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Matematiska Institutionen, Linképings Universitet, 581 83 Linkoping, Sweden
jan.snellman@liu.se

ABSTRACT. Let K be a field containing Q, let " be the ring of all func-
tions N — K under Dirichlet convolution, and let I';, be its truncation
to functions supported on [1,n]. In [9] it was shown that I',, is a poly-
nomial ring modulo a monomial ideal I,, which is stable after reversing
the order of the variables, and the Poincaré—Betti series of I',, was com-
puted in terms of the numbers C), , of minimal generators of I,, of least
support v.

We prove that Ch., = ®(n,p,), Legendre’s sifting function: the
number of integers in [1,n] free of prime factors < p,. This identi-
fies an invariant of a minimal free resolution with a classical object of
sieve theory. As consequences we obtain: a proof of Conjecture 4.6
of [9], which was left open there; the average order C,, ~ m(n)?/2 of
the total number of minimal generators, showing that the lower bound
C, > ("“‘Hl) of [9] is asymptotically sharp, together with the exact
order Cy, ("(")H) ~ 18 n3/?/log®n of the error; and the identifica-
tion of C), with the OEIS sequence |A182843. We also record errata for
[9]: one stated result is false, and two proofs are incomplete. Corrected
statements and complete proofs are given.

1. INTRODUCTION
Cashwell and Everett [2] studied the ring
={f:N" 5K} (1)

of number-theoretic functions, with pointwise addition and the Dirichlet con-

volution
=) fla)g(b); (2)
ab=n

here K is a field containing @Q. Reading the fundamental theorem of arith-
metic as an isomorphism of monoids

(NJr?‘) = H(N7 +) (3)

identifies I' with the large power series ring K|[[z1,x2,...]] on countably
many variables, z; corresponding to the i-th prime p;; Cashwell and Everett
proved that this ring is a unique factorisation domain.

In [9] the truncations

Lp={fe€l: f(m)=0foralm>n} (4)
1
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were studied. Writing » = 7(n) and giving the monomial xi*---z%" the
weight []; pi*, so that monomials correspond bijectively to positive integers,
one has

r,=Ss/I,, S=Klxi,...,z], (5)
with I, generated by all monomials of weight > n. The ideal I, is
strongly stable with respect to the reversed order of the variables, because
w(maj/z;) = w(m)p;/p; > w(m) whenever j > 4, that is

wlma; /i) = wm) *L > w(m); (6)
7

this single inequality puts the Eliahou—Kervaire resolution [3] and the Golod
property [I} [7, 5 [6] within reach, and yields a rational Poincaré—Betti series
for T',, expressed in terms of the numbers

Chp=#{m e G(I,) : min(m) = v }, Cyn = #G(1,), (7)

where G(1,,) is the minimal monomial generating set and min(m) is the least
index occurring in m.

The purpose of this note is threefold.

First, errata. Theorem 3.5(3) of [9] is false, and the proofs of Theorem
3.4(4) and Theorem 3.4(5) there are incomplete. Section {4 records this and
supplies corrected statements and complete proofs. The false statement is
used nowhere else in [9], so nothing else in that paper is affected.

Second, and principally, a sieve-theoretic identification. Recall Legendre’s
sifting function

O(z,y) =#{m<z:p|lm = p>y}, (8)
the number of integers up to « free of prime factors < y. Our main result,
Theorem [4] is that

Chp = ®(n,py). (9)

Thus the generator counts governing a minimal free resolution over I',, are
literally values of the classical sifting function, and the numerical tables of
[9] are tables of ®. Theorem 3.2 of [9] describes C),, as the cardinality
of a different set — the p,-rough numbers in the interval (n/p,,n] — and
Theorem [ may be read as saying that this set is equinumerous with the
much more familiar one in .

Third, the consequences. Section [5| proves Conjecture 4.6 of [9], which
asserted a precise shape for the reduced Poincaré—Betti series and was left
open there with numerical evidence for n < 25. Section |§| determines the
average order of C,, showing that

TL2

Cp, ~ tm(n)? ~ ,
ne2m(n) 21og®n

and hence that the lower bound C,, > (”(”Q)H) of Theorem 3.4(3) of [9] is

asymptotically an equality. Section [J collects what remains open.

Remark 1. The Golod criterion of [I], [7] requires the ideal to be contained
in (x1,...,2,)?%, and I, is: a degree-one generator would be some x; with
pi > n, and no such variable occurs in S = Klxy,...,2,] since r = 7(n).
Equivalently, this is Theorem 3.5(1) of [9]. We record it because it is exactly
the sort of hypothesis that goes unchecked.
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Remark 2. All numerical claims below were verified by computer, along a
route independent of the formulas being tested: the minimal generators of
I,, were enumerated directly and their least supports tabulated, rather than
computed from any of the counting formulas. The code and its raw output
are available in the repository [29].

2. NOTATION AND THE COUNTING THEOREM

Throughout, p; = 2 < py = 3 < --- are the primes, 7(n) is the number
of primes < n, and Ipf(m) denotes the least prime factor of m > 1. We
abbreviate r = m(n) when n is fixed, this being the number of variables of
S. ([9] writes r(n) throughout for what we write 7(n); we have changed the
notation because the results below sit alongside the sieve-theoretic literature,
where 7 is universal. Quotations from [9] below keep its own notation.) For
a monomial m = 7' - -+ 2" we write min(m) and max(m) for the least and
greatest ¢ with a; > 0, and |m| = > ,a;. For an integer m > 1, Q(m)
denotes the number of prime factors of m counted with multiplicity, so that
Qpi* - -p?) = a1 + -+ + a, with Q(1) = 0; following [9] we also write A
for 2. The companion function counting prime factors without multiplicity,
usually written w, is not used in this note. Where the symbol w does appear
— in Remark [27] and in Section [§| — it always denotes Buchstab’s function,
an unrelated object.

We shall use the following description, which is Theorem 3.2 of [9].

Theorem 3 ([9], Thm. 3.2). For 1 <wv <m(n),
Copw=#{zeN:n/p,<z<nandp|z = p>py,}.

