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POPULÄRVETENSKAPLIG SAMMANFATTNING

Materialvetenskap är ett fält med lång historia som sträcker sig flera tusen år tillbaka.
Material och dess egenskaper har varit och är viktiga för människor och samhällets
utveckling, så viktiga att historiska epoker namngetts efter särskilda material. I da-
gens samhälle omfattar materialvetenskap både studiet av kända materials egenska-
per och hur materials egenskaper kan förstås och förbättras, samt studiet av material
som ännu inte har framställts. Det senare möjliggörs av beräkningsmetoder och kraf-
ten hos dagens superdatorer, vilket gör det möjligt att simulera en stor mängd olika
material.

Tryck är ett kraftfullt verktyg för att förändra materials egenskaper och upptäcka helt
nya material. Med tillräckligt högt tryck kan atomer packas om, kemiska bindningar
förändras och magnetiska egenskaper uppstå eller försvinna. Sådana extrema för-
hållanden finns i jordens inre men kan också skapas i experiment. I jordens kärna
kan trycket nå flera miljoner gånger högre värden än det tryck atmosfären skapar vid
jordens yta. Det är inte bara trycket som ökar, utan även temperaturen ju längre in
mot jordens kärna man kommer. I experiment kan trycken idag nå och till och med
överstiga de som finns i jordens kärna. Extrema tryck och temperaturer öppnar upp
för framställning av nya material med nya kemiska och fysikaliska egenskaper, men
experimentella studier av dessa material begränsas av de höga trycken. Därför spelar
teoretiska beräkningar en avgörande roll för att förstå vad som händer med material
under höga tryck.

Material kan idag simuleras i superdatorer som hanterar stora mängder data. Med
beräkningar som baseras enbart på grundläggande fysikaliska lagar kan simulering-
ar genomföras utan empiriska parametrar. Detta gör simuleringar av nya material
till en viktig metod för att förstå deras kemiska, elektroniska och magnetiska egen-
skaper. För att simulera och utföra beräkningar på ett material krävs information
om atomtyperna och kristallstrukturen. Denna information går oftast att få fram från
experiment vid höga tryck där nya material framställs.

Den här avhandlingen berör redan kända material samt material som nyligen skapats
i experiment genom teoretiska metoder. De lokala magnetiska momenten hos järn
vid extrema tillstånd som existerar i jordens inre undersöks, eftersom de magnetiska
egenskaperna hos järn vid dessa tillstånd styrs av ett samspel mellan atomers rörelser
och deras lokala magnetiska moment. I järn-nickellegeringar undersöks relationen
mellan tryck och en övergång mellan magnetiska tillstånd. Ett material bestående
av fosfor och kväve (PN2) undersöks med grundläggande principer och maskininlär-
ningsmetoder för att beskriva en dynamisk process där kvävebindningar skapas och
förstörs, vilket stabiliserar materialet. Vidare undersöks material bestående av kol-
och kväveföreningar och ytterligare ett atomslag. Två material framställda under
extrema tryck (CeCN5 och TbCN5) undersöks närmare teoretiskt och dessa uppvisar
distinkt skilda elektroniska egenskaper även om kristallstrukturen är identiska. Base-
rat på dessa två material undersöks en prototyp – XCN5 – som en möjlig kandidat för
nya material med olika egenskaper beroende på atomslaget hos X, där X är atomslag
som spänner en stor bredd av det periodiska systemet.
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ABSTRACT

Extreme pressure is a powerful tool for finding new complex functional materials,
altering material properties, and inducing correlation effects and magnetic phenom-
ena. While atmospheric pressure is of the order 1 bar, the pressure in the Earth’s in-
ner core can reach million times higher pressures, which experimental methods like
diamond anvil cells can today even surpass. Especially the latter opens a wide con-
figurational space to find previously unknown materials or even new chemistry that
leads to sought after properties or possibilities to gain fundamental understanding of
underlying physics. However, high pressure strongly limits the available experimen-
tal techniques, and thus theoretical investigations are crucial, using first-principles
modeling of the materials.

This thesis concerns theoretical investigations of complex materials under extreme
pressures: understanding magnetic phenomena in solid and liquid Fe and the fcc Fe-
Ni system as well as characterizing the dynamical stability, electronic and magnetic
properties of newly synthesized nitrogen- and carbo-nitride containing materials un-
der high pressure. The majority of results in this thesis concerns materials that have
been synthesized at extreme pressures with a focus on understanding their dynamical
stability and electronic properties, both at synthesis pressure but also at ambient con-
ditions. The main methodology throughout the thesis is first-principles calculations
based on density functional theory.

Understanding the behavior of magnetic materials under extreme conditions requires
accounting for the interplay between atomic vibrations, structural disorder, and mag-
netic fluctuations. The evolution of the local magnetic moments in solid and liquid
iron is investigated at extreme conditions relevant to Earth’s inner and outer core.
Longitudinal spin fluctuations are shown to stabilize local magnetic moments even
in highly disordered and liquid environments, and these may influence the forces
and electronic properties of the material. It highlights the importance of including
magnetic fluctuations when describing iron under realistic, finite temperature, con-
ditions.

The fcc Fe-Ni system is particularly interesting due to the Invar alloy which exhibits
an anomalously low thermal expansion at room temperature. Changing the Fe-Ni
composition only by a narrow range leads to a loss of this low thermal expansion at
ambient conditions, while for a higher Ni concentration the effect can be observed at
elevated pressure. It is shown that this effect is related to a magnetic transition from
a ferromagnetic to a complex noncollinear magnetic state. The transition is shown
to be present in the typical Invar composition and is induced by pressure in the Fe-
Ni system with higher Ni concentration, explaining the different Ni-concentration
dependence as a function of pressure. The transition is related to an anomaly in the
equation of state, where the ferromagnetic and noncollinear states correspond to two
different branches.

Recently, experimental collaborators have synthesized a PN2 compound hosting
PN6 octahedra at high pressure conditions, where first computations found unusual
nitrogen-nitrogen distances that do not reflect a nitrogen single bond but are too close
to be non-interacting. In order to shed light on this unusual behavior, electronically
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related high-pressure synthesized as well as predicted AN2 compounds (where A =
Si, P, S) were investigated. It is shown that the N-N dimer as observed in experi-
ments is unstable in static calculations in the P-N system, but in molecular dynamics
simulations the system is stabilized by a dynamical switching between forming and
breaking N-N dimers. The electronic structures of Si, S, and P containing compounds
are compared, and a quantitative explanation of the underlying mechanism of the
peculiar dynamic bonding is formulated.

Lastly, carbo-nitrogen containing ternary compounds are considered. The stability
and electronic properties are investigated of newly synthesized La, Ce, and Tb con-
taining carbo-nitride compounds featuring previously only theorized CN3 and CN5
units. This initial investigation led to a detailed study of the electronic structure of
CeCN5 and TbCN5 at high pressure conditions. Surprisingly the compounds show
different electronic properties while being isostructural. This leads in particular to a
different oxidation state of the lanthanide atoms. It is shown that this charge differ-
ence is compensated by the extended C-N network that accommodates for the addi-
tional electron. Motivated by the flexibility of the CN-network, and particularly the
XCN5 prototype, a wide range of element substitutions for the ternary atom was in-
vestigated. These predicted compounds show quasi-layered structures dynamically
stable at ambient conditions, nearly fully agnostic to the X-type element. The layered
phases show promising electronic structures for further investigation of possible ap-
plications and might open a new road toward lanthanide and rare-earth containing
layered materials.
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1

INTRODUCTION

On Earth, we are all under pressure. The weight of the atmosphere gives a surface
pressure of about one bar, or in a unit more common in the rest of this thesis, about
0.0001 GPa = 10´4 GPa. This can be decreased by moving up a mountain, where
the weight of the atmosphere lessens. To increase the pressure one goes underwater.
Diving 10 meters in seawater increases the pressure by approximately 1 additional
bar. The average ocean depth results in a pressure of approximately 0.04 GPa. The
deepest point in the ocean – at approximately 11 km – results in a pressure of 0.1 GPa.
A more dramatic increase in pressure occurs as the Earth’s crust is crossed. In the
mantle of the Earth, pressure ranges from 24 GPa to 136 GPa. In the inner core of
the Earth, the pressure goes up to 360 GPa, about 3.6 million times the atmospheric
pressure. Thus, from the center of Earth up to our surroundings at the surface, the
pressure covers a vast range.

Pressure is a fundamental thermodynamic variable that governs the state of matter.
Pressure modifies the interatomic distances without altering the chemical composi-
tion of a material. As pressure increases and atoms are forced together, the balance
between lattice stability, magnetic interactions, electron-electron interactions and cor-
relations, and chemical bonding changes. This may in turn induce phase transitions,
whether structural, magnetic, or electronic. Extreme pressures can open new path-
ways to synthesize and stabilize new materials with exceptional properties. Some of
these novel materials may only exist at extreme pressures while others are recover-
able to ambient conditions. In both cases they provide often access to physical and
chemical phenomena not accessible at ambient conditions.

Extreme pressure is not only a tool for experiments, but a naturally occurring con-
dition in planets and stars. As mentioned above, the Earth’s interior is one example
where pressure influences the behavior of the matter from the outer crust to the inner
core. Materials in the Earth’s interior exist in different phases depending the pres-
sure and temperature conditions, and can exhibit structural, magnetic, and electronic
properties that differ from those observed at ambient conditions. Understanding the
properties of iron, and other elements in Earth’s interior, is an important task of geo-
physics and condensed matter physics. While the pressure inside Earth is a natu-
rally occurring condition, modern advances in high-pressure techniques have made
extreme pressure available for experiments and materials discovery. Modern tech-
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1. INTRODUCTION

niques, such as the diamond anvil cells, are able to generate pressures of similar order
– and beyond – those found in Earth’s interior, opening the possibility of synthesizing
previously unknown compounds.

While the ability to produce extreme conditions in controlled environments presents
opportunities, it also comes with several challenges. High-pressure synthesis may
produce novel materials with exceptional functionalities and complex crystal struc-
tures, but experimental characterization becomes increasingly difficult as the pres-
sure increases. Determining lattice dynamics, magnetic and electronic properties, and
thermodynamic and dynamical stability may be difficult or even impossible directly
from experiment. This limitation has made theoretical modeling of high-pressure
compounds an essential part for understanding novel high-pressure compounds and
their behavior.

The method of choice in this thesis to investigate materials under extreme conditions
is density functional theory. Within this framework it is possible to investigate the
structural stability, lattice dynamics, electronic and magnetic properties directly from
quantum-mechanical principles without requiring empirical parameters apart from
the crystal structure, which is typically obtained from high-pressure X-ray diffraction
experiments.

Understanding material behavior is often a complex task. Many properties emerge
from a competition between interacting degrees of freedom. Atomic arrangements
determine the crystal structure, while the electronic structure determines bonding
properties within the material. Magnetic interactions between atoms determine the
magnetic order, and electron-electron interactions influence the degree of itineracy,
localization, and correlation. The interplay of these quantities may lead to a complex
web of dependencies as a change in one often affects the others. Pressure affects all
of these properties by e.g. altering the interatomic distances, electronic bandwidths,
and magnetic ordering.

The primary theme of this thesis is the coupling between crystal structure, mag-
netism, and electronic correlations in materials subjected to extreme pressure, and in
some cases understanding material behavior under decompression to ambient pres-
sure. Through computational methods, this work investigates the coupled degrees
of freedom in iron and Fe-Ni alloys, with a focus on the magnetic properties to un-
derstand observed phenomena. In novel high-pressure synthesized nitrogen- and
carbo-nitrogen-bearing compounds, the focus is on understanding their dynamical
stability and mechanisms that stabilize them at synthesis pressure and during de-
compression. Beyond understanding the stability of these novel compounds, their
electronic and magnetic properties are investigated. Of particular interest is whether
the high-pressure synthesized materials are recoverable to ambient conditions, and
how decompression alters the crystal structure, and electronic and magnetic proper-
ties.

1.1 Thesis Outline

The aim of this thesis is to understand the coupling between crystal structure, mag-
netism, and strong correlations in complex materials at high pressures through com-
putational frameworks. The systems investigated are primarily iron-, nitrogen-, and
carbo-nitrogen-bearing materials. The thesis is structured as follows: Chapter 2 pro-
vides the theoretical background for how materials are modeled or represented in
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1.1. Thesis Outline

theory, the concept of metastability and the thermodynamic framework, electron in-
teractions and magnetism in solids. While this thesis is purely theoretical, as many
of the materials that are investigated were produced in high-pressure experiments,
Chapter 2 provides a brief introduction to high-pressure synthesis in diamond anvil
cells. Chapter 3 provides the foundations of the computational methods used in the
work: density functional theory, lattice dynamics, and machine-learned interatomic
potentials. Chapter 4 summarizes the research contributions. Conclusions and an
outlook are given in closing Chapter 5.
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2

THEORY

This chapter introduces the underlying theory of many concepts treated in this thesis
such as how materials are modeled, metastability and thermodynamical potentials,
electron interactions, magnetism in solids, and an introduction to experimental tech-
nique diamond anvil cells (DACs).

2.1 Theoretical Modeling of Materials

Real materials differ considerably from how they are represented in computational
materials science. Real materials are composed of atoms, either of the same element
or a combination of different elements forming compounds. But these atoms may
be arranged in many unique configurations: liquid or solid, ordered or disordered;
and if ordered, how are the atoms arranged within the material? Even while ordered
(or disordered) there may be defects in the material: missing or extra atoms, mis-
aligned atoms forming dislocations, interfaces between regions within the material,
and more. These features are present in most real materials, where the degree of or-
der and disorder, as well as the presence of defects, strongly influence the properties
of a material.

For materials in computational science, this all needs to be considered. The primary
focus of this thesis is on solid crystalline materials, and understanding their stability,
electronic and magnetic properties. For this task, it is necessary to model materials in
an idealized manner. With the exception of liquid iron in Paper I, all materials in this
thesis are solid materials.

