiment design method pro-
posed and validated in Papers B, C and E enable short experiment duration for
data collection, small data volume and minimal manual effort for applying the
experiment design and the identification algorithm. The experimental results
presented in Papers C and E underline the relevancy for industry and applicabil-
ity in practice.

Furthermore, the results of this thesis enable to realize predictive mainte-
nance: The adapted LRM identification method of Paper D provides an attractive
compromise between data-efficient FRF estimation and parameter estimates with
small biases. This enables fast on-site identification of installed robots with short
experiment duration for data collection and minimal wear due to experiments.
Regular on-site identification allows monitoring changes in specific parameters
(e.g., increased friction coefficients or decreased stiffness) and is valuable for pre-
dicting mechanical failure before it occurs.

5.3 Future research

While the methodologies presented in this thesis provide a validated framework
for identification of dynamic stiffness in robotic manipulators, the evolving land-
scape of collaborative robotics and high-precision manufacturing opens several
promising directions for future research. Three such directions for future re-
search are outlined in the following paragraphs. Using the physically parameter-
ized robot models of this thesis within the context of AI is suggested as a fourth
direction of future work.
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Advanced model structures The flexible joint models used in this thesis have
shown to be sufficiently accurate for many industrial applications and robot types.
Nevertheless, collaborative robots have structural designs that increasingly incor-
porate lightweight and flexible materials. Therefore, models that account for
significant link flexibility will become more important and a continuation of Pa-
pers A, F and G towards model application for control and simulation could be a
direction of future research.

Furthermore, the transmission dynamics of robotic gears are becoming more
complex. Investigating advanced gear dynamics could result in more accurate
models and predictions of, e.g., the gear output torque. Including specific phe-
nomena in the flexible joint models of this thesis, e.g., hysteresis and position-
dependent friction, will challenge the proposed frequency domain identification
and could be subject to future work. Also, a study on nonlinear damping could
be of interest, e.g., for characterizing energy dissipation patterns that vary with
load and velocity.

Use of additional sensors The availability of secondary sensors in collaborative
environments provides an untapped data stream for enhancing kinematic and
dynamic accuracy. Future research could explore the benefits of integrating:

• Force/Torque sensors: Using wrist-mounted or joint-integrated sensors to
decouple internal friction from external load dynamics.

• Vision-based feedback: Utilizing external cameras or laser trackers to pro-
vide absolute Cartesian positioning, bypassing the cumulative errors found
in joint encoders.

• Multi-modal fusion: Developing observers that fuse robot-internal signals
(encoders, current sensors) and external data (cameras, absolute position
sensors) to improve parameter estimation.

On-site identification The frequency-domain identification method that is em-
ployed and refined in this thesis delivers an accurate robot model that is valid
over the entire robot workspace and for arbitrary movements. This model could
serve as basis for a hybrid frequency-time-domain identification scheme, where
fine-tuning of the parameter estimates is performed in a second stage using time-
domain identification. Such a fine-tuning could be performed on-site, i.e., when
the robot is installed, and would account for small variations between robot indi-
viduals or strong environmental impact such as very high ambient temperatures.

Furthermore, future studies should address how operational data, i.e. the ac-
tual paths performed during a task, can be used to update the model parameters
of the controller, to detect wear in specific components, or to realize predictive
maintenance.

High-fidelity physics models in the age of AI The application of the robot mod-
els of this thesis within the context of AI is another promising direction for fu-
ture work. Three specific areas that offer high potential for extending the cur-
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rent research are generating synthetic training data, increasing data-efficiency of
learning algorithms via prior knowledge and developing hybrid controller archi-
tectures.

• Synthetic data generation: Future research should explore and quantify the
potential of simulating identified parametric models to generate artificial
training data. A key question to address is how effectively this synthetic
data can train AI algorithms compared to both real-world data and training
data derived from standard kinematic or rigid-body models. Furthermore,
potential computational limitations of large-scale physics simulations must
be studied.

• Enhancing data efficiency via prior knowledge: Utilizing the physics-based
models from this thesis as prior knowledge could improve the data effi-
ciency of AI methods. Future studies should investigate the quantitative
gains in robot learning efficiency and accuracy when leveraging physics
models as a prior, comparing the performance against state-of-the-art ap-
proaches that learn from scratch.

• Hybrid controller architectures: The future of high performance robot con-
trol could lie in hybrid architectures that combine a foundational physics
model with an AI-based error model tailored to specific robotic individuals
or distinct applications. In this setup, the AI would compensate for un-
modeled dynamics, such as component tolerances, mechanical wear, tem-
perature fluctuations, or variations in mounting conditions. Future work
should systematically evaluate the benefits of such hybrid architectures
against both classical control techniques and pure black-box machine learn-
ing methods.