It will be convenient to name the counting function appearing implicitly
there. For a prime p and real y > 0 put

Ry(y)=#{m<y:q|m = q>p}, (10)

the number of p-rough integers up to y; the integer 1 is counted, vacuously.
Theorem [3] then reads

Cnw = Ry, (n) = Ry, (n/py). (11)
Note that
Rp(y) = @(y,p) + #{m <y : Ipf(m) =p}, (12)
so R, and ® differ precisely by the multiples of p that are p-rough.

3. THE MAIN THEOREM

Theorem 4. For alln >2 and 1 <v < m(n),

Cn,v = q)(nvpv)7
the number of integers in [1,n] having no prime factor < p,.
Proof. Write ¢ = p,. Every g-rough integer m factors uniquely as m = ¢*m/
with @ > 0 and m’ free of prime factors < g; conversely every such pair
(a,m) gives a g-rough integer. Counting those with m < y according to a
gives

Rp(y) =Y ®(y/d", q), (13)

a>0
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a finite sum, since the terms vanish once ¢* > y. Substituting into ((11)),
the two sums telescope:

Cnw = Rp(n) — Rp(n/q)

n n
DRI ENERIEN)
a>0 a>0
= ®(n, q). O

Example 5. Take n = 25, so r = 9. The integers in [1,25] with no prime
factor < 2 are the thirteen odd numbers, so Co51 = 13; those with no
prime factor < 3 are 1,5,7,11,13,17,19,23,25, so Ca52 = 9; those with
no prime factor < 5 are 1,7,11,13,17,19,23, so Cas3 = 7. These agree
with Figure 1 of [9]. By contrast the set of Theorem [3| for v = 2 is
{9,11,13,15,17,19,21, 23,25} — a different set of the same size.

Splitting [1,n] into 1, the primes and the composites gives at once the
following reformulation, which is the form we shall use.

Corollary 6. For 1 <v < 7(n),
Chp = (W(n) —v+ 1) + E(n,v), (14)
where
E(n,v) =#{x <n:x composite, p| vz = p > py }. (15)
In particular

Chp > m(n)—v+1,

with equality if and only if pgﬂ > n.

Proof. The integers counted by ®(n,p,) are 1; the primes ¢ with p, < ¢ < n,
of which there are 7(n) — v; and the composites counted by F(n,v). For
the last sentence, E(n,v) = 0 exactly when there is no composite < n all of
whose prime factors exceed p,, and the least such composite is pg Y1 O

Corollary [6] contains Theorem 3.4(2) of [9] (put v = 1+ 7(n) — u) and
sharpens it to an exact criterion for equality. Summing over v gives a closed
form for the total.

Corollary 7. C), = <7r(n)2+ 1> + Z (r(lpfz) —1).

x<n
T composite

Proof. Sum Corollary [6lover v = 1,...,r. The first terms contribute
T T + 1
Sr-v+n=Yj= (T ; )
v=1 j=1

For the second, exchange the order of summation: a composite x < n is
counted by E(n,v) for exactly those v > 1 with p, < Ipfz, and there are
m(lpf ) — 1 of those. O

Remark 8. Corollary [7] proves the increment formula

m(n) if n is prime,
Cpn—Cp1= . . .
m(lpfn) —1 if n is composite,



TRUNCATIONS REVISITED 5

recorded empirically by Costello for the OEIS sequence |A182843} see Section
[6l The two cases have different sources: when n is prime the whole increment
comes from (”(”Q)H), which grows by 7(n), and the sum over composites is
unchanged; when n is composite the binomial is unchanged and the sum
gains the single term 7(Ipfn) — 1. They can be written as one expression,
[n prime] + (7(Ipfn) — 1) with an Iverson bracket, because Ipfn = n for n

prime.

4. ERRATA FOR [9]

4.1. A false statement. Theorem 3.5(3) of [9] asserts

(”g”) = #{meNT:m<n, ANm)=2}, (16)
and the proof there reads, in full, “The first and the last assertions are
obvious.” Statement is false. Its left-hand side counts pairs of distinct
primes < n, its right-hand side counts products of two primes that are < n;
the two agree only for n = 2 and n = 4. At n = 10 the left side is (3) =6
while the right side counts {4, 6,9, 10}, so is 4. Asymptotically the left side
is ~ n%/(2log?n) and the right side ~ nloglogn/logn.

The intended statement was presumably the following, which is what the
proof of Theorem 3.4(2)—(3) of [9] actually establishes.

Proposition 9. For every n > 2,

#m e (1) upp(m) =2 > (7).

with equality exactly for 2 <n < 8.

Proof. Let 1 <1i < j <r. Choose b > 1 with pib_1 <n< pib. Then

—_ _ b—
w(a! tay) =p) oy > p) b =p! >0,
SO xib_lxj € I, and is therefore divisible by some m € G(I,,), necessarily

with supp(m) C {i,j}. Now $Z-b_1 ¢ I, because p’ !

i < n, so m is not
a power of z;; and x; ¢ I, because p; < n, so m is not a power of x;.
Hence supp(m) = {i,j}. Distinct pairs give distinct generators, whence the
inequality.

For the equality range, count the generators supported on {1,2} exactly.
Let b* = max{b>1:3"<n}, and for 1 < b < b* put a(b) = min{a > 1:
203* > n}. Then x(f(b)xg is a minimal generator: its weight exceeds n by
definition; 2¢Y)=13% < by minimality of a(b) when a(b) > 2, and because
3% <n when a(b) = 1; and

2a(b)3b—l _ % . 2a(b)3b < % 9. 2a(b)—13b < %n < n.

Conversely every generator supported on {1,2} arises this way, since
20130 <y forces b < b*, and a is then determined. So there are exactly b*
of them.

Hence the inequality is strict as soon as b* > 2, that is, as soon as n > 9;
and for 2 < n < 8 equality is a finite check. O
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4.2. Two incomplete proofs. Theorem 3./(4) of [9] asserts that for each
v one has C, 14 r(n)—y = v for all sufficiently large n. The proof given there
reads “the only integers x < n with all prime factors > 1 + r(n) — v are
Pitr(n)—vs - -+ Pr(n)- - - and they are all > n/p,”. Two subscripts are wrong:
the condition on prime factors should read > piy,n)—, (a prime, not an
index), and the final bound should read > n/p;4y(n)—y. With Corollary |§|
the statement becomes immediate, and effective.