All other materials considered in this thesis are modeled as perfect, ideal crystals and
hence devoid of defects or other imperfections. For this purpose, they are modeled as
systems consisting of atomic nuclei – ions – and electrons. The atoms – the ions and
the associated electrons – in an ordered compound are arranged in a regular pattern
to form a crystal. The set of periodically repeating points defining the translational
symmetry of a crystal is called a lattice. For crystalline solids this is called the Bravais
lattice [1]. This lattice is described in three dimensions by the position vectors:

R = n1a1 + n2a2 + n3a3, (2.1)

5



2. THEORY

where ni are integers and ai are translational vectors spanning the lattice. One of the
simplest examples is the cubic lattice, where the lattice vectors are pointed toward the
Cartesian axes x, y, and z directions and the structure has an atom on each corner of a
cube. Some common crystal structures include, for example, the body centered cubic,
shown in Fig. 2.1a, the face centered cubic, and hexagonal close packed lattices [1].
More complex crystal structures exist, such as system with multiple elements, e.g.,
CeCN5 shown in Fig. 2.1b, or a model of a Fe-Ni substitutionally disordered alloy
shown in Fig. 2.1c.

(a) (b) (c)

Figure 2.1: Unit cells of (a) bcc Fe with 2 atoms in the unit cell, (b) CeCN5 with 28
atoms in the unit cell, and (c) the model of Fe0.5Ni0.5 alloy where 64 atoms represent
the unit cell. The unit cell is outlined with solid black lines.

A periodic structure, such as a crystalline solid, can be expressed as a repeating lat-
tice. This is the unit cell: a repeated lattice which is the elementary building block
of the crystal. The unit cell, when repeated in space, fills the space completely with-
out gaps or overlaps. As such, the translational vectors are used to connect the unit
cells. It should be noted that the unit cell is not unique: there can be multiple ways of
defining the unit cell while the resulting crystal is unchanged. The primitive unit cell
is the smallest unit cell containing only one lattice point and usually has the shape
of a parallelepiped. Sometimes the conventional unit cell is used. It has a usually
larger volume than the primitive cell and may contain additional lattice points. An-
other unit cell is the Wigner-Seitz unit cell. This unit cell is constructed by taking one
lattice point, connecting it to the neighboring lattice points and bisecting these con-
nections. The result is a region which encloses the volume closest to the lattice point
than to any other lattice point. The choice of unit cell is usually a matter of choice and
convenience.

Reciprocal Lattice

The description of a solid above was made in real space, i.e. our conventional three di-
mensions. While more intuitive, the real space description of materials is not always
the best. Another representation of a crystal can be made in so-called reciprocal space.
The reciprocal lattice is a mathematical construction associated with the translational
symmetry of the real-space lattice. It emerges from the Fourier representation of pe-
riodic functions in a crystal. Thus, the real-space lattice describes positions, whereas
the reciprocal lattice describes spatial frequencies.
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The mapping between the unit cell in real space and reciprocal space is:

b1 = 2ε
a2 ˆ a3

a1 ¨ (a2 ˆ a3)
, (2.2)

b2 = 2ε
a3 ˆ a1

a1 ¨ (a2 ˆ a3)
, (2.3)

b3 = 2ε
a1 ˆ a2

a1 ¨ (a2 ˆ a3)
. (2.4)

In real space, a reciprocal lattice vector can be written as a sum of these vectors:

K = m1b1 + m2b2 + m3b3, (2.5)

where mi are integers.

The unit cell of the reciprocal lattice is called the first Brillouin zone. Certain points
in the Brillouin zone are of special interest, e.g. the center of the Brillouin zone, and
have been given special names. By convention, many-high symmetry points within
the Brillouin zone are denoted by Greek letters whereas points on the boundary are
assigned Latin letters. These points are of importance when investigating the dynam-
ical stability or electronic band structure of a material, which are discussed more in
Sec. 3.3.

Special Quasirandom Structure

A substitutionally disordered alloy is significantly different from an ordered crystal
structure such as e.g. bcc Fe or the CeCN5 structure in Fig. 2.1. A disordered alloy
breaks the underlying symmetry by having randomly distributed atoms on the lattice
positions. Unlike the ordered structures, the true random alloy is not periodic due to
this broken symmetry. An atom in a random alloy can have a substantially different
local chemical environment from another atom in the same alloy: the local chemical
environment may be different due to this randomness. For example, in a disordered
fcc AxB1´x alloy, each atom has 12 nearest neighbors. An A atom could have any-
thing between 12 other A atoms surrounding it or on the other end of the spectra
12 B atoms, and any mixture in between. These probability of these environments
scale with the composition. For example in a fcc alloy with x = 0.5 the probability of
having 12 A nearest neighbors is 0.512 « 0.02% This would further only be the first
shell of nearest neighbors, but in principle the second, third, and fourth shell, and so
on, can show varied configurations. The local chemical environments are of impor-
tance as these can affect the properties of a material. In this thesis, the local chemical
environments play a role in the magnetic transition of the FexNi1´x alloy, shown in
Section 4.3 and Paper II.

How can such a complex disordered alloy be modeled? One method is the Special
Quasirandom Structure (SQS) method, introduced by Zunger et al. [2], which is used
in this thesis. A random alloy can be characterized by its correlation functions, which
describe correlations between the occupations of different lattice sites. These are de-
fined by the correlation between certain configurations: pair correlations (between
two atoms), triplet correlations (between three atoms), and higher-order cluster cor-
relations (i.e. four, five, etc atoms). If ϱ(n) denotes the n-site correlation function –
with n=2 for pair correlations, n=3 for triplet correlations, and so on – then for the
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binary AxB1´x alloy the many-body correlation function for a perfectly random con-
figuration is

xϱ(n)y = (x ´ (1 ´ x))n = (2x ´ 1)n. (2.6)

The quantity ϱ(n) is the n-site correlation function. This is written as Πα in the cluster-
expansion formalism, where α labels a particular cluster. The SQS method aims to
find a finite supercell where the cluster correlation functions reproduce those of an
ideal random alloy

xΠαySQS = xΠαyrandom. (2.7)

The goal is to model a finite unit cell which matches the correlation functions of an
ideal random alloy, typically given up to a chosen cluster distance (i.e. the number of
neighbor shells).

The procedure begins with the construction of a supercell of a chosen size, then as-
signing atomic occupations to the relevant lattice positions. This configuration is
optimized to minimize the deviation from the target correlation function(s). A larger
supercell will reproduce the long-range disorder better than a smaller supercell but
with increasing computational cost as the number of atoms increases. Further, hav-
ing a larger SQS size improves the representation of different local environments.
One example configuration is of the Fe0.5Ni0.5 alloy, shown in Fig. 2.1c, where the
SQS supercell is made up of 64 atoms.

Other methods for modeling disorder in alloys include the Coherent Potential Ap-
proximation [3] and the Cluster expansion method which is a more general approach
for multicomponent systems [4]. In the present work only the SQS method has been
employed as it provided a computationally efficient compromise between realism
and tractability.

2.2 Metastable Materials

The thermodynamically most stable phase is that which has the lowest energy, de-
fined by the thermodynamical potential, e.g. Eqs. 2.8-2.10 or the internal energy.
Which potential is used depends on the thermodynamic constraints put on the sys-
tem. This lowest energy phase corresponds to the global minimum in configuration
space. However, the energy landscape is rarely characterized by a single minimum.
The energy landscape typically have multiple valleys, hills, and slopes of varying
gradient. The remaining valleys corresponds to local minima.

A useful conceptual illustration is provided by the following analogy: in a space of
hills and valleys, a ball can get stuck in one of these local valleys, but it is not the
deepest valley in the landscape. This local valley is separated from the deepest valley
by a small hill. If the ball is displaced slightly, it will roll up on this hill but eventually
fall back and remain in the local valley. If sufficient energy is supplied to the ball it
rolls up the hill, crosses the ridge, and will roll down the slope to the lowest valley
where it remains trapped. Returning to the original, higher located, valley would
require overcoming a larger energy barrier. The amount of energy required to cross
the ridge from this valley to the original is much greater than the energy needed to
cross the ridge from the first valley.

In condensed matter physics, the energy landscape is determined by the thermo-
dynamical potential. In principle this means minimizing its energy, but the energy
can be expressed as different thermodynamical potentials depending on the external
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conditions. Common thermodynamical potentials are: internal energy U = U(S, V),
enthalpy H = H(S, p), Helmholtz free energy F = F(T, V), and Gibbs free energy
G = G(p, T) [5]. The variables are volume V, entropy S, pressure p, and temperature
T. The thermodynamical potentials are defined as:

H(S, p) = U + pV, (2.8)

F(T, V) = U ´ TS, (2.9)

G(p, T) = U + pV ´ TS = H ´ TS = F + pV. (2.10)

These thermodynamical potentials determine equilibrium under different thermody-
namical constraints, and which potential is most appropriate depends on the thermo-
dynamic constraints imposed on the system. The enthalpy H is appropriate at fixed
entropy and pressure, F at fixed volume and temperature, and G at fixed pressure
and temperature.

Compared to the ball in the example above, in condensed matter physics it’s a group
of entities – either of a single element or multiple elements – that forms a compound.
Shifting in the configuration space typically means that some aspect of the system
changes, for example the ordering of the atoms (i.e. crystal structure) or the magnetic
configuration (i.e. atoms remain in position in the crystal) or some other property.
The configuration corresponding to the global minimum is called the ground state
and is the energetically most favorable phase of the system, meaning it minimizes the
thermodynamical potential. The phases in local minima are metastable phases.

In the above example with the ball the landscape is physical and approximately static,
but an energy landscape can vary if certain external parameters are changed. One of
these parameters is pressure. Assuming a configuration space with a global mini-
mum A and local minimum B, separated by an energy barrier of a certain height at
pressure Pamb, the stable phase is configuration A. Increasing the pressure to some P’
higher than Pamb results in a new free energy landscape. In this free energy landscape
the lowest energy point is configuration B’, while configuration A’ is now in a local
minimum. The configurations are now separated by a substantially reduced energy
barrier, near negligible in energy. This is illustrated in Fig. 2.2.

One example of a ground state and metastable phase is graphite and diamond.
Graphite is the ground state phase of pure carbon at standard conditions and dif-
fers from diamond in the arrangement of the carbon atoms. Whereas graphite forms
at standard conditions, diamond is thermodynamically stable only at elevated pres-
sures. Naturally occurring diamond was formed in the Earth’s mantle, where the
pressure is higher, and brought to the surface by volcanic eruptions. Although by
thermodynamic considerations graphite is predicted to be more stable at standard
conditions, in the free energy landscape the two compounds are separated by an en-
ergy barrier, making diamond metastable at ambient conditions. However, the rate at
which diamond converts to graphite is on a timescale not relevant to human lifetimes.

The variables U, T, S, and p can be calculated directly or indirectly using computa-
tional methods further described in Section 3.1. For systems maintained at constant
pressure and temperature, equilibrium corresponds to a minimum of the Gibbs free
energy G.

Taking the total differential of U(S, V) together with Eqs. 2.8-2.10, yields:

dU = TdS ´ pdV, (2.11)
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Figure 2.2: Illustration of the concept of metastability. The black and red curves repre-
sent the free energy at ambient and at an elevated pressure, respectively. Both curves
contain two minima: A (A’) and B (B’). The stable phase at each pressure corresponds
to the global minimum of the free energy curve; at ambient pressure the thermody-
namically stable phase is A, whereas at elevated pressure it is B’. Minima B and A’
correspond to metastable phases at their respective pressures. Point C represents a
local maximum and illustrates the free energy barrier separating phases A and B. The
quantity ∆G denotes the activation free energy associated with the transformation. If
the barrier is sufficiently large, the metastable phase can become kinetically trapped
and persist despite not being the thermodynamically stable state.

dH = TdS + Vdp, (2.12)

dF = ´SdT ´ pdV, (2.13)

dG = ´SdT + Vdp. (2.14)

From the relations it is possible to derive several useful relations. One such example
is the pressure p, which can be derived from the Helmholtz free energy F. Rewriting
Eq. 2.13:

dF =

( BF
BT

)

V
dT +

( BF
BV

)

T
dV, (2.15)

where the subscripts V and T indicate that the independent variables other than V
and T are held constant. Comparing Eqs. 2.15 and 2.13, it is clear that:

S = ´
( BF

BT

)

V
, (2.16)

p = ´
( BF

BV

)

T
. (2.17)

Thus, the pressure can be obtained from the Helmholtz free energy by constructing a
smooth interpolation of F(V, T) and evaluating its derivative with respect to volume.
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2.3. Electron Interactions

2.3 Electron Interactions

To understand a material’s properties it is not enough to model the nuclei positions.
Electrons act as the "glue" in a material: these are involved in the chemical bonding
that holds condensed matter together. Electrons (and electron excitations) determine
a wide range of properties such as electrical, magnetic, optical, and thermal proper-
ties. These two subsystems – nuclei and electrons – can typically be treated separately,
see Section 3.1. The arrangement and behavior of the electronic subsystem is what is
known as the electronic structure of a material, and a central goal of condensed matter
physics is to understand the electronic structure of materials.

Understanding the electron subsystem is a many-body problem in nature, but can
and will be treated by single particle equations in a mean field approach as described
in the Computational Methods section. The electron subsystem can be described by
its kinetic energy, the interaction with the nuclei, and the interactions between elec-
trons. Electrons carry a negative charge which causes them to repel each other pair-
wise by the Coulomb interaction in atomic units:

1
|r1 ´ r2|

, (2.18)

where the dependence is only on the electron position coordinates r1 and r2. In a
large system, all electrons are affected by each other, and the motion of the electrons
is therefore correlated.

Another type of interaction is described by the Pauli exclusion principle: two or more
identical particles with half-integer spin cannot occupy the same quantum state. Elec-
trons are fermions, i.e. particles with half-integer spin, and obey this principle. For
example, if two electrons are in the same orbital, they must differ by their spin quan-
tum number. As a consequence, the many-electron wavefunction describing the sys-
tem must be antisymmetric under the exchange of two electrons. This interaction of
the movement of electrons is called exchange. These effects, exchange and correla-
tion, create a region around an electron located at r1 from which other electrons are
partially excluded, a region called the exchange-correlation hole [6].

The principal difficulty in solving the many-electron problem arises from the expo-
nential growth of the many-body Hilbert space with system size. A wavefunction
describing N interacting electrons, depends on the coordinates of all electrons simul-
taneously. To exactly represent this system of electrons using Slater determinants
requires a number of configurations that increase exponentially with N [7]. Conse-
quently, the computational cost rapidly becomes prohibitive even for relatively mod-
est systems with a low number of electrons per atom.