In an era where AI increasingly drives the development of robot control, pure
data-driven approaches remain constrained by high data-collection costs, poor
motion accuracy and the inherent risks of real-world failure. This work con-
tributes to a future of robotic control based on physical reality. Utilizing high-
fidelity physics models as the core for AI algorithms, whether through structured
priors, robust synthetic data, or hybrid control, will enable safe, data-efficient,
and highly versatile intelligent systems.
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A
FRF matrix of a MIMO system:

Symmetry

This section is about symmetry features of the n×n matrix of FRFs of an industrial
robot. Consider a flexible-joint robot described by the second-order linear model

Mq̈(t) + Dq̇(t) + Kq(t) = τ(t) (A.1)

where q ∈ R2n collects n arm-side and n motor-side angular positions, τ ∈ R2n is
the input torque vector, and the matrices M,D, K ∈ R2n×2n denote inertia, damp-
ing, and stiffness, respectively. It is assumed that all system matrices are symmet-
ric, i.e.,

M = MT , D = DT , K = KT

Taking the Laplace transform yields

(Ms2 + Ds + K)Q(s) = T (s) (A.2)

where Q(s) and T (s) are the Laplace transforms of q(t) and τ(t), respectively. The
transfer matrix from torque to position (both motor- and arm-side positions) is
then given by

H(s) = Z(s)−1 (A.3)

where Z(s) is

Z(s) = Ms2 + Ds + K (A.4)

Since M,D, K are symmetric, it follows directly that Z(s)T = Z(s) and if Z(s) is
invertible, then

H(s)T = (Z(s)−1)T = (Z(s)T )−1 = Z(s)−1 = H(s) (A.5)

Hence, the transfer matrix H(s) is symmetric.
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Partitioning in motor- and arm-sides

Now, partition the coordinates into arm and motor components:

q =
[
qa
qm

]
(A.6)

Actuation is applied only to the motors, τm ∈ Rn, so

τ =
[

0
τm

]
(A.7)

Correspondingly, partition the transfer matrix (A.3) as

H(s) =
[
H11(s) H12(s)
H21(s) H22(s)

]
(A.8)

Equation (A.2) becomes [
Qa
Qm

]
=
[
H11 H12
H21 H22

] [
0
Tm

]
(A.9)

The submatrices have the following physical interpretations:

H11 : arm→ arm

H22 : motor→ motor

H21 : arm→ motor

H12 : motor→ arm

From the symmetry condition (A.5), H(s)T = H(s), it follows that

HT
11 = H11, (A.10)

HT
22 = H22, (A.11)

H21 = HT
12 (A.12)

Particularly, there is no requirement that H12 = HT
12.

Motor-side measurements

If the output is chosen as motor angular position y = qm, then consider the second
line of (A.9) only:

Qm = H22Tm (A.13)

Since H22 is symmetric, the n × n FRF matrix from motor torques to motor po-
sitions is symmetric, and measured FRFs can be validated against this property.
Symmetry can also be exploited during FRF estimation by averaging non-diagonal
elements.
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Arm-side measurements

If the gear angular positions are measured, y = qg , relation (2.8) holds, i.e.:

Qg = Qm + F (Qa − Qm) (A.14)

where F is the filter matrix defined by (2.9). Using (A.9) yields:

Qg = (H22 + F(H12 − H22)) Tm (A.15)

Since H12 is generally not symmetric, the n × n FRF-matrix from motor torques
to gear angular positions

G = H22 + F(H12 − H22) (A.16)

is not either, unless the stiffness distribution between motor- and arm-sides yields
F = 0. An FRF estimate based on arm-side position measurements contains
therefore effectively more information compared to motor-side measurements
only, since all 36 FRF elements are unique functions of frequency. Symmetry
can be exploited during both FRF estimation and parameter identification by,
e.g., building the average of equivalent non-diagonal FRF elements Gij and Gji ,
i, j = 1, . . . , 6, for reducing uncertainty of the estimates. Symmetry can also be
utilized for validating an FRF estimate.

Figure A.1 shows the FRF amplitudes for axes 1 to 3 for a reference model
with 50 % of the total joint stiffness on motor and arm sides, respectively. FRF
amplitudes from motor torques to motor accelerations are shown in black and
are symmetric w.r.t. the diagonal (A.13). FRF amplitudes from motor torques to
gear accelerations are shown in blue (A.16). For visualizing the asymmetry of the
blue FRFs, they mirrored w.r.t. the diagonal and printed in yellow.
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Figure A.1: FRF symmetry for a reference model with 50 % of the total joint
stiffness on motor and arm sides, respectively. Black: FRF amplitudes from
motor torques to motor accelerations for axes 1 to 3. Blue: FRF amplitudes
from motor torques to gear accelerations; Yellow: FRF amplitudes from mo-
tor torques to gear accelerations mirrored w.r.t. the diagonal.
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