Proposition 10. Fiz v > 1. Then Cy 14 r(n)—y = v for every n > 40—t

Proof. Put uw = 1+m(n)—v. By Corollary@ Ch,u = v if and only ifpi+1 >n,
where py11 = Pr(n)—vt2- By Bertrand’s postulate there is a prime in (y, 2y)
for every y > 1; applied repeatedly this gives pr(,)—j11 > n/27 for j > 1,
while for j = 0 the same inequality reads pr(,)4+1 > n, true by definition of
7. S0 Pr(n)—vs2 > 1/2 v=! and hence p2,; > n?/4"~!, which exceeds n as
soon as n > 4V71, U

Theorem 3.4(5) of [9] asserts that C,, , = Cp,—1, for all v when n is even.
The proof there establishes only one of the two inclusions needed. It shows
that an x counted for n is counted for n—1; the converse, that no x is counted
for n — 1 but not for n, is not addressed. The statement is nonetheless true,
and with Theorem [4] the whole matter is a triviality.

Proposition 11. Ifn > 4 is even then Cp, = Cp—1, for 1 < v < m(n); for
v > 7m(n) both sides vanish.

Proof. By Theorem {4 C), , = ®(n,p,) and Cp,—1, = ®(n — 1,p,). These
differ by 1 or 0 according as n is or is not counted by ®(-, p,); and n is even,
so it is divisible by p; = 2 < p, and is never counted. O

Remark 12. For completeness we note that the argument omitted in [9] can
also be supplied directly, for v > 1: an integer lying in ((n — 1)/py, n/po]
is unique if it exists, since that interval has length 1/p, < 1, and it must
satisfy p,x = m; as n is even and p, odd for v > 1, such an x is even
and so is excluded by the condition on prime factors. At v = 1 this fails:
the roughness condition is then vacuous, and the two sets of Theorem
genuinely differ, neither containing the other, their cardinalities agreeing
only after a compensating gain at the top end. That case is [9]’s own item
(6), Cpn,1 = [n/2], and needs no repair.

4.3. Smaller items. For the record: in equation (15) of [9] the range should

bel < j <r,not 1l < j<n,since j indexes the variables x1,...,z,; in The-
orem 3.2 and equation (19) the solution vector is written (by,...,b,) € N”
although only b,,...,b, are constrained, so that as literally stated the so-

lution set is infinite for v > 1 — the proof supplies the missing condition
b; = 0 for j < v immediately, and the corresponding statement in Theorem
1.2(III) is correct as printed; the caption of Figure 2 names the quanti-
ties Cy, 4 where the text defines C,, , 4; and Theorem 4.3 is attributed to
“Herzog—Aramova” in the text but “Aramova—Herzog” in the abstract and
bibliography. Finally, we take the opportunity to note a small looseness
of attribution. Theorem 4.3 of [9] is stated for stable ideals and credited
jointly to [I] and [7]. The result of [7] (Corollary 1.2 there) assumes the
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ideal to be 0-Borel fixed, that is strongly stable, and it is in that form that
the joint attribution is standard; see [25, Thm. 6.16(6)]. The version for
merely stable ideals is obtained in [I], §2, where the Koszul cycles exhibited
for a stable ideal are observed to have pairwise vanishing products. None of
this affects [9], whose Proposition 2.6 proves I,, strongly stable, so that both
hypotheses hold; we note it only because the distinction matters if the ar-
gument is reused. An alternative route to the same conclusion runs through
componentwise linearity [22], since stable ideals have linear quotients.

5. CONJECTURE 4.6

By Corollary 4.4 of [9], the Poincaré—Betti series of the residue field over
A,=1,1is

Pin(t) =

Do(t)=1-1Y (1+t)"7Chy, (17
j=1

with r = m(n). Conjecture 4.6 of [9] asserted that this fraction reduces to

(1+ 0™

Pin(t) = —— 5

qn(t) = ' hi(n)t', (18)

= m(n) — t(n);
(6) hég(n) (n) = Cp1 = [n/2].
We prove all six.
The point of the next lemma is that the whole conjecture is controlled by
a single quantity: the order of vanishing of D,, at t = —1.

Lemma 13. Putu=1+1t and ¢, = Cyp—, for 0 <k <7 —1, withc;; =0
otherwise. Then the coefficient of u® in D, is 1 — co, and for k > 1 the
coefficient of u* is — (cj — 2cp—1 + cp_2).

Proof. Reindexing by k = r — j gives D, = 1 — (u — 1)>T(u) with
T(u) = Y h—g cru’; expand (u —1)2 = u? — 2u + 1. O
Lemma 14. cg = G, z() = 1 for every n > 2. Consequently D, (—1) = 0.

Proof. ®(n,p,) counts the integers in [1,n] with no prime factor < p,; as p,
is the largest prime < n, the only such integer is 1. Now apply Theorem [4]
and Lemma [T3 O

Proposition 15. The order of vanishing of Dy(t) att = —1 equals w(n) —
61 (n)

Proof. By Lemmas [13] and [T4] the order is the least k > 1 with ¢, — 2¢;,_1 +
cp—o # 0. Since c_1 = 0 and ¢y = 1, an induction shows that the second
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differences vanish for all £ < K precisely when ¢, = k+ 1 for all £ < K. So
the order is the least k£ > 1 with

cr £ k+1, that is, Coporp #r—(r—k)+1.
By Corollary []
Crp#T—v+1 & pi i <n < py < Vn.

Suppose first that some admissible v has this property; since p% = 9, that
requires n > 9. The largest such v is then

v=n(lvn]) —1=#{podd:p* <n}="l(n) (n>9),
the two counts differing only by the prime 2. Hence the least admissible k
is r — #1(n). (The identity between the two counts in fact holds for every
n > 4; what needs n > 9 is that the set of such v is non-empty.)

If no such v exists — equivalently ¢1(n) = 0, equivalently n < 8 — then
c, = k+1 for all kK <r—1, and the first non-vanishing coefficient is that of
u”, namely

—(0=2r+(r—1)) =r+1%#0;
the formula r — ¢1(n) = r still holds. O

Theorem 16. Let n > 2. Conjecture 4.6 of [9] holds: with £1(n) and l2(n)
as above, holds together with clauses (1)-(6). (At n =1 the statement
degenerates: r =0, D1 =1, and clause (3) fails, degq1 =0 # 1 = {l5(1).)
Proof. By Proposition|15|we may write D,,(t) = (14t)"~“d(t) with d(—1) #
0; set ¢, = —d. Then (17)) gives

A, (1+1¢)" (14t)4

K (1 + t) r—b (_Qn) dn ’
which is together with clause (2). Clause (1) is d(—1) # 0.