A common treatment for solids – as is the main method in this thesis described in
more detail in Section 3.1 – is to approximate the electrons with an auxiliary system
of non-interacting particles that move in an effective background of other electrons,
and use the electron density of this system. This approach has been successful in de-
scribing a wide variety of materials. However, in some systems this method is insuffi-
cient in capturing physics related to strong correlations systems. These are systems for
which the non-interacting approximations fails due to electronic correlations. These
systems typically include materials with partially filled d- or f -electron shells and nar-
row energy bands, such as in transition metal oxides, transition metal chalcogenides,
and lanthanides [8].
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Localized and Delocalized Electrons

To understand the diverse properties this group of materials exhibit, it is necessary
to describe the conceptually different states of the electrons: itinerant or localized [9].
Itinerant electrons are delocalized across the crystal lattice and are not associated with
any particular atomic site. These electrons are well described in an independent par-
ticle picture. Localized electrons, on the other hand, are typically confined to specific
atoms and spend a longer time close to a specific atom, hence termed localized. These
electrons are more sensitive to the correlations between the motions of other electrons
and an independent particle picture is often not sufficient as correlations between
the electrons become important. Electron localization (or delocalization) is a com-
petition between the tendency of electrons to minimize their kinetic energy through
delocalization and the Coulomb repulsion which favors spatial separation between
electrons.

The localized electrons are spatially confined around specific atomic sites and have
a high probability of occupying a limited region of space. This type of localization
can be observed in partially filled d- and f -orbitals which commonly occur in the
transition-metal and lanthanide elements and compounds, and in fully occupied core
shells. The wavefunctions of these orbitals can be relatively compact and overlap
only weakly with neighboring atoms. The interaction between two electrons occu-
pying the same localized orbital is characterized by the on-site Coulomb interaction
energy, often represented by the Hubbard parameter U, which quantifies the energy
cost of double occupation of a localized state. In a localized-orbital picture, the on-site
Coulomb interaction can be approximated as

U =
! |φ(r)|2|φ(r1)|2

|r ´ r1| drdr1, (2.19)

where φ(r) is the localized orbital wavefunction. A large U value indicates that oc-
cupying the same orbital with two electrons is energetically unfavorable, and hence
electrons avoid each other giving rise to strong electronic correlation effects.

Delocalized electrons, in contrast, extend over many atomic sites and their wavefunc-
tions are distributed across the crystal. Their electronic states overlap strongly with
those of neighboring atoms, allowing electrons to move throughout the lattice. The
tendency toward electron delocalization is characterized by the bandwidth W, which
reflects the degree of orbital overlap of the atomic orbitals.

The degree of electron localization is governed by the competition between the on-
site Coulomb interaction U and the bandwidth W. When U ! W, the kinetic energy
dominates and electrons are itinerant. As U/W increases, electronic correlation ef-
fects become increasingly important [8]. When U " W, the Coulomb repulsion dom-
inates, making double occupation of the same atomic site energetically unfavorable
and promoting electron localization. In this regime, the material may exhibit strong
electronic correlation effects such as Mott insulating behavior [8].

2.4 Magnetism in Solids

Magnetism, at its core, is a quantum mechanical concept. Experiments made by Ger-
lach and Stern in 1922 demonstrated the quantization of angular momentum pro-
jections in an external magnetic field [10]. It was later explained by Uhlenbeck and
Goudsmith [11] that the electron carries an intrinsic angular momentum, separate
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from its orbital momentum associated with the electron’s orbital motion around the
nucleus. Dirac’s relativistic theory of the electron subsequently showed that intrinsic
angular momentum emerges naturally from the Dirac equation [12, 13]. This angular
momentum is called the spin of the electron. Both spin and orbital angular momen-
tum are associated with magnetic moment, and the combined contributions result in
the total magnetic moment of an atom. The spin angular momentum operator is:

M̂S = ´ gs|e|
2me

Ŝ, (2.20)

where the constant gs is the spin gyromagnetic ratio of the electron, where measure-
ments have shown gs « 2.00. The orbital magnetic momentum operator is

M̂L = ´ |e|
2me

L̂. (2.21)

A useful unit when dealing with magnetic moments is the Bohr magneton, defined
as

µB =
|e|h̄
2me

, (2.22)

where h̄ is the reduced Planck constant.

Hund’s rules are a set of rules to describe how electrons occupy atomic orbitals to find
the lowest energy electronic configuration in isolated atoms [14]. The electrons are
subject to electron-electron interaction and the Pauli exclusion principle, and Hund’s
rules are widely used to determine the ground-state electronic configuration of iso-
lated atoms. The first rule states that the term with maximum multiplicity has the
lowest energy. The multiplicity is 2S+ 1 where S is the total spin angular momentum.
Hund’s first rule is a consequence of exchange interactions and the antisymmetry re-
quirement of the electronic wavefunction. The Pauli exclusion principle restricts a
spatial orbital to at most contain two electrons with opposite spin. The consequence
of this rule is that electrons fill the orbitals with single parallel spins before double
occupation occurs. The second rule states that, for a given multiplicity, the largest to-
tal orbital angular momentum quantum number, L, has the lowest energy. The third
rule states that for atoms with less than half-filled shells, the level with the lowest
value of the total angular momentum quantum number, J, is energetically favored.
For atoms with more than half-filled shells, it is the highest value of J that is energet-
ically favored. The consequence of the tendency to maximize the total spin angular
momentum, Hund’s rules often result in formation of atomic magnetic moments.

In a solid, the atom is no longer isolated, and the total magnetization of a material
becomes a collective phenomena. In the solid, the electrons of an atom are subjected
not only to the nucleus and electrons within the same atom, but also the influence
of neighboring atoms. The arrangement of the magnetic moments is determined by
the crystal structure, the elements involved, and external fields, among others. The
ground state of a magnetic material depends on the electronic structure.

A common magnetic ordering is the ferromagnetic case. In this case all the atomic
magnetic moments align in the same direction, which creates a net magnetization of
the material, with common examples being Fe and Ni. Another common ordering is
the anti-ferromagnetic case, in which neighboring magnetic moments align antipar-
allel. This results in a zero net magnetization although individual atoms possess a
non-zero magnetic moment. On a simple lattice, it is possible to consider multiple
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(a) (b) (c)

Figure 2.3: Illustration of a few common magnetic orderings: (a) ferromagnetism, (b)
one example of an antiferromagnetic order, and (c) paramagnetism.

ways of ordering ’half’ up and ’half’ down configurations. More complex magnetic
structures are possible, including noncollinear spin arrangements, spin-spirals, and
spin-glasses [14].

As a magnetic material heats up, it will eventually reach the so-called Curie (or Néel)
temperature, at which point the material loses its net magnetization [14]. Magnet-
ically ordered materials undergo such a transition at a characteristic temperature.
The local magnetic moments may remain finite while becoming orientationally disor-
dered. This is known as the paramagnetic state. A comparison of common magnetic
orderings are shown in Fig. 2.3.

Local Moments and Itinerant Magnetism

Solid state magnetism has historically been modeled within two limits: the itiner-
ant band electron magnetism model and localized magnetic moments model. These
two limits were developed separately to describe magnetism in the solid state, and
modern electronic structure theory has shown that most magnetic materials lie some-
where between these two limits [9].

The localized magnetic moment model, introduced by Heisenberg [15], assumes that
electrons are localized and produce local spin moments associated with atomic sites,
interacting through exchange interactions. These inter-atomic exchange interactions
are what determine the magnetic order. This model further assumes that the atoms
possess magnetic moments regardless of temperature. As the temperature increases
the thermal excitations primarily affect the orientations rather than the magnitudes
of the moments, which remain approximately constant in size. Above the critical
temperature, the long range order is lost and the magnetic moments are disordered,
undergoing a phase transition from the magnetically ordered state to the the param-
agnetic regime.

The itinerant band model describes magnetism (see e.g. Ref. [16]) as arising from
the collective behavior of delocalized electrons occupying electronic bands. A com-
petition between the exchange interactions between electrons and the kinetic energy
of the itinerant electrons may cause an imbalance in the populated spin up and spin
down channels and thus stabilize a net magnetization, e.g., ferromagnetism. Thus, in
the itinerant band model, the magnetic moments are not assumed to exist a priori, but
emerge from the electronic band structure through exchange splitting of the electronic
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Figure 2.4: Illustration of magnetism in the itinerant band theory. The blue and red
curves indicate spin-down and spin-up channels, respectively. The left panel shows
a ferromagnetic state, where the spin-up and spin-down channels are unequally pop-
ulated, resulting in a net magnetic moment. The right panel shows a nonmagnetic
state, which in the Stoner model corresponds to a paramagnetic state with equal spin-
down and spin-up populations.

bands, in the cases where this lowers the total energy (see Fig. 2.4). With temperature,
the thermal excitation can cause the exchange splitting to decrease such that the elec-
trons are redistributed from the spin up to the spin down channel, upon the critical
temperature this leads to a nonmagnetic material. An alternate phrasing of this is that
due to longitudinal spin fluctuations (LSF) the magnetic moments disappear because
their magnitudes decrease as temperature increases. It should be noted that the itin-
erant band magnetism and itinerant electrons are not referring to the same physical
phenomena. Itinerant electrons describe an electronic property where the electrons
contribute to electrical conduction. These electrons can participate in collective mag-
netism, but do not necessarily produce magnetic ordering. Itinerant band magnetism
is a magnetic mechanism due to exchange interactions causing the electronic bands
to split, and if the energy gained from this lowers the total energy a magnetic order-
ing can form. The typical criteria for producing a magnetic ordered state in itinerant
band magnetism is the Stoner criterion [14]

IN(EF) ! 1, (2.23)

where I is the exchange interaction strength, and N(EF) is the density of states at
the Fermi level. Satisfaction of the Stoner criteria indicates an instability of the non-
magnetic state toward spontaneous spin polarization, and the material becomes fer-
romagnetic.

While some materials are well described within either of these limiting pictures,
many materials lie somewhere between the two. For example the transition met-
als Fe, Co, and Ni are all metallic with conducting, itinerant electrons. However,
their magnetic properties can to varying degrees be understood in terms of both lo-
calized and itinerant electron behavior. The magnetic moments primarily arise from
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the d-electrons which are more localized than the s- and p-electrons, but sufficiently
delocalized to participate in bonding and electrical conduction.

It is important to note the limitations of these two models. The itinerant band model,
or Stoner model is primarily applicable to metallic systems, but fails to accurately
predict the behavior at finite temperatures, for example by overestimating Curie tem-
peratures by a factor of five [17]. The localized model, or Heisenberg model, on the
other hand should be applied to systems with well localized moments. However,
this model is unable to explain the magnitude change of the moments with increas-
ing temperature.

As many magnetic materials fall somewhere between the itinerant and localized pic-
ture, a theory that interpolates between the two was developed by Moriya [18]. In
this spin fluctuation theory (SFT) both longitudinal and transverse spin fluctuations
are accounted for and thus acts as an intermediate between the itinerant and localized
magnetism picture. A schematic illustration of the three descriptions of magnetism is
presented in Fig. 2.5.
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Figure 2.5: Schematic illustration of magnetism in different models – Stoner, SFT, and
Heisenberg model – and their temperature behavior in a ferromagnetic material. At
0 K, all models show a ferromagnetic ground state. As the temperature increases, in
the Stoner picture the magnetic moments retain the orientation of the spins but their
magnitude decreases until the critical temperature is reached at which point the mag-
netic moments disappear. In the Heisenberg picture, with increasing temperature the
magnetic moments deviate from the ferromagnetic alignment but retain the size of
the magnetic moment, and at the critical temperature the directions of the moments
are fully random. In the SFT picture, with increasing temperature the magnetic mo-
ments deviate from the ferromagnetic alignment and the magnitudes decreases. At
the critical temperature the moments are fully disordered with regard to directions
and moment magnitudes vary.

Generalized Heisenberg Hamiltonian and LSF

The Heisenberg model is an effective model for treating spins and their pairwise in-
teraction, where the change of moment magnitudes are considered as irrelevant for
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the energetics of the total system. The semiclassical Heisenberg Hamiltonian in the
absence of an external magnetic field is

H = ´
ÿ

i‰j
Jijei ¨ ej, (2.24)

where Jij are the so-called exchange interactions, ei the direction of the magnetic mo-
ment i, where ei = mi/mi. The exchange interactions determine if the spins prefer
parallel or antiparallel alignment between the spins, where Jij ! 0 indicates parallel
alignment is favored and Jij " 0 favors antiparallel alignment. In a 2-electron model
the exchange interactions are given by the energy difference between the triplet and
singlet states. In solids the situation is considerably more complex, but there are
methods to calculate these within the density functional theory framework [19–21].

A semiclassical framework to describe LSFs can be constructed by extending the
Heisenberg Hamiltonian. The first step is to lift the exchange interaction to be in-
dependent of the magnetic moment sizes

H = ´
ÿ

i‰j
J̃ijmi ¨ mj, (2.25)

where Jij = |mi||mj| J̃ij such that Jij depends on the moment sizes while J̃ij does not.
In a realistic system the restriction of fixed moment size may not hold, as the magnetic
moments can depend on the local chemical environment. Apart from the local chem-
ical environment, in a real system the exchange interaction may be sensitive to the lo-
cal magnetic environment, e.g. whether it’s in a ferromagnetic or paramagnetic state.
For a system in a ferromagnetic ground state at 0 K, the exchange interactions may
be more accurately described by this environment, but when the material reaches the
critical temperature it may fail. At this temperature the state is likely closer to a para-
magnetic state rather than a ferromagnetic state, and thus the exchange interactions
calculated for the ground state may yield less accurate results, see e.g. Ref. [20] for bcc
Fe and calculations of the Curie temperature. Lastly, the Heisenberg model assumes a
static lattice, which is unphysical at finite temperatures where the atoms vibrate, and
the exchange interactions depend on the exact positions in the local environment.