For the remaining clauses, note first that D,,(0) = 1 and D},(0) = 0, since
D, —1 = —t2(---) vanishes to order 2 at ¢t = 0; and that deg D,, = r + 1
with leading coefficient —C, 1, the top-degree term of arising only from
j=1.

(3) We have

dean:degDn_(r_gl):(7’+1)—(T—€1):€1+1=£2.

(4) ho = ¢,(0) = =D, (0) /17 = —1.
5) Differentiating g, = —Dp(1 + )~ %) at ¢t = 0 gives
(5) gq (1+1) g

hi = q;(()) = —D;(O) + (T - ﬁl)Dn(O) =r—/{.

(6) The leading coefficient of ¢, is minus that of D,,, namely Cy, 1, which
is ®(n,2) = [n/2] by Theorem O
Remark 17. Clause (2) — the identification of the numerator exponent —
was the whole difficulty, and Proposition [15| shows why: it is the assertion
that the sequence v — (), is exactly linear, of slope —1, on the range
v > {1(n), and departs from linearity at v = ¢1(n). Corollary [6| makes both
halves of that assertion visible at once, because it measures the departure
from linearity by E(n,v), a count of composites all of whose prime factors
exceed p,, which is positive exactly when p? 11 < n. Figure 1] shows the
effect.
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100 ~ -==- 7w(n)—v+1
—_— Cn,,v:‘:p(nvpv)

Cn, v

FIGURE 1. The profile v — C,, = ®(n,p,) for n = 200,
against the line m(n) — v + 1 of Corollary [fl The vertical
distance between them is E(n,v), the number of composites
< n all of whose prime factors exceed p,; here m(n) = 46 and
¢1(n) = 5, and the two coincide for every v > 5. That the
profile is exactly linear of slope —1 beyond v = ¢1(n), and
only there, is what Proposition extracts as the order of
vanishing of D,, at t = —1.

6. THE AVERAGE ORDER OF C,

Theorem 3.4(3) of [9] gives the lower bound C,, > (W(”z)ﬂ), proved there
by exhibiting one minimal generator for each support of size 1 or 2. We

show that essentially nothing else contributes in the limit.

) < nlatv) - 1) =

m(n)+1

Theorem 18. For n > 4, 0 < C,, — < 5

O<n3/ 2 / log n) , and consequently

o m(n)+1 m(n)? n?
" 2 2 21og®n’

In particular the bound of Theorem 3.4(3) of [9] is asymptotically an equality.
Proof. By Corollary [7] the difference equals
m(n)+1
Cn — ( 5 ) = > -~ (v(pfa) - 1),
z<n composite

a sum of non-negative terms. If x < n is composite then Ipf z < /z < /n,
so each term is at most m(y/n) — 1, and there are fewer than n composites
< n; this gives the upper bound. The prime number theorem gives m(y/n) ~



TRUNCATIONS REVISITED 10

2y/n/logn, whence

n3/2
-1)=0
n(m(vn) 1) ogn )
r+1 m(n)? n?
2 2 2log%n’
which dominates it. (]

Corollary 19. C,, = A182845(n + 1).

while

Proof. |A182843(m) is defined as the number of composite integers > m all
of whose proper divisors are less than m. A composite W has largest proper
divisor W/1pf W, so the defining condition for m = n + 1 reads W > n
and W < nlpf W. These are exactly the W corresponding to minimal
generators of I,: a monomial of weight W lies in G(I,) precisely when
W > n and W/p < n for every prime p | W. Of those last conditions only
one needs checking, namely the one at p = Ipf W, because W/p is largest
for the smallest p; so W/p < n for all p | W is equivalent to W/Ipf W < n,
that is, to W < nlpf W. O

The upper bound in Theorem is far from best possible: almost all
integers are even and contribute nothing. We now determine the error term
exactly. Write

S(n) = Cy — <”(”)2+ 1) = Y (r(pfz) 1), (19)

x<n composite

and let Sa(n) be the part of the sum coming from x with Q(z) = 2.

Lemma 20. S3(n) = Z (m(p) — 1) (m(n/p) — w(p) + 1) (the sum over
p<v/n

primes), and 0 < S(n) — Sa(n) < n*3/log?n.

Proof. If Q(z) = 2 then x = pg with p < ¢ prime, Ipfz = p and p < /n;
for fixed p the admissible ¢ are the primes in [p,n/p], of which there are
m(n/p) — m(p) + 1, and each contributes the weight m(p) — 1. If instead
Q(z) > 3 then (Ipfz)? < z < n, so Ipf z < n'/3, and x is a multiple of Ipf z;
hence

n 1 ni/3
0<8(n)—S(n) < m(p)—1)— <Kn < ,
TORICED I CCRNLT e
p<nl/3 p<nl/3
by m(p) < p/logp and then >,y 1/logp < Y/log?Y. O

Throughout what follows we abbreviate
X =+/n, M =log X = logn, P = m(y/n), (20)
and we write
g(t) = (m(t) = 1) (w(n/t) — m(t) + 1), (21)
With this notation Lemma 20| reads

Sao(n) =Y g(p), (22)

p<X
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the sum being over primes.
The next lemma is the reason the rest is short. It removes a full third of
the asymptotics from the analysis, replacing it by an exact elementary sum.

Lemma 21 (Exact splitting). Let p1 < pa < --- < pp be the primes < \/n,
and put

.
T(n) = 30— Dnn/y).
=1
Then
So(n) = T(n) — L= 1)]';(213 -1 (23)

Proof. Since p; is the j-th prime, 7(p;) = j. So the summand of at
p=pjis
9(pj) = (i = D(r(n/p;) —j+1) = (i = Dr(n/p;) = (G = 1)%,

and summing over j,

P P-1
So(n) = T(n) 3G -1)? = T(m) - 3 i = 7(m) - L= DPEP =D
j=1 i=1

Remark 22. Lemmaexplains where the constant % comes from. Dividing
by P3 and expanding the second term ezactly,
Sa(n T(n 1 1 1

2(3): (3)_7_‘_7_72. (24)

P P 3 2P 6P
So % =1- %, where the 1 is the one thing still requiring the prime number
theorem — that T'(n) ~ P?, Proposition [25 below — and the § is > % ~
P3/3, which requires nothing at all.

a

The substitution governing T is p = Xe~ %, under which n/p = Xe%;
the parameter a = log(X/p) > 0 measures how far below /n the smaller
prime factor lies. Note that the summand of T is, to leading order, constant
in a: the two factors 7(p) — 1 = (X/M)e ® and 7(n/p) ~ (X/M)e® have
reciprocal exponentials. This is why no Riemann sum is needed below —
only a count of the primes involved.

Lemma 23. Let Ay be an absolute constant for which |n(y) — y/logy| <
Agy/log?y (y > 2). There is an absolute constant Ay such that for every
W > 1, every n with M > 2W, and every real a € [0, W],

W(Xefa) = % <6a + 64 Al(I/JI\;+ 1)> )

X Ay(W + 1)
X a = — a 6 -
m(Xe®) i (e + 0 7 ,
where |01],|02] < 1.
The error constant in the second line grows with W, because e® itself does;
this is what limits how fast W may be allowed to grow with n.
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Proof. For y = XeT® we have logy = M Fa, and 0 < a < W < M/2 gives
%M <logy < %M; in particular y > VX > M > 2, so the hypothesis on
Ag applies. We also use X > M? freely below, which is automatic rather
than an assumption: X = eM and eM /M? attains its minimum e2/4 > 1
at M = 2.

First line. By hypothesis on Ay,

Xe @ Xe @
Xe )= —+04A)——— gl <1
7'('( € ) M—CL+ O(M_a)27 |‘— Y
and since M —a > %M and e~® < 1 the second term is at most 4A0X/M2.
For the first, 0 < a/M < % gives

—a
ei_e—aze—a.a/iM’ ,.|§%
1—a/M 1—a/M M
so the first line holds with A1 > 2 + 4A,.

Second line. The same computation with logy = M + a, now using the
trivial M + a > M together with e* < eW, bounds the two error terms by
Ape"V' /M and We" /M, hence by (W + Ag)e"V' /M in total, after division by
X/M. O

2W
< )
- M

Lemma 24. There is an absolute constant cy such that, for every W with
1<W < MJ/2,
_w XP X3 logn
2 mowlnfp) < o™ G ey
p<Xe=W

The same bound holds for 3« x.-w g(p) and for 3, x.-w(7(p)—1)m(n/p),
both summands being at most w(p)mw(n/p).

Proof. Let ¢; be an absolute constant with 7(y) < c1y/logy (Chebyshev),
and write L = logn = 2M. Split at n'/4,
Range p < n'/*. Here log(n/p) > 3L, so

2 n 4¢3 n
Yogp-log(n/p) — 3log2 L’

m(p)w(n/p) <

and there are at most w(n'/*) < 4¢;n'/*/L such primes, giving a constant
times n°/4/L?; relative to X3/M3 = 8n3/2/L% that is a constant times
L/n'/*,

Range n'/* < p < Xe=W. Here logp > %L and log(n/p) > %L, SO
m(p)m(n/p) < 8cin/L?, while

Xe W Xe W Xe W
Xe W) < < 21— =4
r(XeT) S ey = 2Ty SdaT g
by W < M/2. The product is at most 32cie™Wn3/2/L3 = 4cie=" X3 /M°.

O

Proposition 25. There are absolute constants Cy and ng such that for
n > ng

M3 log M
—T(n)—-1]| < .
’ x5 L) ‘ = G VM
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Proof. Fix W > 1 with M > 2W, to be chosen. Split T at Xe~"; by
Lemmathe part with p < Xe=" is at most co(e=" +logn/n'/*) X3 /M3,
In the main range Xe™" < p < X put a = log(X/p) € [0,W). By (25),

(7(p) — )w(n/p) = Z\); (e_a + 917‘41(%“) - %)

X (e“ + 92%).

Expanding, the leading term is e7%® = 1, and every other term carries a

factor A1 (W + 1)eV' /M or M/X; using e=® < 1, e* < " and X > M?, all
of them together are at most As(W + 1)e"V' /M in absolute value, with Ay
absolute. Hence

i w
> (7)) =1)m(n/p) = %(1 + 5 224D

Xe=W<p<X
x#{p: Xe W <p< X},
|#3| < 1 — this is where the summand being constant to leading order does

the work: no partition of [0, W] and no Riemann sum is needed, only the
number of primes in the range. That number is, by again,

X
w(X) = m(Xe) = (1 e 40y G,
Multiplying, and adding the tail bound,
M3
X3

w
T(n)—1+0<e_w+(W+1)e logn>’

M T

with an absolute implied constant. Now take W = %log M, legitimate for
M > €% since then W > 1 and M > 2W. It gives e W = M~1/2 and
(W +1)eW /M = (2 log M +1)/v/M, both O(log M /M), while log n/n'/*
is smaller than either. (]

Theorem 26. There are absolute constants C' and ng such that for all
n > ng

(26)

Sa(n) 2‘ < Cloglogn

w(y/n)3 3 Viegn
In particular, as n — oo,
16 nd/2
S(n) ~ 2 )3 ~ —. ,
( ) 3 7T(\/>) 3 loggn

and consequently

c. — <7r(n)2+ 1> N (?+0(1)) n

logn’

3/2

In particular the upper bound of TheOTem overshoots by a factor < log® n.

Proof. By it suffices to bound T'(n)/P3 — 1, since the remaining terms
1/(2P) — 1/(6P?) are O(1/P) = O(logn//n), far smaller than the claimed
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bound. By Lemma [23| with a = 0 and W =1, P = (X)) = (X/M)(1 +
20A1/M), so

T(n) M? X \3 log M N log M
pi = w0 (575) = (14008 (1+0Gh) = 1+0( Tz
by Proposition Substituting M = %logn gives .

For the asymptotic statements, P = 7(y/n) and, by the prime number
theorem, m(y/n)3 ~ (2y/n/logn)® = 8n%2/log®n, so Sa(n) ~ 2r(v/n)3 ~
%n?’ﬂ/log?’ n. Lemma [20| transfers this to .S, and Corollary |7| to C,,. OJ

Remark 27. Five comments on the proof, the first two of which are traps.