LSFs can be incorporated in the Heisenberg Hamiltonian through an additional on-
site term which depends on the environment in a mean-field manner [22–24]

HLSF = ´
ÿ

i‰j
J̃ijmi ¨ mj +

ÿ

i
E(mi), (2.26)

where E(mi) depends on the size of the moment mi, and requires a semiclassical term
related to LSFs. This term can be expanded with a Ginzburg-Landau-like approach,
in even powers of the moment size [24]

E(mi) =
8ÿ

n=0
a2nm2n

i . (2.27)

The shape of the LSF energy landscape for different magnetic systems can be sum-
marized as follows: for a well-localized magnetic system the energy landscape has a
minimum at some finite mi, for an itinerant and non-magnetic system the minimum
will be at zero magnetic moment. For the non-magnetic system the landscape will
sharply increase for any moment size, while the itinerant system has a less sharp
increase for finite magnetic moments.
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Disordered Local Moment

It has been discussed that as a magnetic material heats up beyond the Curie or Néel
temperature, it enters the magnetically disordered paramagnetic regime, but how
does one model the paramagnetic regime? In the disordered local moments (DLM)
model, the magnetic moments are modeled as non-zero local magnetic moments with
directions distributed in a way that there is no net magnetic order and vanishing
configurationally averaged spin-spin correlations. The spin-spin correlation function
for an ideal DLM configuration is defined as

xΦαy =
1
N

ÿ

i

ÿ

jPα
j‰i

ei ¨ ej = 0, @α, (2.28)

where N is the number of magnetic pairs, i and j denote lattice sites where j corre-
sponds to a site within the coordination shell α of the ith lattice site, and ei and ej are
the unit vectors in the direction of the magnetic moments at the corresponding lattice
sites [25].

The DLM model is based on the work of Hubbard [26–28] and Hasegawa [29, 30],
which has been implemented in the coherent potential approximation (CPA) frame-
work [17], and later in supercell approaches [25]. In the CPA framework the disor-
dered magnetic structure is modeled with a collinear disordered structure, similarly
to a disordered binary alloy in the original CPA framework: the magnetic states are
populated with equal numbers of spin-up and spin-down magnetic moments. In the
supercell approach, local magnetic moments are distributed in a supercell, where the
moments are either collinear or noncollinear. To distribute the magnetic moments
the SQS method [2] or the magnetic sampling method (MSM) [25] can be used. The
distribution of magnetic moments with the SQS method is analogous to how atoms
in a disordered alloy are distributed, such that Eq. 2.28 is fulfilled. In MSM, magnetic
moments in a single magnetic configuration are randomly distributed but does not
necessarily satisfy Eq. 2.28. Instead, to describe the property of a disordered magnetic
state, the property is obtained by averaging over multiple magnetic configurations
[25].

2.5 High-Pressure Synthesis with Diamond Anvil Cells

While this thesis is concerned with theoretical investigations in materials science, a
brief introduction to the experimental technique of using diamond anvil cells is war-
ranted. DACs were used to synthesize the materials investigated in Papers III and
VI, and were also employed in the first experimental investigation of the pressure-
induced Invar effect [31], which is the phenomenon studied in Paper II. Today, DACs
are among one of the most widely used and versatile techniques to generate static
high-pressure environments, enabling the investigation of materials under condi-
tions inaccessible under ambient pressure. Extreme pressure conditions, up to mil-
lion times atmospheric pressure, allow the exploration of structural phase transitions,
novel electronic and magnetic states, and the synthesis of metastable materials in
DACs.

The brief introduction presented here summarizes the key principles of DAC opera-
tion, primarily following the discussion presented in Ref. [32]. For modern reviews
of DAC development and high-pressure generation see e.g. Refs. [33–35].
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2.5. High-Pressure Synthesis with Diamond Anvil Cells

The fundamental principle behind pressure generation in a DAC is given by:

p =
F
A

, (2.29)

where p is the applied pressure, F is the force exerted by the loading mechanism, and
A is the effective area over which the force acts. The SI unit for pressure is Pascal (Pa),
although pressures in high-pressure experiments are often expressed in gigapascals
(GPa), where 1 GPa = 109 Pa. The pressures considered in this thesis are primarily in
the GPa regime, corresponding to pressures several orders of magnitude greater than
atmospheric pressure, where 1 atm « 10´4 GPa.

Although several DAC designs exist, they generally consist of four essential compo-
nents: a force-generating mechanism, two opposing diamond anvils, gasket, and pressure-
transmitting medium:

The force generating mechanism provides the load required to compress the sam-
ple. Depending on the DAC design, this can be achieved using mechanical systems
such as screws and levers, hydraulic or pneumatic actuators, or motorized loading
systems. The applied force is transferred through the anvils and concentrated onto
the sample chamber, allowing for extremely high pressures to be generated despite
comparatively modest applied forces.

The two opposing diamond anvils are the defining components of a DAC. Diamond
is selected due to its exceptional hardness, low compressibility, and high thermal and
chemical stability. The anvils must be manufactured with high precision and minimal
defects, as imperfections can introduce stress concentrations that may lead to failure
under extreme loading conditions. The small culet size of the diamonds enables ex-
tremely high pressures to be achieved but also limits the volume and surface area
of the sample, typically to dimensions on the micrometer-to-millimeter scale. The
small surface area of the cutlet translates reasonable large forces into extremely large
pressures.

The gasket serves to contain the sample and pressure-transmitting medium between
the two anvils. During compression, the gasket deforms plastically and forms a pres-
sure chamber around the sample, preventing material from escaping. The gasket also
requires careful selection: it must be sufficiently strong to withstand large stresses,
but sufficiently soft relative to diamonds to avoid damaging the anvils. As the gas-
ket is in contact with the sample, the material must be rather inert to avoid chemical
interaction with the sample. Often, rhenium is used as the gasket material.

The pressure-transmitting medium, often gases like He and Xe, transfers the applied
load from the anvils to the sample. Ideally, this produces a hydrostatic pressure state,
where the stress is isotropic. Hydrostatic pressure is desired to minimize the shear
stress in the sample, although not in all cases. The choice of pressure-transmitting
medium may depend on the goal of the experiment, as different media provide dif-
ferent hydrostatic pressure ranges and chemical compatibility with the sample mate-
rial. At very high pressures even these gases, He and Xe, solidifies. In the materials
considered in this thesis, nitrogen is used as both reactant and pressure-transmitting
medium.

Diamond anvil cells now not only compress materials to extreme pressures, but also
for material synthesis often involving laser heating of the sample [36]. A schematic
illustration of a DAC is shown in Fig. 2.6.
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Figure 2.6: Schematic image of a diamond anvil cell setup.
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COMPUTATIONAL METHODS

This chapter outlines the foundations of the computational methods used in this the-
sis. First it introduces the many-body wavefunction and the motivations for den-
sity functional theory. This method along with some practicalities of performing the
calculations are described in further detail. Later the concept of lattice dynamics is
introduced, mainly the harmonic approximation for phonon calculations. Lastly, it
describes machine-learning interatomic potentials, primarily the moment tensor po-
tential framework.

3.1 Electronic Structure of Solids and Density Functional Theory

The Many-Electron Problem and Motivation for Density Functional
Theory

In quantum mechanics, the state of a system consisting of many particles can be fully
described by the many-body wavefunction Φ. The wavefunction of a system con-
sisting of nuclei and electrons can be obtained from the time-dependent Schrödinger
equation:

ih̄
B
Bt

Φ(tRI , riu, t) = ĤΦ(tRI , riu, t), (3.1)

where Φ is the many-body wavefunction at time t for the entire system, consisting of
nuclei and electrons at positions RI and ri, respectively, and Ĥ is the Hamiltonian for
the system. Schrödinger’s formulation is applicable for non-relativistic quantum sys-
tems, and it is assumed that the spin coordinate is included in ri. Dirac later reformu-
lated the problem in a fully relativistic limit, with the consequence that the electron
spin appears naturally, compared to Schrödinger’s formulation where it is added ad
hoc [16, 37, 38]. Schrödinger’s formulation is here used for simplified notation.

Ĥ describes all interactions in the system and is – in Hartree units1) – as follows:

1In Hartree (or atomic) units the following conventions are used: me = e = h̄ = 1 a.u., where me is the
electron rest mass, e is the elemental charge, and h̄ is the reduced Planck constant.
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Ĥ = ´ 1
2

nÿ

i=1
→2

i ´ 1
2

Nÿ

I=1

1
MI

→2
I ´

ÿ

i,I

ZI
|ri ´ RI |

+
1
2

ÿ

i‰j

1∣∣∣ri ´ rj

∣∣∣
+

1
2

ÿ

I‰J

ZI ZJ∣∣RI ´ RJ
∣∣ ,

(3.2)

where ZI and MI are the charge and mass of nuclei I, respectively, and n and N
are the number of electrons and nuclei in the system, respectively. The terms in Eq.
3.2 are, respectively, the kinetic energy of the electrons, kinetic energy of the nuclei,
electron-nucleus attraction, electron-electron repulsion, and nucleus-nucleus repul-
sion. Written in more compact form, Eq. 3.2 becomes:

Ĥ = T̂e + T̂N + V̂ee + V̂NN + V̂Ne. (3.3)

As famously formulated by Dirac [39], while the Schrödinger equation in theory gives
us all information there is about a system, the difficulty is that applying it to any real
system leads to equations too complex to be solved. The wavefunction contains a
large number of variables and all interactions between them, and thus further sim-
plification is needed. The first step is to separate the wavefunction into a spatial and
time-dependent part. This is possible if the system does not explicitly depend on
time. This assumption lets us rewrite Φ as Φ(tRI , riu, t) = Ψ(tRI , riu)exp(´iEt/h̄).
Thus the time-independent Schrödinger equation becomes

ĤΨ(tRI , riu) = EΨ(tRI , riu), (3.4)

where E is the total energy of the system. Still this equation can only be solved an-
alytically for a very limited set of systems, and cannot be solved for any real solid.
Further approximations are necessary for real solids.

The first approximation comes from considering the mass of the nuclei and electrons:
the mass of the electron is significantly smaller than the mass of the nuclei. This
means, for a typical material, that the nuclei and electrons will move at different time
scales, and they can be decoupled from each other in the Schrödinger equation. This
is the so-called Born-Oppenheimer approximation [40]. The full system wavefunc-
tion, here written as Ψe+N , in Eq. 3.4 is adiabatically expanded:

Ψe+N(tr, Ru) =
ÿ

i
Θi(tRu)Ψi(tru : tRu), (3.5)

where Θi(tRu) describes the wavefunction representing the nuclei and Ψi(tru : tRu)
describes the wavefunction of the electrons with fixed nuclei coordinates tRu. The
electronic wavefunction Ψi depends explicitly on the electronic coordinates and para-
metrically on the nuclear coordinate, which are treated as fixed while solving the elec-
tronic problem. With this approximation, the Schrödinger equation can be written in
two parts

ĤeΨi(tru : tRu) = [T̂e + V̂ee + V̂Ne]Ψi(tru : tRu)
= εi(tRu)Ψi(tru : tRu), (3.6)
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and
ĤNΘi(tRu) = [T̂N + V̂NN + εi(tRu)]Θi(tRu) = EΘi(tRu), (3.7)

for the electrons and nuclei, respectively. Despite these approximations and separa-
tion into two subsystems, the complexity of solving the electronic structure is still too
high due to the large number of electrons in a real system, which makes the wave-
function a highly complex entity. Further approximations are needed. The electronic
structure problem (Eq. 3.6) can be solved using Density Functional Theory (DFT)
which is central to the work in this thesis, and will be described in the coming sec-
tions.

Hohenberg–Kohn Theorems and Kohn–Sham Formalism

It was Hohenberg and Kohn who, in 1964, formalized what would become the mod-
ern foundation for density functional theory [41]. They proposed two theorems,
showing that the electronic density of a system may be used as a basic variable to
determine all ground-state properties. The typical formalism in DFT uses slightly
different notation from what was used in the previous section. The Hamiltonian in
Eq. 3.6 usually has the form

Ĥe = T̂e + V̂ee + V̂Ne = T̂ + V̂int + V̂ext, (3.8)

which will be used from now.

Hohenberg and Kohn formulated a density functional theory for a many-body, inter-
acting system. Thus their formulation is valid for any system of interacting particles
in an external potential Vext, where the Hamiltonian is

Ĥ = T̂ + Vint + Vext, (3.9)

and the central property, the electronic density is determined from the electronic
wavefunction:

n(r) = N
ÿ

σ1,...,σN

"
dr2 ¨ ¨ ¨ drN |Ψe(rσ1, r2σ2, . . . , rNσN)|2 . (3.10)

The two theorems are as following [6]:

1. For any system of interacting particles in an external potential Vext(r), the po-
tential Vext(r) is determined uniquely, except for a constant, by the ground-state
particle density n0(r).

2. A universal functional for the energy E[n] in terms of the density n(r) can be de-
fined, valid for any external potential Vext. For any particular Vext(r), the exact
ground-state energy of the system is the global minimum value of this func-
tional, and the density n(r) that minimizes the functional is the exact ground-
state density n0(r).

The energy functional of the density can be written as:

E[n] = T[n] + Eint[n] +
"

drVext(r)n(r), (3.11)
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where T is the kinetic energy of the electrons, Eint is the electron-electron interaction,
and the integral is the interaction of the electrons with the external potential Vext due
to the nuclei. While this formulation is exact, the universal functional E[n] in Eq. 3.11
is not known in general. However, minimizing E[n] would mean finding the ground
state electron density, n0(r).

Kohn and Sham (KS) [42] introduced a practical reformulation of DFT to address this
issue. Instead of considering a system of interacting electrons, they replace it with an
auxiliary system of non-interacting electrons which can be solved more easily. Their
ansatz is that there exists a system of non-interacting electrons which ground state
density is identical to the interacting system of electrons. This leads to independent
particle equations which can be solved numerically in a self-consistent manner. All
many-body interacting terms are incorporated into the so-called exchange correlation
functional of the density.