(1) No sieve theory is needed, and reaching for it gives the wrong answer.
The mass sits where p and n/p are both within a bounded factor of
V/n, that is, at u = log(n/p)/logp — 1; and there ® degenerates
to the exact identity ®(z,y) = w(z) — m(y) + 1, valid for y > /x.
The one-term Buchstab estimate ®(x,y) ~ zw(u)/logy, with w
Buchstab’s function, fed into (19)), returns 8 rather than 16/3; and
it is uniform only for v > 2 [19], which excludes precisely the region
carrying the mass. Lemma [21] says exactly what goes missing. On
1 <u < 2 one has w(u) = 1/u, so the one-term estimate amounts to
replacing the second factor of g by 7(n/p) alone, that is, to dropping
the —7(p) + 1. What is dropped is therefore > (j — 12 = (P —
1)P(2P —1)/6 ~ P3/3, which is %n3/2/log3 n; restoring it gives
8 — % = 13—6. So the discrepancy is not a subtlety about ® at all, but
the exact square sum that Lemma [21] peels off.

(2) The convergence is slow and not monotone, so a numerical check over
too short a range is misleading. The raw quotient S(n)log®n/n3/2
peaks near 10.9 around n = 7 - 10* and is still 9.55 at n = 107,
against a limit of 16/3 = 5.33.... Most of that discrepancy, about
two thirds of it on a logarithmic scale over the range tabulated, is

the difference between 7(y/n) and 24/n/logn, which is cubed here;
the factor (m(y/n)log n/2\/ﬁ)3 is 1+ 6/logn to first order, and is
1.56 at n = 10°. Measured instead against 27(/n), which absorbs
that factor entirely, the picture is much better behaved, though still
not monotone: see Figure

(3) The proof uses no Riemann sums, no partition of the range, and no
interchange of limits: W is an explicit function of n, and is a
single estimate. That is a consequence of Lemma [21] which removes
the % exactly, together with the observation that what remains has
a summand constant to leading order.

(4) The rate is not sharp. It is limited by the truncation at a = W,
not by the arithmetic input: at n = 10'* the left-hand side of
is 0.011, against 0.61 for loglogn/y/logn. How much better the
truth is we do not claim; multiplying the computed deviations by
logn gives 0.55,0.92,0.59,0.68,0.54,0.47,0.37 at n = 105,..., 10,
which neither settles nor rules out a rate of 1/logn. Sharpening the
theorem would mean treating the whole range 0 < a < M rather
than discarding a > W.
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(5) The hypotheses can be weakened if one wants only the asymptotic
and no rate. Lemma [23| was stated with the prime number theorem
in the sharp form w(y) = y/logy + O(y/log?y) because that is
what produces an explicit error. The bare prime number theorem
7(y) ~ y/logy already suffices for S(n) ~ %W(\/ﬁ)gi for a in a fized
range [0, W] the arguments Xe®® tend to infinity with n, so
holds with the error terms replaced by an unspecified ey (n) — 0,
uniformly in a; one then lets W — oo afterwards, the tail of Lemma
being O(e="). This matters to anyone wishing to formalise the
argument in a proof assistant, since it removes the need for a prime
number theorem with an error term.

1.08 -
IE 1.06 -
™~ 1.04
£
Y
1.02 1
limit 1
1.00 - S o o o
T T T T T T
104 106 108 1010 1012 1014

FIGURE 2. The quotient S»(n)/27(y/n)® against n, on a log-
arithmic n-axis, for n = 10%,...,10". Theorem asserts
that this tends to 1. It does, but only after rising to a max-
imum of 1.085 at n = 107, and with a further slight rise
between 10% and 10%; at n = 10" it is still 1.017. The two
smallest values, at 10* and 10°, sit within 0.3% of 1 by coin-
cidence rather than for any reason, which is a useful warning
on its own. Values for n < 10° are from a least-prime-factor
sieve, those beyond from an O(n®/*) prime-counting recur-
sion [29].

7. THE SOCLE, AND THE TYPE

This section is routine: every ingredient is standard, and for I, the evalua-
tion is a one-line application. We include it because the answer is a quantity
that has already appeared twice above, and because the contrast with the
unitary case in Remark [31] seems worth recording.

Recall the standard multigraded reduction: for a monomial ideal I C S,
the socle (0 : s/1 m) is spanned by the residues of those monomials u ¢ 1
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n C, (”("2)“) ratio
102 362 325  1.1138
103 14957 14196  1.0536
104 769 090 755835  1.0175
10° 46 233 662 46008028  1.0049

10° 3084943710 3081007251 1.0013
107 220905096 960 220832955910 1.00033

TABLE 1. C), against the lower bound of Theorem 3.4(3) of [9].

with z;u € I for every i — because S/I is Z"-graded with one-dimensional
components, so the annihilator is a multigraded subspace and hence spanned
by the monomials in it. See [12] or [13].

Proposition 28. Let n > 2. Then soc(I'y,) is spanned by the monomials of
weight m with n/2 < m < n; under the identification of the K-basis of Ty,
with {1,...,n},

soc(T'y,) = @ K -m, dimg soc(T'y,) = {gw
n/2<m<n

Proof. By the reduction above, u is a socle monomial exactly when w(u) < n
and w(z;u) = p;w(u) > n for every i = 1,...,r. Since p; = 2 < p; for all 4,
the condition at ¢ = 1 implies all the others, so the system reduces to that
single binding constraint: 2w(u) > n. So the socle monomials are those of
weight in (n/2,n], and there are n — [n/2] = [n/2] of them. O
Corollary 29. For n > 2 the Cohen—Macaulay type of Iy, is
n

type(Tn) = B5(Tn) = C = (n,2) = [ 7]

and Ty, is Gorenstein if and only if n < 2.