The many-body wavefunction is re-written in terms of independent single-particle
wavefunctions ψi – the Kohn-Sham orbitals – and a system of coupled equations
needs to be solved [6]:

ĤKSψi(r) =
(

´ 1
2
→2 + Veff(r)

)
ψi(r) = εiψi(r), (3.12)

which is the Schrödinger-like Kohn-Sham equation in Hartree units, where Veff is the
effective potential experienced by the electrons, and εi are the Kohn-Sham eigenval-
ues. The effective potential Veff is

Veff(r) = Vext(r) + VH(r) + Vxc(r), (3.13)

where VH is the Hartree potential (i.e. the classical potential energy per electron for
the electron-electron interaction) and Vxc is the so-called exchange-correlation poten-
tial. The KS particle density n(r) for this system of non-interacting particles is ob-
tained from:

n(r) =
ÿ

i
fi|ψi(r)|2, (3.14)

where fi are orbital occupation numbers. The Kohn-Sham total energy functional is
then written as

EKS[n] = Ts[n] + EH[n] + Exc[n] +
"

n(r)Vext(r)dr, (3.15)

where Ts is the kinetic energy functional of the non-interacting particles:

Ts[n] = ´ 1
2

Nÿ

i=1
xψi|→2

i |ψiy , (3.16)

and the Hartree energy functional is:

EH[n] =
1
2

"
n(r)n(r1)
|r ´ r1| drdr1. (3.17)

In principle, the Kohn-Sham equations are exact, however the term Exc[n] has no
known analytical form. Approximations are therefore required, which is the focus of
the next section.
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Exchange–Correlation Approximations

One common approximation, which was introduced by Kohn and Sham, is the so-
called Local Density Approximation (LDA) [42]. In LDA the exchange-correlation
per electron, εxc, at a given position r, is approximated as a homogeneous electron
gas εhom

xc . The exchange-correlation energy is expressed as:

ELDA
xc [n] =

"
dr n(r) εhom

xc (n(r))

=
"

dr n(r)
[
εhom

x (n(r)) + εhom
c (n(r))

]
.

(3.18)

As the name suggests, the LDA is a local functional. It assumes – correct in the case
of the homogeneous electron gas – that the effects of exchange and correlation are
local in character. The exchange contribution can be calculated analytically, while the
correlation has to be calculated with higher-level theory methods, such as quantum
Monte Carlo simulations [43].

It should be questioned why LDA works as well as it does for solids, considering how
far from the homogeneous electron gas a real system is. A reason why it works well
is because it is based on an actual electronic Hamiltonian and satisfies certain exact
constraints regarding the properties of the exchange and correlation hole. Further,
the exchange-correlation energy is not reliant on the shape of this hole since only the
spherical average enters into the equations [6]. It should be noted that the LDA fails
to describe long-range dispersion interactions or highly correlated systems, at which
point other approximations need to be made, which will be discussed later.

The first step to improve on the LDA functional is to include the gradient of the par-
ticle density, known as Generalized Gradient Approximations (GGAs). In these ap-
proximations the exchange-correlation energy per particle is a function of both the
density, n(r) and its gradient →n(r), making it a semi-local functional:

EGGA
xc [n] =

"
n(r) f [(n(r),→n(r))]dr, (3.19)

where the functional f can be constructed in different ways. The most widely used
parametrization is the Perdew, Burke, and Ernzerhof (PBE) functional2 [44], but oth-
ers include Perdew-Wang91 (PW91) [45] and Becke (B88) [46]. The majority of the
work in this thesis has used LDA or GGA (with additional Hubbard corrections, as
discussed below).

Both LDA and PBE are widely used functionals to date, each with their own draw-
backs. LDA has a tendency to overbind atoms leading to an underestimation of bond
lengths and overall volume. The GGA formulations, such as PBE, generally performs
better compared to LDA, but may instead underbind leading to slightly longer bond
lengths (and overall volume) [6]. For materials under extreme pressure, LDA and
PBE may yield equation of state curves that are systematically shifted relative to each
other, which can lead to differences in predicted equilibrium volumes and transition
pressures. Still, both LDA and PBE generally gives results within a few percent of
experimental data [6].

2As of April 2025, this paper is one of the top 10 cited papers of all time, across all disciplines. See e.g.
Nature article https://www.nature.com/articles/d41586-025-01124-w
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3. COMPUTATIONAL METHODS

Another set of approximations are the so-called hybrid functionals, introduced by
Becke [47]. These functionals mix parts of the exact exchange from Hartree-Fock the-
ory with a GGA (or LDA) functional

EHybrid
x = αEHF

x + (1 ´ α)EDFT
x . (3.20)

In particular the Heyd, Scuseria, and Ernzerhof (HSE) [48] hybrid functional is widely
used. They divided the functional into a short-range (SR) and long-range (LR) part:

EHSE
xc = αEHF,SR

x + (1 ´ α)EPBE,SR
x + EPBE,LR

x + EPBE
c , (3.21)

with standard parameters α = 0.25.

Spin-Polarized Density Functional Theory

So far spin and magnetism in the context of DFT have not been mentioned. The spin-
independent formulation of DFT is sufficient for non-magnetic materials, but must
be generalized to describe magnetic materials. The formalism needs to be extended
to include spin. In spin density functional theory the density is given explicit spin
dependence. For collinear spin, i.e. spin is limited to the z-direction, the density is

nσ(r) =
ÿ

i
fiσ|ψiσ(r)|2, (3.22)

where fiσ are orbital occupation numbers, and runs over the KS-orbitals of spin σ
where σ P tÒ, Óu. For collinear spins the total density is

n(r) = nÒ(r) + nÓ(r), (3.23)

and the collinear magnetization density is

m(r) = nÒ(r) ´ nÓ(r). (3.24)

The total energy functional of Eq. 3.15 becomes

E[nÒ, nÓ] = Ts[nÒ, nÓ] + EH[n] + Exc[nÒ, nÓ] +
"

n(r)Vext(r)dr. (3.25)

In the collinear case, the Kohn-Sham equations can be written separately for the two
spin channels: [

´ 1
2
→2 + Vσ

eff(r)
]

ψiσ(r) = εiσψiσ(r), (3.26)

and the effective potential is

Vσ
eff(r) = Vext(r) + VH(r) + Vσ

xc(r). (3.27)

Finally, the local magnetic moment belonging to a lattice site can be found by integra-
tion of the density:

mi = µB

"

Ωi

[
nÒ(r) ´ nÓ(r)

]
dr, (3.28)

where mi is the magnitude of the magnetic local moment.
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For noncollinear spin density functional theory, the density is replaced by a 2 ˆ 2
density matrix [16, 49]:

nαβ(r) =
ÿ

i
fiψ

α
i (r)(ψ

β
i (r))

˚, (3.29)

where α, β P tÒ, Óu. The magnetization density vector m(r) is related to this as

nαβ(r) =
1
2

[
n(r)δαβ + m(r) ¨ σαβ

]
, (3.30)

where σ = (σx, σy, σz) are the Pauli matrices. The magnetic moment in the non-
collinear case is obtained as:

mi = µB

"

Ωi

m(r) dr. (3.31)

For noncollinear magnetism the KS orbitals are two-component spinors ψi =

(ψÒ
i , ψÓ

i )
T . The KS equation takes the form:

([
´ 1

2
→2

i + Veff(r)
]

Î2ˆ2 ´ Beff(r) ¨ Ŝ
)

ψi(r) = εiψi(r), (3.32)

where Î2ˆ2 is the 2 ˆ 2 identity matrix, and Beff is the effective magnetic field acting
on the spin degree of freedom.

Furthermore, the exchange-correlation functionals need to account for the spin in
spin density functional theory. For simplicity, the adjusted version of LDA and GGA
are shown for the collinear case here.

The original LDA approach was generalized to include spin, then called Local Spin
Density Approximation (LSDA) by von Barth and Hedin [49]. Here, the exchange-
correlation energy per electron at a given position r is approximated as a homoge-
neous spin-polarized interacting electron gas, with spin-up and spin-down electron
densities nÒ(r) and nÓ(r) such that n(r) = nÒ(r) + nÓ(r). The LSDA energy becomes:

ELSDA
xc [n] =

"
n(r)εhom

xc (nÒ(r), nÓ(r))dr. (3.33)

Similarly, the GGA formalism can be extended to spin-polarized systems:

EGGA
xc [n] =

"
n(r) f [nÒ(r), nÓ(r),→nÒ(r),→nÓ(r)]dr. (3.34)

Constrained Magnetic Moments in DFT

In some cases it is necessary to constrain the directions of the magnetic moments in
DFT. One such instance is the study of magnetic systems away from their magnetic
ground state, or when it is difficult to obtain a specific noncollinear configuration
and thus constraints are necessary to stabilize the configuration. The constraint is en-
forced onto a magnetic configuration by introducing constraining fields. A penalizing
term is added to the total energy:

E[n] = Ts[n] + EH[n] + Exc[n] + Eext[n] + Ep[n], (3.35)
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and the constraining field is

Bcon(r) ” ´ δEp[n]
δm(r)

, (3.36)

which enforces the magnetization density to have specific direction and/or magni-
tude. One method for this type of constraint was developed by Ma and Dudarev [50].
The method constrains the direction and sign of the magnetization density within
atomic spheres. The penalizing term Ep is defined as

Ep =
ÿ

I
λI(

∣∣∣MF
I

∣∣∣ ´ eI ¨ MF
I ), (3.37)

where λI is a Lagrange-like multiplier which controls the strength of the penalty term,
eI is a unit vector along the direction of the constrained moment, and MF

I is the mag-
nitude of the atomic magnetic moment defined as

MF
I =

"

ΩI

m(r)FI(|r ´ rI |)dr, (3.38)

where FI(|r ´ rI |) is a function that decreases smoothly to zero at the boundary, and
m(r) is the magnetization density at point rI , and ΩI is the atomic sphere.

DFT+Model Hamiltonians Methods

For correlated systems, such as systems containing d- or f -electrons other approxi-
mations are needed. Systems where this can be relevant are, e.g., transition metals,
rare earths, lanthanides and actinides due to strongly localized d- or f -electron states.
LDA and GGA are known for failing in these systems. One approach to improve
the description of these systems is the DFT+U formalism, taking inspiration from the
well-studied Hubbard model.

The limitations of LDA and GGA for strongly correlated systems are commonly as-
sociated with self-interaction errors, over-delocalization of localized states, and the
incomplete treatment of strong on-site Coulomb interactions. The DFT+U formal-
ism involves LDA- or GGA-type calculations where an additional orbital-dependent
interaction is added. An on-site Hubbard-like term is incorporated into the energy
functional:

EDFT+U[n] = EDFT[n] + EHubbard[tnIσ
mnu] ´ Edc[tnIσu], (3.39)

where EHubbard[tnIσ
mnu]is the Hubbard-like on-site term, at site I with spin σ, and

orbital characters l and m. The Edc[tnIσu] is the double counting term, necessary
to account for the fact that EDFT[n] already describes the semi-local DFT part of the
energy included in EHubbard[tnIσ

mnu]. nIσ
mn is the on-site occupation matrix. There exist

several different forms for both EHubbard and Edc. A popular implementation is that
of Dudarev et al. [51], which takes the form:

EDFT+U[n] = EDFT +
U ´ J

2

ÿ

I,σ

(
ÿ

m
nIσ

mn ´
ÿ

mn
nIσ

mnnIσ
nm

)
. (3.40)

In this formalism, only the effective interaction U ´ J = Ueff enters explicitly, usually
denoted Ueff (or in some cases, just U). Other implementations are valid, e.g. the
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implementation of Lichtenstein et al [52] in which the U and J values are separate,
and must be specified individually. Regardless of the chosen implementation the U
and J or Ueff need to be supplied. In principle there are first-principles methods for
determining these values, but in practice they are often chosen to match results from
higher-order theory or from experiments.

Another method used to investigate strongly correlated materials, where the DFT
framework fails, is the dynamical mean field theory [53–55]. DMFT is a many-body
method developed to describe strongly correlated electron systems. The central idea
of the method is to map the interacting lattice problem onto an effective quantum
impurity model embedded in a self-consistently determined electronic bath. In this
way, the method captures the local electronic correlations while retaining the itin-
erant character of the electrons. Unlike the static DFT+U method, DMFT describes
correlations through a frequency-dependent self-energy, which allows it to account
for dynamical fluctuations. While DFT+U was used in multiple Papers (III-V) in this
thesis, DMFT was used only in Paper IV alongside DFT+U.

Figure 3.1: Graphical chart of the iterative self-consistent cycle in Kohn-Sham DFT.

Solving the KS Equations

The Kohn-Sham equations (Eqs. 3.12-3.13) form a self-consistent set of equations be-
cause the effective potential depends on the electron density, while the electron den-
sity is constructed from the Kohn-Sham orbitals. The Veff depends on the density n(r)
via the Hartree potential VH and the exchange-correlation potential Vxc. To solve for
the electron density the self-consistent field method is used. The steps are:
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1 Initial guess for the ground state density n(0)(r).

2 Construct the effective potential V(k)
eff .

3 Solve the Kohn-Sham equations (Eq. 3.12).

4 Update the electron density ñ(k+1)(r) according to Eq. 3.14.

5 Check if the new electron density is converged. If converged, the total energies,
forces, etc. can be calculated. If not converged, restart with the new density
from step 2. Typically, convergence of the energy is also checked.

This iterative cycle is illustrated in Fig. 3.1.

3.2 Practicalities of DFT

Periodic Boundary Conditions

All solids treated in this thesis are described by a periodic crystal structure. Since the
nuclei are arranged periodically, the effective potential Veff in Eq. 3.13 has the period-
icity of the underlying crystal lattice. Bloch’s theorem [56] states that the eigenstates ψ
of Ĥ with the periodic potential have the form of a plane wave modulated by a func-
tion with the same periodicity as the underlying lattice, given by the lattice vectors
R:

ψi Ñ ψnk(r) = eik¨runk(r), (3.41)

where
unk(r + R) = unk(r). (3.42)

Here n is the quantum number, also called the band index, and takes on positive inte-
ger values. This number corresponds to independent eigenstates of different energies
with the same k-value. This k-value can be shown to be the wave number in an alter-
native formulation of Bloch’s theorem. Thus the orbitals in the Kohn-Sham formalism
are now labeled by the band index n and a wave vector k. Instead of treating a large
crystalline material with a large number of atoms, the task is to treat a set of bands
indexed by n and limited to the first Brillouin zone at each k. The number of bands is
of the same order as the number of electrons in the unit cell.

Plane Wave Representation

In many electronic structure methods the wavefunction must be represented in a ba-
sis. As described above, due to the periodicity of the underlying lattice, the states can
be described by plane waves. The KS orbitals are expanded as

ψnk(r) =
ÿ

G
Cnk(G)ei(k+G)¨r, (3.43)

where Cnk(G) is the plane-wave coefficient. The set of reciprocal lattice vectors G
defines a complete basis. For practical computations this set requires truncation. The
cut-off for this is specified as an energy parameter, Ecut. Higher kinetic energies of
the plane waves correspond to high-frequency oscillatory contributions, and thus an
energy cut-off is applied. The cutoff energy is a convergence parameter and must be
chosen sufficiently large for the calculated quantities of interest.
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Pseudopotentials and Projector Augmented Wave Methods

The electronic states in a solid may be divided into the core and valence states.3 The
core states are tightly bound and highly localized around the atomic nuclei. The
strong nuclear potential contributes to their localization. Due to the orthogonality
requirement between different electronic states, higher-lying states generally acquire
additional nodes and oscillations in the core region to remain orthogonal to lower-
lying states. The valence states extend further away from the nuclei and vary more
smoothly outside the core region. Since valence electrons primarily participate in
chemical bonding, an accurate description of their behavior outside of the core region
is particularly important. In methods based on plane-wave basis sets, representing
the rapidly varying wavefunctions in the core regions would require a prohibitively
large number of basis functions, leading to a significant computational cost. This
challenge arises from the orthogonality constraints imposed by the core states.

To circumvent this problem pseudopotentials (PPs) can be used to replace the real
(diverging) potential. The PPs are used to replace the real potential with a smooth ef-
fective potential in the core region, without divergence at the core. The core states in
essence are treated as if frozen, while the valence states are described by a pseudo
wavefunction with fewer nodes within the core region. The core region is deter-
mined by a cutoff radius rc. Above the cutoff radius the real potential and wave-
function must match their pseudo-counterparts. The real all-electron wavefunction ψ
is smooth above the cutoff radius rc and oscillating below the cutoff radius. The real
potential V is replaced by the pseudopotential Ṽ. The new, pseudo wavefunction ψ̃,
is smoother inside the cutoff radius, and thus more computationally manageable.

A related and widely used method is the Projector Augmented Wave (PAW) method
[57, 58]. This is the method of choice for this thesis as it is implemented in the main
software used, the Vienna Ab Initio Simulation package [59–61]. The PAW method
introduces a linear operator T̂ which relates the all-electron wavefunction |ψy and the
pseudo-wavefunction |ψ̃

D
:

|ψy = T̂ |ψ̃
D

. (3.44)

The linear operator T̂ is

T̂ = 1 +
ÿ

i

(
|φiy ´ |φ̃i

D) xp̃i| , (3.45)

where |φiy and |φ̃i
D

are atom-localized partial wavefunctions. The |φiy ´ |φ̃i
D

repre-
sents the difference in the all-electron and pseudo wavefunctions inside the core re-
gion. Lastly, xp̃i| are projector functions within the core region and are precomputed.
By design, the all-electron and pseudo wavefunctions are identical outside of the core
region. The PAW method enables efficient calculation with smooth wavefunctions
while being able to restore the all-electron wavefunction, in contrast to preceding PP
methods. PAW all-electron function is obtained as:

|ψy = |ψ̃
D
+

ÿ

i

(
|φiy ´ |φ̃i

D) @
p̃i

ˇ̌
ψ̃

D
. (3.46)

3Technically further division of the states can be done: Inner and outer core states, semi-core states, and
valence states. For the purposes of describing pseudopotentials and the basis set this division is of less im-
portance. It needs to be noted that certain type of calculations may require the semi-core states or calculations
for some properties.
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3.3 Lattice Dynamics and Phonons

So far the atoms in the crystalline solid has been treated as fixed at their lattice po-
sitions. In a real material at any finite temperature, the atoms are under constant
motion. As mentioned before, the different time scales of the movement of the elec-
trons and ions have allowed this separation, but quite often the motion of the ions
is of interest, for example when considering the vibrational properties of a solid. An
important example is when the dynamical stability of a material needs to be deter-
mined. For this, a classical theory of the motion of atoms will be introduced, and
then a quantum mechanical formulation where the concept of quasiparticles known
as phonons is introduced.

Force Constants

As described in Section 2.1, the crystal structure is described by a lattice populated
with atoms at the lattice sites. The origin of the l:th unit cell is:

rl = l1a1 + l2a2 + l3a3, (3.47)

where li are integer numbers. The atoms µ are in their equilibrium positions rµ rel-
ative to the origin of the unit cell. The equilibrium position of an atom µ in a given
unit cell l is then rl + rµ. Adding a displacement ulµ to the atom leads to the exact
position of the atom expressed as:

Rlµ = rl + rµ + ulµ ” rlµ + ulµ. (3.48)

These atomic displacements at finite temperatures (but below melting temperatures)
are small compared to the interatomic positions. These displacements must lead to
an increase of the potential energy of the lattice. As the displacements are small, this
increase may be quantified by a Taylor expansion of the potential energy, provided
the energy is determined by the instantaneous positions of the atoms. The Taylor
expansion of the potential energy is written as [62]:

U = U0 +
ÿ

l

ÿ

µ

ÿ

α

Φα
lµuα

lµ +
1
2

ÿ

lm

ÿ

µν

ÿ

αβ

Φαβ
lmµνuα

lµuβ
mν

+
1
3!

ÿ

lmn

ÿ

µνϱ

ÿ

αβγ

Φαβγ
lmnµνϱ uα

lµuβ
mνuγ

nϱ + . . . ,
(3.49)

where lmn are indices to unit cells, µνϱ are the atoms within the basis, and αβγ label
the cartesian directions. uα, uβ, and uγ are the cartesian components of the displace-
ments, and U0 is the potential energy of the static lattice.

The coefficients in the Taylor expansion are the atomic force constants:

Φα
lµ =

BU
Buα

lµ

ˇ̌
ˇ̌
ˇ
tuu=0

, (3.50)

Φαβ
lmµν =

B2U

Buα
lµBuβ

mν

ˇ̌
ˇ̌
ˇ̌
tuu=0

, (3.51)
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Φαβγ
lmnµνϱ =

B3U

Buα
lµBuβ

mνBuγ
nϱ

ˇ̌
ˇ̌
ˇ̌
tuu=0

. (3.52)

The subscript tuu denotes that the evaluation of the partial derivatives are taken at
the atoms’ equilibrium positions. The equilibrium positions in a crystal are defined
as the atomic positions at which the forces acting on all atoms vanish.

The force constants have physical interpretations: The first-order coefficient, Φα
lµ is

proportional to the force acting on the atom and vanishes in equilibrium, since the
partial derivatives are evaluated at the atoms’ equilibrium positions. The second-
order coefficient, Φαβ

lmµν, quantifies the change in force on atom µ in unit cell l resulting

from atom ν in unit cell m being displaced by uβ
mν in the β-direction. Similarly the

higher order force constants can be interpreted analogously.

The Harmonic Approximation

Given that the displacements are sufficiently small, the Taylor expansion of Eq. 3.49
can be truncated at the second-order terms, written as

U = U0 +
1
2

ÿ

lm

ÿ

µν

ÿ

αβ

Φαβ
lmµνuα

lµuβ
mν. (3.53)

This is the so-called harmonic approximation. For this approximation to hold, the static
lattice equilibrium positions must be correctly determined.

In the harmonic approximation, the vibrational Hamiltonian becomes:

Hvib = U0 +
1
2

ÿ

lm

ÿ

µν

ÿ

αβ

Φαβ
lmµνuα

lµuβ
mν +

ÿ

l

ÿ

µ

ÿ

α

(pα
lµ)

2

2Mlµ
, (3.54)

where the third term is the kinetic energy of the atoms, pα
lµ is the momentum along

direction α, and Mlµ is the mass of atom lµ.

From the harmonic vibrational Hamiltonian, the time derivatives are:

u̇α
lµ =

BH
Bpα

lµ
=

pα
lµ

Mlµ
, (3.55)

and
ṗα

lµ = ´ BH
Buα

lµ
= ´

ÿ

m

ÿ

ν

ÿ

β

Φαβ
lmµνuβ

mν, (3.56)

and the equation of motion for the atom lµ along cartesian coordinate α:

Mlµüα
lµ = ´

ÿ

m

ÿ

ν

ÿ

β

Φαβ
lmµνuβ

mν, (3.57)

where the sums in the equations above sum over the atom indices over the N atoms
in the corresponding unit cell. Thus there are 3N equations of motion, one for each
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cartesian coordinate. As previously explained for the electronic states in k-space, one
can find solutions to the equation of motion above in the form of plane waves:

uα
lµ =

1b
Mlµ

ÿ

q

ÿ

s
Aqεα

lµ(q, s)ei(q¨rlµ´ωt), (3.58)

where the sums are taken over the vibrational wave vectors q in the first Brillouin
Zone, over all band indices s. Additionally, Aq is the normal mode amplitude at q,
εα

lµ is the polarization vector which describes displacement direction, and ωqs is the
vibrational frequency of branch s at wave vector q. An eigenvalue problem can be
formulated by inserting Eq. 3.58 into Eq. 3.57:

D(q)ε(q, s) = ω2
qsε(q, s), (3.59)

where ωqs are the eigenvalues and ε(q, s) are the eigenvectors. D(q, s) is a 3N ˆ 3N
matrix, the so-called dynamical matrix. This is the Fourier transform of interatomic
force constants. Each 3 ˆ 3 submatrix, Dαβ

lmµν is given by:

Dαβ
µν(q) =

1a
Mµ

?
Mν

ÿ

k
Φαβ

0µ,kνeiq¨(rkν´r0µ). (3.60)

The solution to the eigenvalue problem in Eq. 3.59 corresponds to vibrational modes,
with the mode frequency given by the square root of the corresponding eigenvalue
ωqs. The dynamical matrix is Hermitian, and therefore its eigenvalues are real. For a
dynamically stable structure, all non-translational eigenvalues are positive, yielding
real phonon frequencies. The dynamical matrix has 3N eigenvalues. The modes at
each q lead to 3N phonon branches. The function ω = ω(qs) is the phonon dispersion
relation. These branches in the phonon dispersion are either acoustic or optical modes.
Three acoustic branches satisfy ωqs Ñ 0 as q Ñ 0, reflecting translational invariance
of the crystal. The reason for this is due to the constraint that the energy of the crystal
must be invariant under a global translation of the unit cell. The remaining 3N´ 3
branches are optical branches.

As mentioned above, the eigenvalues of the dynamical matrix are positive values. In
practical calculations this is used to investigate the dynamical stability of a material.
If a system is in equilibrium, displacing atoms should increase the potential energy
of the system, and the forces on the displaced atom(s) are restorative. If a system
is not in equilibrium, a small displacement may decrease the potential energy of the
system. This leads to to non-restoring forces and, in calculations, eigenvalues ω2 "
0. Negative eigenvalues of the dynamical matrix corresponds to imaginary phonon
frequencies. Thus, a system which shows real frequencies ω is dynamically stable,
while a system with imaginary frequencies is possibly dynamically unstable [63].

In the above discussion the vibrations were treated classically. In the quantum me-
chanical formulation the vibrational normal modes can be represented as quasi-
particles called phonons. Phonons are bosonic quasiparticles that carry quantized
vibrational energy. The phonon ladder operators âqs and â:

qs are introduced. They
correspond to the creation and annihilation of a phonon belonging to branch s and
wave vector q, respectively. The phonon ladder operators are used to describe the
plane wave solution [64]:

ûα
lµ =

d
h̄

2NMlµ

ÿ

q

ÿ

s

εα
lµ(q, s)
?

ωqs
eiq¨rlµ

(
âqs + â:

(´q)s

)
, (3.61)
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and the momentum:

p̂α
lµ = ´i

d
h̄Mlµ

2N

ÿ

q

ÿ

s

a
ωqsεα

lµ(q, s)eiq¨rlµ
(

âqs ´ â:
(´q)s

)
. (3.62)

The vibrational Hamiltonian operator Ĥvib can be derived by inserting the expres-
sions in Eqs. 3.61 and 3.62 into the classical vibrational Hamiltonian (Eq. 3.54). The
result is

Ĥvib =
ÿ

q

ÿ

s
h̄ωqs

(
â:

qs âqs +
1
2

)
. (3.63)

Here the number operator is introduced: N̂ = â:
qs âqs. This operator has eigenvalues

nqs = 0, 1, 2, ... for the s:th vibrational mode at wave vector q. The vibrational energy
Evib is calculated from the expectation value of the vibrational Hamiltonian operator.
The vibrational energy is:

Evib =
ÿ

q

ÿ

s
h̄ωqs

(
nqs +

1
2

)
, (3.64)

with nqs = 0 gives zero point energy Ezp =
#

q
#

s
h̄ωqs

2 .

The phonon dispersion relations describe individual normal mode frequencies. In
many situations it is advantageous to use the phonon density of states g(ω). This
can be useful when the system under consideration has a large number of atoms in
the unit cell, making it difficult to identify single modes in a diagram. The phonon
density of states is the number of states in the infinitesimal range between ω and
ω + dω per unit volume:

g(ω) =
ÿ

s

"

BZ

δ(ω ´ ωqs)

(2ε)3 dq. (3.65)

It can further be used to determine thermodynamical quantities, such as the
Helmholtz vibrational free energy.

Returning to the thermodynamical potentials from Section 2.2, these potentials deter-
mine the thermodynamical stability of a system, by minimizing the thermodynamical
potential, H, F, or G. These can be obtained from first-principles calculations, such as
in DFT. The Helmholtz free energy is

F(V, T) = EDFT(V) + Fvib(V, T) + Fel(V, T), (3.66)

where EDFT is the ground-state electronic energy from DFT, Fvib is the vibrational
contribution obtained from the phonon spectrum, and Fel is the thermal electronic
contribution. The vibrational contribution Fvib is obtained as

Fvib(V, T) =
1
2

ÿ

qs
h̄ωqs + kBT

ÿ

qs
ln

[
1 ´ exp

(
´ h̄ωqs

kBT

)]
. (3.67)

The harmonic approximation is relatively successful in determining the phonon dis-
persion relations, specific heat (at low temperatures), and free energies. The harmonic
approximation assumes that atoms oscillate symmetrically around the equilibrium
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position, due to the truncation at second-order in Eq. 3.53. The approximation as-
sumes only quadratic interactions, which breaks down in interatomic potentials that
are anharmonic, i.e. where higher-order terms in Eq. 3.53 are of importance. These
terms may make the potential asymmetric, which can lead to forces that are no longer
proportional to the displacement. Thus the harmonic approximation fails to account
for thermal expansion, phonon-phonon interactions, heat capacity at high temper-
atures, and phase transitions [1]. For example, the lack of phonon-phonon interac-
tion means phonons do no scatter from one another, leading to infinite lifetimes for
the phonons. The harmonic approximation is still a useful first approximation to in-
vestigate lattice dynamics and the dynamical stability of solids, but for temperature-
dependent properties, methods beyond the harmonic approximation are needed such
as e.g. the Temperature Dependent Effective Potential method (TDEP) [65, 66].