Proof. For an Artinian module the last Betti number over S is the socle
dimension, so the first two equalities are Proposition For the third,
Eliahou—Kervaire gives 87 = " C,,, (::f), and at ¢ = r the binomial van-
ishes unless v = 1, leaving 85 = n,1; the last equality is Theorem
Gorenstein means type 1, i.e. [n/2] =1, 1e. n < 2. O

Remark 30. Corollary [29|is not an independent third sighting of [n/2], and
it would be misleading to present it as one. For an Artinian Golod quotient
the denominator of is the list of Betti numbers,

Dn(t) =1- Zﬁist“_l;

i>1

since pdgI',, = r, its leading coefficient is —3 = — type(I',), and dividing
by the monic (1+¢)"~% preserves it. So clause (6) of Conjecture 4.6 is the
assertion that the type is [n/2], and the proof of clause (6) given above —
“the top-degree term arising only from j = 1”7 — is the Eliahou—Kervaire
computation 57 = Cp1 in generating-function clothing. What does remain
is a genuine coincidence of two countings: the socle counts the integers in
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(n/2,n], while ®(n,2) counts the odd integers in [1,n]. Different sets, of the
same size.

Remark 31. The reason Proposition [28]is a one-liner is that the socle con-
dition is “p;w(u) > n for every prime p; < n”, which collapses because the
least prime is 2. The analogue for the unitary truncations does not collapse:
there the condition reads “kp > n for every prime p coprime to k”, and [I1],
§7] obtains the socle dimension only asymptotically, as dn with

—1 —1
1 -1
5=+ 3B TP g 6077,
2 & pwp2epi

For Dirichlet convolution nothing of the sort is needed: the socle is exactly
the integers in (n/2, n], for every n, so its density is 1/2 in the limit and 1/2+
O(1/n) at every finite stage. The asymmetry between the two convolutions
is the interesting content here, rather than the statement itself.

Remark 32. Grading by A = €Q, the algebra I';, is level — socle concentrated
in one degree — exactly for n < 3. Indeed for n > 4 let 2% be the largest
power of 2 with 2% < n; then 2% > n/2, so 2¥ is a socle element of degree
k > 2, while Bertrand’s postulate applied to |n/2] supplies a prime ¢ with
n/2 < q <n, a socle element of degree 1.

8. RELATED WORK

Two remarks on the surrounding literature, both of which bear on how
the result above should be read.

First, on the algebraic side, the ring I' itself continues to be studied —
recently in [21], which shows it is neither Noetherian nor Artinian, constructs
several families of prime ideals, and computes its Krull dimension to be
infinite. Its finite-dimensional truncations appear not to have been taken up
by anyone else, but they were taken up once more by the present author, from
a different direction: {1,2,...,n} is a shifted multicomplez, the complement
of a strongly stable ideal being to a multicomplex what a shifted simplicial
complex is to a squarefree one, and [I4] accordingly computes the spectrum
of its Laplacian. By the theorem of Duval and Reiner [15] that spectrum
is integral, and [I4, Cor. 14] identifies its multiplicities as the arithmetic
counts

tir(n) =#{1 <m <n:Q(m) =k, p;|sfp(m)},

sfp denoting the squarefree part. These are not the counts C,, ,, of the present
note — they fix the total degree and impose a divisibility condition, rather
than fixing the least support — so neither result subsumes the other, and
it is a natural question, and the exact analogue of Theorem @, whether ¢; 1,
too admits a sieve-theoretic closed form. Artinian truncations of Stanley—
Reisner rings are an active topic [26], and T, is an object of that general
shape, but no arithmetic enters there.

Second, and more to the point, the bridge Theorem [4] builds appears
to be new. The asymptotic behaviour of ®(x,y) is classical: Buchstab [16]
obtained ®(z, z'/*) ~ ww(u) z/log = in terms of the function that now bears
his name, and de Bruijn [I7] gave an approximation uniform for all z >y >
2; see [27] for a textbook account, [19] for numerically explicit estimates,
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[20] for short intervals, and [23] for the regime of fixed p, which is the one
closest to ours. We have not been able to find anywhere in the literature a
connection between these counts and any invariant of a free resolution; the
two subjects appear not to cite each other at all. (A search for “Buchstab”
in commutative algebra is apt to return instead the bigraded Betti numbers
of face rings studied by V. M. Buchstaber, which is an unrelated subject
and an unrelated person.)

9. WHAT IS NEXT

Theorem 4| moves the combinatorics of G(I,,) wholesale into sieve theory,
and the questions it raises are correspondingly analytic.

Open problem 33. Give asymptotics for the whole profile v — C),, =
®(n,py), uniformly in v, and deduce asymptotics for the graded Betti num-
bers of T',, through Corollary 4.2 of [9]. The behaviour of ®(x,y) is classical
[16, 17, 27], but here y = p, sweeps the whole interval [2,n] as v does,
so what is wanted is a statement uniform across all of it, including the
two degenerate ends v = 1, where ®(n,2) = [n/2], and v = 7(n), where
®(n,p,) = 1. The uniform approximation of [I7] and the explicit estimates
of [I9] are the natural starting points.

Open problem 34. Theorem [4] counts minimal generators by least support
only. Is there a comparable sieve-theoretic description of the refined counts
Ch.v,d, which additionally fix the total degree d = Q7 A natural guess is a
®-analogue restricted to integers with exactly d prime factors; the tables in
Figure 2 of [9] are the data to test it against.

Open problem 35. Dirichlet convolution is the coarsest of Narkiewicz’s reg-
ular convolutions. Carry out the analysis of [9] and of this note for the
unitary, ternary, and general greedy convolutions: which truncation ideals
are stable, and does an analogue of Theorem [4 hold? For the unitary case
the truncations were treated by Stanley—Reisner methods in [10, 1], and
it is not clear that a sifting function appears there at all. This is work in
progress by the author, who intends to treat the unitary case next.

Open problem 36. The elementary half of this note involves no homological
algebra and is within reach of a proof assistant. Part of it has been formalised
in Lean 4 and Mathlib, and is available in [29]: Corollary [6] and the whole
polynomial argument of Section [5]— Lemma [T3] Proposition [I5] and clauses
(1), (2), (4), (5) of Theorem [L6|— are proved outright, with no sorry and
on the standard axioms. What remains is (i) clauses (3) and (6), which are
degree and leading-coefficient computations, fiddly rather than deep; (ii)
Propositions and (iii) Theorems |3| and 4| themselves. Item (iii) is the
real obstruction, and it is the same one that puts Section [ffs homological
input out of reach: the formalisation takes C,,, = ®(n,p,) as a definition
and checks it numerically, because G(I,,) cannot even be stated without
monomial ideals, which Mathlib does not have — any more than it has
minimal free resolutions, graded Betti numbers or Golod rings.

Finally, three integer sequences arising here deserve to be in the OEIS.
Cp is A182843, whose entry records none of the above; the sequence C,, 2
and the triangle C,,, appear not to be present at all.
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NOTATION

Collected for reference; equation numbers point at the defining display.

Arithmetical

p1=2<py <--- the primes

7(x) the number of primes < x

Q(m), also A number of prime factors of m, with multiplicity
Ipf(m) least prime factor of m > 1

sfp(m) squarefree part of m

D(z,y) Legendre’s sifting function,

Ry (y) number of p-rough integers < y

w(uw) Buchstab’s function, not the count of distinct prime factors
Of this note and of [9)

I, T, the ring of number-theoretic functions, and its truncation
S, I, K[zy,...,x,] with r = m(n), and the truncation ideal
w(m) weight of a monomial, [, p;"

G(I,) the minimal monomial generating set

min(m), max(m) least and greatest index occurring in m

supp(m) the set of indices occurring in m

Chw, Cn generator counts by least support, and their total,
E(n,v) composites < n with every prime factor > p,,
D,, qn denominators of the Poincaré-Betti series,

Ly, Ly the exponents of Conjecture 4.6

S(n), Sa(n) the error term (19), and its Q = 2 part

T(n), P Lemma P =n(y/n)

X, M v/ and log v/n, (20)

soc socle, Section

Four collisions are worth flagging. Against standard usage: w here is
Buchstab’s function, not the number of distinct prime factors, which this
note never uses. Against the accompanying computational report [29]: T'(n)
is the sum of Lemma while that report uses the same letter for an
unrelated quantity in its {2 > 3 table. And two internal ones, both harmless
but worth naming: S is the polynomial ring while S(n) is the error term
, and ¢ is a generic prime in Sections while ¢, is a polynomial in
Section [Bl
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what has happened. The traffic has gone almost entirely the other way. It
is the algebra that has supplied the questions — Conjecture 4.6, which is in
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the end the assertion that v — C),, is exactly linear beyond v = ¢1(n); the
error term in Theorem which is a Mertens-type sum — and answering
them as number theory is what has illuminated the algebra. Theorem
is the clearest case: a statement about the minimal free resolution of I',,
settled by an argument containing no algebra at all.

There is, I think, a structural reason for the one-way traffic, and stating it
is more useful than lamenting it. Most of what commutative algebra knows
about a monomial ideal is extremal: Macaulay’s theorem, Kruskal-Katona,
the Bigatti-Hulett—Pardue bound. Each of these constrains an arbitrary ob-
ject with a given Hilbert function, and is therefore only as strong as the worst
such object. But I'), is nowhere near extremal, and the resulting bounds are
correspondingly slack. Concretely: {1,2,...,n} is a multicomplex, so by
Macaulay’s theorem the sequence

d — #{m<n:Q(m)=4d},

the Landau counts, must be an M-sequence, which yields growth bounds
free of any analytic input. They are true and they are useless. At n = 200
there are 46 primes, and Macaulay permits as many as 1081 integers with
Q) = 2; the true number is 62. No inequality of that kind is going to tell an
analytic number theorist something he does not already know.

Where the transfer does work is where the algebra is exact rather than
extremal. Eliahou—Kervaire gives the graded Betti numbers on the nose,
and it is precisely that exactness which makes this note possible at all:
the identity C,, = ®(n,p,) is a statement about an invariant that the
algebra computes rather than bounds. Section [7]is a small instance of the
same phenomenon, and [I4] — where Duval-Reiner integrality forces the
Laplacian spectrum of I';; to be a list of arithmetic counting functions — is
another. So Johan’s hope was not wrong so much as mis-aimed. The fruit
is there; it is just not low-hanging, and it does not grow on the general-
inequality branch of the tree.

* * *

Just as Geheimrat Goethe had the diligent Friedrich Wilhelm Riemer to
help him write Die Wahlverwandtschaften, just as Grothendieck had Jean
Dieudonné to help him complete EGA, T have Claude! What exactly that
amounted to is set out in the disclosure section below.

* * *

It is a pleasure to acknowledge the computer algebra systems without
which none of this would exist. The computations behind [9] were carried
out in Maple: the generator counts of its Figures 1 and 2, and — assem-
bled from those counts through the formulas of its Corollaries 4.2 and 4.4
— the Poincaré—Betti series of its Figure 3. In the companion papers on
unitary convolution the division of labour was quite different. For [10] 1T],
Maple was used to generate Macaulay2 [24] input — procedures emitting
ring and ideal declarations line by line — and Macaulay2 then computed the
free resolutions, Betti numbers and Poincaré—Betti series. The homology of
the relevant simplicial complex was computed with the Simplicial Homology
package [18] of Dumas, Heckenbach, Saunders and Welker for GAP [4]; hav-
ing found it torsion-free, the author wrote a short GAP programme to test
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lex-shellability, which it duly was. Every computation in the present note
was done in SageMath [8], and deliberately along a route different from the
one taken in 1999 — the minimal generators of I,, are enumerated as inte-
gers rather than counted by the formulas under test — so that agreement
between the two is evidence rather than tautology.

DiI1SCLOSURE OF Al ASSISTANCE

This manuscript was produced with substantial assistance from a large
language model, Claude (Anthropic), and the extent of it is set out here
rather than left to be inferred.

The errata of Section [4] were found by Claude while re-reading [9] with the
author, by recomputing every table in that paper along a route independent
of the one used there. Found likewise by Claude, working with the author in
interactive sessions: Theorem [{4] and its proof; the reduction of Conjecture
4.6 to the order of vanishing of D,, at t = —1 (Lemma [13[ and Proposition
; the asymptotic Theorem the identification of C),, with A182843;
Theorem [26] together with Lemmas and [24] and the two cautions now
folded into Remark and the contents of Section [7] Claude also located
and verified the references, drew Figures [1] and [2| wrote the accompanying
SageMath code and the Lean formalisation mentioned in Open Problem
and drafted this manuscript, with the author directing the exposition
throughout.

Every numerical claim in the note was checked along a route independent
of the formula being tested, and the reference list has been checked against
primary sources. The author has verified the results to the best of his ability,
made the final edits, and assumes full responsibility for any errors, mistakes
or gaps that remain.
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