To obtain the phonon dispersion relations, two computational methods are typically
used: the finite displacement method, as implemented in phonopy code [67, 68], or
density functional perturbation theory (DFPT) [69]. The work included in this thesis
uses only the first method, which will be the focus of the next section.

Harmonic Force Constants from Finite Displacements

Calculation of the force constants from finite displacements starts with the crystal
unit cell. The unit cell needs to be fully relaxed (i.e. in equilibrium). From this, the
relaxed unit cell is repeated in space to form an appropriately sized supercell that
is a N1 ˆ N2 ˆ N3 supercell, where the Ni are integer numbers. From this supercell
a number of displacements are generated, with one displacement per supercell. In
principle each possible atomic displacement can be calculated to obtain the forces
needed, but by considering the symmetry of the crystal the number of displacements
can be reduced. For an alloy or otherwise disordered material, this might not be the
case and it can then be required to calculate all possible displacements to obtain the
forces.

Each displacement is calculated and the forces are extracted. The second order force
constants (Eq. 3.51) are obtained from the forces F:

Φαβ
lmµν =

B2U

Brα
lµBrβ

mν

= ´ BFβ
mν

Brα
lµ

, (3.68)

which is typically approximated as

Φαβ
lmµν » ´

Fβ
mν,∆rα

lµ
´ Fβ

mν

∆rα
lµ

, (3.69)

where Fβ
mν,∆rα

lµ
are the forces on atoms with finite displacement ∆rα

lµ and usually

Fβ
mν ” 0.

3.4 Machine-Learned Interatomic Potentials

Machine learning in the context of computational materials science is a rapidly grow-
ing field. In particular machine learned interatomic potentials have emerged as a
way to accelerate calculations and can now achieve near-DFT fidelity for systems
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similar to those represented in the training set [70, 71]. Today, there is a wide range
of approaches for different applications. These include Kernel-based methods, neu-
ral network potentials, graph/message-passing neural networks, equivariant neural
networks, linear basis-expansion methods, among others. See e.g. Refs. [72–74] for
a more comprehensive overview of the different methods. In this thesis, machine-
learned interatomic potentials (MLIPs) have been used in Paper VI as a tool to en-
able longer molecular-dynamics simulations in one particular system. The method of
choice for this thesis is the moment tensor potentials (MTPs) framework developed
by Shapeev [75], and the presentation of the method here largely follows as presented
in [75].

Moment Tensor Potentials

The purpose of an MTP is to approximate the potential-energy surface by learning
from quantum mechanical reference calculations. The MTP constructs an analytical
model which can predict the total energy as a function of the local atomic environ-
ments. The parameters of the model are obtained by fitting a database of ab initio
calculations, in this work, DFT calculations.

The total energy predicted by the MTP for a configuration can be decomposed into
contributions from individual atoms

Etot =
ÿ

i
E(ni), (3.70)

where E(ni) is the energy associated with the local environment ni of atom i. The
local environment consists of all neighboring atoms located within a cutoff radius
rcut. Atoms within this sphere contribute to the atomic energy, while atoms outside
of it do not.

Each contribution E(ni) in the total energy Etot is expanded in a set of basis functions

E(ni) =
ÿ

α

ϱαBα(ni), (3.71)

where Bα are the MTP basis functions, and ϱα are the linear parameters to be found.
The defining feature of the MTP approach is the use of moment tensor descriptors.
These encode the radial and angular information about the neighboring atoms. Con-
sidering a central atom i, the moment tensors are defined as

Mµ,ν(ni) =
Nlocÿ

j
fµ(

∣∣∣rij

∣∣∣, zi, zj)rbν
ij , (3.72)

fµ(rij) contains the radial dependence, while rbν
ij describes the angular information

(which is a tensor of order ν), rij are the relative atomic positions, zi and zj are the
types of central and neighboring atoms, and Nloc is the number of atoms in the local
environment. The radial part fµ(

∣∣∣rij

∣∣∣, zi, zj) has the form

fµ(
∣∣∣rij

∣∣∣, zi, zj) =
ÿ

β

c(β)
µ,zi ,zj T

(β)(
∣∣∣rij

∣∣∣)(Rcut ´
∣∣∣rij

∣∣∣)2, (3.73)

where µ is the number of the radial function fµ, c = tc(β)
µ,zi ,zj u are the radial param-

eters which need to be found, T(β) are polynomial functions. The last term ensures
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smoothness with respect to atoms leaving and entering the sphere defined by the
cutoff radius Rcut.

The MTP basis functions Bα are constructed by contracting one or more moment ten-
sors into a scalar. These scalar basis functions encode the geometric features of the
local atomic environment and serve as the building blocks. To construct the basis
functions and determine a particular functional form of MTP, the level of moment
tensor descriptor is defined as

lev(Mµ,ν) = 2 + 4µ + ν. (3.74)

The set of MTP basis functions and a particular form of MTP thus depends on the
maximum level parameter, commonly referred to as MTP level.

Active Learning of MTPs

A major advantage of MTPs is the integration of active learning. This enables an
adaptive strategy for iteratively improving the interatomic potential during atomistic
simulations. The training set is not fixed, but is iteratively updated as the atomistic
simulation continues. The active learning scheme identifies configurations where the
potential is likely to produce unreliable predictions. The simulation is paused, and
the identified configurations are calculated with first-principles methods. The results
of these calculations are added to the training set and the IP is retrained.

The MTP is trained by determining the model parameters which minimize the dis-
crepancy between the model prediction and the ab initio reference data. The optimiza-
tion problem is formulated as

Kÿ

k=1

[
wE

(
EMTP

k (ε) ´ EDFT
k

)2
+

w f

Nÿ

i=1

ˇ̌
ˇ f MTP

i,k (ε) ´ f DFT
i,k

ˇ̌
ˇ
2
+

ws

ˇ̌
ˇσMTP

k (ε) ´ σDFT
k

ˇ̌
ˇ
2]

Ñ min
θ

,

(3.75)

where K is the number of configurations in the training set and k indexes the con-
figurations in the set, and N is the number of atoms. The fitting parameters of the
MTP are denoted ε and are optimized. wE, w f , and ws are the weighting factors for
the configuration energies Ek, atomic forces fi,k, and stresses σk, respectively. These
weighting factors determine the relative importance of the three quantities.

After solving the optimization problem (Eq. 3.75) with the optimal MTP parameters
θ̄ the following matrix is constructed

B =





BEMTP
1

Bθ1
¨ ¨ ¨ BEMTP

1
Bθm

...
...

BEMTP
K

Bθ1
¨ ¨ ¨ BEMTP

K
Bθm




, (3.76)
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where m is the length of vector θ̄. B is a K ˆ m matrix, with K ! m. A set of linearly
independent rows is selected to form a m ˆ m submatrix A. The configurations can
be rearranged such that the determinant of A is maximized: det(A) Ñ max [75]. This
means that A consists of the most linearly independent equations which corresponds
to the most diverse set of atomic configurations.

As the atomistic simulation driven by the MTP runs, it generates new configura-
tions. These configurations may differ significantly from those already contained in
the training set. For these configurations the MTP may have to extrapolate beyond
the region of configurations on which it has been fitted, which may lead to inaccurate
predictions of the energies, forces, and stresses. To detect these situations, the MLIP-
package introduces the extrapolation grade, γ(x) where x represents the configuration.
During the simulation the extrapolation grade for each configuration x is created

γ(x) = max
1!j!m

∣∣∣cj

∣∣∣, (3.77)

where the vector c = (c1, ..., cm) for configuration x is computed by

c =

(BEMTP

Bθ1
, ...,

BEMTP

Bθm

)
A´1. (3.78)

Two thresholds values are typically defined: γselect and γbreak. These thresholds de-
termine how configurations are treated during the simulation:

γ(x) " γselect Ñ configuration is accepted,
γselect # γ(x) " γbreak Ñ configuration is selected for DFT evaluation,

γ(x) $ γbreak Ñ simulation is terminated and retraining is required.

Thus configurations that are deemed as providing new information are selected for
ab initio evaluation to obtain accurate reference values for energy, forces, and stresses.
These new configurations are then added into the existing training set and the fitting
procedure (Eq. 3.75) is repeated and the parameter vector θ̄ is refined.

The extrapolation grade can loosely be interpreted as a measure of the reliability of
the prediction:

γ(x) " 1 Ñ Interpolation,
1 " γ(x) " γselect Ñ Safe Extrapolation,

γselect " γ(x) " γbreak Ñ Reliable Extrapolation,
γbreak " γ(x) Ñ Unsafe Extrapolation.

It needs to be noted that γselect and γbreak are user defined values and thus using
the extrapolation grade as a reliability measure of the prediction needs to be done
carefully. Typical values for these thresholds are e.g. 2 ´ 3 for γselect and „ 10 for
γbreak [75].
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4

COMPILATION OF RESULTS

This chapter summarizes the contributions made to the field. The results are intro-
duced in order of increasing complexity: In Section 4.1 the stability in a group of
high-pressure SiN2, PN2, and SN2 compounds is considered, with a focus on one
PN2 phase. These materials are neither magnetic nor strongly correlated and possess
relatively simple crystal structures. Nevertheless, PN2 is shown to exhibit complex
dynamical behavior that stabilizes the material at finite temperatures. In Sections
4.2 and 4.3 magnetic effects are introduced by considering iron at extreme pressures
and temperatures and then the Invar system known for its anomalous thermal ex-
pansion. In Section 4.4 ternary carbo-nitrides with complex crystal structures are
considered. Here the presence of lanthanide elements in the ternary carbo-nitrides
adds the complexity of possible strong correlations. Lastly, in Section 4.5, a layered
prototype based on the ternary carbo-nitrides decompressed to ambient conditions is
considered, where the lanthanide atoms are replaced by a large variety of elements,
spanning much of the periodic table, including further lanthanides and actinides.

4.1 Stability in High-Pressure SiN2, PN2, and SN2 Compounds

High-pressure nitrides are an expanding area of research. The application of extreme
pressure destabilizes the triple bond in nitrogen molecules, paving the way for syn-
thesis of novel nitrogen-bearing compounds. Binary nitrides, including but not lim-
ited to high-pressure compounds, are technologically important and exhibit a wide
range of properties including layered materials, ultraincompressibility, magnetism,
superconductivity, and exceptional hardness [76–83]. While transition metal nitrides
and lanthanide nitrides may offer complex chemistry and physics due to their par-
tially filled d- and f -electron shells, elements with simpler valence configurations in
nitrides can host complex chemistry under high pressure.

Paper VI investigates a group of AN2 compounds where A = Si, P, and S, all featuring
AN6 octahedra (see Fig. 4.1). Central to this group is the PN2 compound recently syn-
thesized at high pressure [78]. This compound is formed by corner-sharing octahedra
with cross-linked nitrogen dimers (Fig. 4.1a).

While the crystal structure is relatively simple, the dynamics of this compound are
more complex. SiN2 adopts the same crystal structure as PN2 with cross-linking ni-
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(a) (b)

(c) (d)

Figure 4.1: Crystal structures of the Pa3̄ and Pnnm AN2 compounds. The top row
shows the Pa3̄ structure with (a) short and (b) long N-N distances. Moving between
the two N-N distances does not change the space group symmetry of the system.
Bottom row shows the Pnnm structure from two different perspectives, (c-d). Orange
spheres and polyhedra are A atoms, and gray spheres are N atoms.

trogen bonds (Fig. 4.1a), whereas SN2, although not experimentally known in this
structure, is dynamically stable at high pressure despite lacking the nitrogen-nitrogen
bonds (Fig. 4.1b) connecting the octahedra. From high-pressure synthesis of PN2 it
was found that a mix of nitrogen-nitrogen bonds and longer distances between the
nitrogen links is present in the compound, with the majority of nitrogen pairs form-
ing dimers (92% short 8% long N-N distances). In simulations it was also found that
there was a mix of short and long N-N distances [78], but with a discrepancy to the
experimental ratios. In simulations the corresponding fractions were approximately
37% short and 63% long distances. The PN2 structure with 100% short N-N distances
(Fig. 4.1a) was also found to be dynamically unstable [78], suggesting that dynamic
switching between short and long N-N distances – in essence breaking and forming
N-N bonds – may cause the system to remain stable.
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Figure 4.2: Comparison of enthalpy and dynamical stability, including experimen-
tal data points from [78, 84, 85]. Coloured bars indicate the structure with lowest
enthalpy in the respective pressure range. Circles along the bars indicate experimen-
tal data exists at this pressure for the given compound. Diamonds along the bars
indicate phonon calculations, where colored diamonds highlight dynamically stable
structures and white diamond instability of the corresponding phases. Coloured tri-
angles represent dynamical stability at finite temperature simulations (obtained from
molecular dynamics in [78]). The dashed bars indicate the Pa3̄-PN2 configuration for
which no enthalpy comparison or phonon calculations were performed as the respec-
tive structure is not force free. Image is from from Paper VI.

To understand the stability in the Pa3̄ PN2 system, a systematic study of synthesized
and hypothetical AN2 compounds in space groups Pa3̄ (Figs. 4.1a and 4.1b) and
Pnnm (Figs. 4.1c and 4.1d) was done in Paper VI, using DFT and MLIPs. The DFT
results of the, in total, eight compounds investigated demonstrate a relative stabiliza-
tion of the Pnnm phase with respect to the Pa3̄ phase with increasing electron count.
A summary of the information of experimental availability, dynamical stability, and
enthalpy comparison is shown in Fig. 4.2. For SiN2, only the Pa3̄ phase is exper-
imentally synthesized, with only short N-N distances. For the PN2 phase both the
Pa3̄ and Pnnm phases can be obtained in DFT calculations. For the Pa3̄ phase, which
is experimentally synthesized, static DFT has no short N-N distances as these dis-
tances increase upon relaxation. Relaxing the cell, and then enforcing the short N-N
distances manually, results in a small pressure change but makes it possible to get
an approximate electronic structure for this compound. The Pnnm PN2 phase was so
far not experimentally found, but is found to be stable over a pressure range in DFT
calculations. Lastly, the SN2 phase is experimentally synthesized in the Pnnm phase,
but no experimental data is available for the Pa3̄ phase. This compound can, in DFT,
be relaxed with both short and long N-N distances, but only the latter is found to be
dynamically stable over a pressure range down to ambient pressure.

A comparison to the Pa3̄ SiN2 and SN2 compounds is made with regards to their
electronic structure to understand the stability of the Pa3̄ PN2 compound considering
the mixed bonding state seen in experiment and MDs. The electronic structure for
each compound is shown in Fig. 4.3. Considering first the structures with short
N-N distances, the known SiN2 compound is a semiconductor. The bottom of the
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Figure 4.3: Electronic structure of AN2 in long distances (LD) and dimer configura-
tion. Top row: long nitrogen distances. Bottom row: nitrogen dimers. The systems
are (a) PN2 LD, (b) SN2 LD, (c) SiN2 dimer, (d) PN2 dimer, (e) SN2 dimer. Electronic
structure is calculated at 100 GPa for all systems shown, except for PN2 with nitrogen
dimers which is at 130 GPa for a system with artificially enforced nitrogen dimers.
The Fermi level, EF is at 0 eV in all figures. Image is from Paper VI.

conduction band is quite flat, giving rise to a strong van Hove singularity. As one
electron is added, there is an almost rigid shift in the conduction band of PN2 to lower
energies with a partial occupation of the states. Further, the increased dispersion of
this band weakens the van Hove singularity with the peak located just below the
Fermi energy. Adding one more electron leads to fully occupied states in SN2 and
further dispersion of the bands and the van Hove singularity becomes quite weak.
The one-electron contribution to the total energy is reduced, making it more favorable
in enthalpy. However, the SN2 phase with short N-N distances is still dynamically
unstable. Further, consider the long N-N distance configurations of PN2 and SN2:
In the PN2 phase there is a broadening of the bands around the Fermi energy which
contributes to the total energy and a decrease of the the enthalpy of the static lattice.
Again, adding one electron, there is another rigid shift of the bands in SN2, shifting it
down in energy.

The dynamics of the Pa3̄ PN2 system can be understood better with molecular dy-
namics simulations. To do this for a large enough sample of the PN2 system a MLIP
can be utilized, and such a MLIP was trained and used in this project. Similar to a
previous study [78], the system evolves toward a state containing a mixture of short
and long N-N distances. The N-N bonds continuously switch between short and long
distances, so it is not a static equilibrium that is found but rather an ongoing dynam-
ical process with the overall ratio between short and long N-N distances remaining
constant.
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1.406 Å

2.174 Å

1.360 Å 1.595 Å

1.738 Å 1.921 Å

Figure 4.4: Projected density of states of one nitrogen pair which undergoes a transi-
tion from a long to a short N-N distance. Bond lengths are given in each subfigure.
The snapshots are plotted in time-chronological order, which is why the top two left
images are not ordered by nitrogen distance. The Fermi level is at 0 eV. Image is from
Paper VI.

While the total density of states is near constant across a number of (separate) snap-
shots over time, focusing on individual N-N pairs the picture becomes more complex.
The density of states projected onto a given pair shows a strong dependence on the
N-N distance of the nitrogen pair, shown in Fig. 4.4, noticeably near the Fermi energy
and relative to the static DOS. Unlike the static case with only short N-N distances,
here the states at the Fermi energy are split from the rest of the unoccupied bands.
Further, the van Hove singularity just below the Fermi energy disappears in the MD.
Throughout a transition there is a shift, where going from a long distance to a short
distance there is an increased occupation in the lower-lying states in the pair. By in-
tegrating the projected density of states for a given pair, it is seen that the number of
electrons is near constant, suggesting a transfer of electrons between the peak at the
Fermi energy and the remaining occupied states in the band depending on the N-N
distance.

In static calculations the PN6 octahedra are perfectly symmetric, since any distortion
would result in a modification of individual N-N dimers connecting the octahedra.
During dynamic simulations these octahedra become distorted, as expected from the
mixed bonding state. Several properties of the octahedra show variation: the N-P-N
angles and P-N bonds, volume of the octahedra, distortion index, etc. There appear
some trends in these variations with regards to the N-N distance. The octahedra in
the dynamic simulation never reach a fully symmetric undistorted state as this would
require all N-N distances to have identical values.

There is therefore a competition between octahedra optimization and changes in the
electronic structure associated with N-N bond breaking and formation. Bond break-
ing reduces the total energy contribution of states near the Fermi energy, while bond
formation increases the occupation of lower-lying electronic states. This competition
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causes frustration in the system and drives the unusual dynamical bond switching
which stabilizes the PN2 phase.

4.2 Longitudinal Spin Fluctuations in Fe

Magnetism in condensed matter physics has historically been described within two
limiting pictures: localized moments and itinerant electron models, as introduced in
Section 2.4. The same section introduced an intermediate description that interpolates
between the two limits. Of these two limiting models, only the Heisenberg model
naturally permits a finite-temperate description of magnetic disorder through local
magnetic moments. For temperatures above the Curie temperature the DLM method
was introduced to provide a realistic description of the paramagnetic state. Part of
understanding the behavior of magnetism in the paramagnetic state is to understand
the spin fluctuations, both transversal and longitudinal, and their coupling to vibra-
tional properties. While methods have been developed to address coupling between
transversal spin fluctuations and vibrational properties [86], methods for describing
the coupling between LSFs and vibrational properties are more limited. In Paper I,
a supercell-based LSF approach was developed to account for the dependence of lo-
cal atomic environments and magnetic moments at finite temperatures. The method
enables a self-consistent treatment of magnetism in solids and liquids.

The method was applied to bcc Fe at the Curie temperature and at Earth’s inner core
conditions, as well as liquid Fe at ambient and high-pressure conditions. For bcc
Fe at TC the local environment strongly influences the magnetic energy landscape
and magnetic moment size. To some extent, the local Voronoi volume was found to
correlate with the magnetic moment size, with smaller local volumes generally cor-
responding to smaller magnetic moments. While bcc Fe is typically considered as a
localized-moment system rather than an itinerant one, a small number of individ-
ual magnetic moments exhibit behavior more characteristic of itinerant magnetism.
Most of the magnetic moments show localized behavior, but the two moments in
the supercell exhibiting more itinerant character were associated with particularly
small local volumes. Including LSFs affected the interatomic forces and the calcu-
lated pressure, suggesting a coupling between the magnetic and vibrational degrees
of freedom, a coupling that could influence finite-temperature dynamics. The be-
havior of the two very small magnetic moments may result from the full constraint
imposed on the transversal and longitudinal degrees of the magnetic moments, and
may favor moment size collapse to reduce the energy. Another possibility is that the
calculations become trapped in a local minimum for numerical reasons, which would
be possible for very flat energy landscapes. For bcc Fe at inner-core conditions („300
GPa, „6000 K) conventional DFT calculations predict the system to be nonmagnetic.
However, with the present treatment of LSFs, finite local magnetic moments are sta-
bilized, which affects the forces and electronic structure of the system compared to a
nonmagnetic state.

In the case of liquid Fe at ambient pressure and temperature above the melting point,
the inherently disordered nature of liquids needs to be considered. However, only
one atomic and magnetic supercell configuration was examined, and a broader sta-
tistical sampling would be required to obtain more reliable results. Nevertheless,
liquid Fe provides a good test case to investigate the developed method for treating
LSFs. Liquid Fe is known from experiments to have local magnetic moments [87].
Local magnetic moments are found, with a large variety in moment size compared
to the solid case due to the disorder in the liquid phase. The average magnetic mo-
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ments are approximately 2.2 and 1.7 µB depending on whether LSFs are included. At
high-pressure conditions similar to Earth’s outer core („ 200 GPa, „ 6000 K), despite
the absence of magnetic moments in conventional calculations, the inclusion of LSFs
stabilizes substantial local magnetic moments at high temperatures. These magnetic
moments increase the calculated pressure compared to calculations where they are
neglected. Comparisons of the pressure and density for when LSFs are included to
experimental data is in good agreement, suggesting that magnetic effects remain rel-
evant under the extreme conditions of Earth’s interior, as has been suggested in other
studies, e.g. [88, 89].

4.3 Pressure-Induced INVAR Effect in FexNi1´x

The Invar effect is the anomalous low thermal expansion at room temperature: the
thermal expansion coefficient is nearly zero. This effect is observed in the fcc Fe-Ni
alloy with composition Fe0.64Ni0.36. This fact was discovered in the 1890s by Ch. E.
Guillaume for which he received the Nobel Prize in Physics [90]. This property of the
specific Fe0.64Ni0.36 alloy – sometimes referred to as the Invar composition – is lost
even for small composition changes away from the Fe0.64Ni0.36 composition. Fig. 4.5,
shows the thermal expansion coefficient of the fcc Fe-Ni alloy for the full composition
range. This property makes Invar alloys valuable for precision instruments, scientific
equipment, and seismographic devices. While Fe0.64Ni0.36 was the original Invar al-
loy, the effect of anomalously low thermal expansion is not limited to this system,
and can be found in e.g. Fe-Pt, Fe-Pd, Fe-Ni-Co, Fe-Co-Cr, among other systems [91].

Figure 4.5: Illustration of the thermal expansion coefficient, α, as a function of Ni
concentration in the fcc Fe-Ni alloy at ambient conditions. The thermal expansion
coefficient α is near-zero at about 36% Ni.

A universally accepted microscopic explanation of the Invar effect in the Fe-Ni sys-
tem, while readily observed experimentally, has long eluded solid state physicists.
Many theories have been proposed to explain the effect, but the topic remains con-
troversial. It is generally agreed that the effect stems from the magnetic state, in
particular originating from the Fe magnetic moments.

The most well-known theory was proposed by Weiss, the so-called 2γ-state model
[92]. This model proposed that Fe moments can occupy two distinct states: a high-
spin, high-volume state and a low-spin, low-volume state. In this model, the high-
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spin state has the lower equilibrium energy but a transition to the low-spin state can
be thermally induced. As the low spin-state is gradually populated the shift from the
high-volume to the low-volume state compensates for the unusual thermal expan-
sion.

Another theory proposes that the high-spin state undergoes a continuous transition
to an increasingly complex noncollinear magnetic state [93]. Thus the magnetic state
transforms from a ferromagnetic state at high volume to a complex noncollinear state,
in a continuous transition as the Fe moments are canted way from the global magne-
tization direction. This results in an anomalous energy binding curve which can be
connected to the thermal expansion coefficient.

While the Invar effect in Fe-Ni alloys is limited to the Invar composition at room tem-
perature, experiments revealed that the effect can be induced by pressure for other Fe-
Ni compositions [31]. It was shown that the Invar effect can be induced in Fe0.55Ni0.45
and Fe0.80Ni0.20 at pressures approximately 5-9 GPa and 9-14 GPa, respectively.

In Paper II, these systems were investigated considering the relations between
pressure, volume, and magnetic configurations in Fe0.64Ni0.36, Fe0.50Ni0.50, and
Fe0.80Ni0.20. The two main objectives of the study were to see if it was possible to
reproduce the anomalies in the equation of state from above mentioned experiments
and to investigate if these were related to the magnetic state of the system.

Using a supercell approach, where the alloys were generated with the SQS method,
as described in Sec. 2.1, and testing for several random initial magnetic configura-
tions, we were able to show that there is indeed a magnetic transition happening
in all three compositions, at different pressures for each composition. For the Invar
composition the final magnetic configuration at three separate volumes (correspond-
ing to different pressures) are shown in Fig. 4.6. A transition is observed from the
ferromagnetic state at high volume to a state where the majority of spins are still in
the same global magnetization direction but magnetic moments begin to cant away
from this, to a complex noncollinear magnetic state at low volume. Similar transitions
were observed in Fe0.50Ni0.50, and Fe0.80Ni0.20.

To further confirm that the transition corresponds to a gradual canting of the Fe mo-
ments, the spin-pair correlation functions together with the average magnetic mo-
ments for all three compositions were examined. The spin-pair correlation functions
for Fe-Fe pairs in Fe0.50Ni0.50 are shown in Figure 4.7a, while the corresponding re-
sults for the other two compositions are presented in Paper II. Both show similar
results: At higher volumes, the magnetic state with the lowest energy is the ferro-
magnetic state. As the volume is decreased – corresponding to an increased external
pressure – the correlation functions become distributed across the x-axis, indicating
that the magnetic moments are canting away from the global magnetization direc-
tion, yet the majority of pairs are still aligned in parallel as shown by the peak on
the right in the figures. Upon further decreasing volume, the spin-pair correlation
function becomes nearly evenly distributed, indicating that the magnetic moments
become disordered in a complex structure.

To ensure that this is not simply a collapse of the magnetic moments or a transition to
a non-magnetic state, the average magnitude of Fe magnetic moments as a function
of the atomic volume was investigated (Fig. 4.7b). These results are also compared
with collinear calculations – in which the magnetic moments are restricted in one
dimension but can have positive or negative direction – where the magnetic transi-
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(a) (b)

(c)

Figure 4.6: Visualization of magnetic structures of Fe0.64Ni0.36 at three atomic vol-
umes, from top to bottom: (a) 12.46, (b) 11.57, (c) 11.18 Å3. Magnetic transition begins
at 11.57 Å3. Gold and silver spheres represent Fe and Ni, respectively. Image repro-
duced from Paper II [94] with permission. Copyright ©2011 by American Physical
Society.

tion from FM to a spin-flipped state occurs at a lower atomic volume compared to
noncollinear calculations. These results show that the magnetic moment sizes grad-
ually decrease in noncollinear calculations. In collinear calculations the curve takes
on a tilted and stretched ’S’ shape and the magnetic moments remain larger in size
to somewhat smaller volumes, but eventually exhibits a steeper reduction in the mo-
ment size causing the collinear magnitudes to be smaller than for the noncollinear
counterparts.

The Fe magnetic moment sizes, in both types of calculations, remain larger than or
approximately equal to « 2µB at the point of magnetic transition. The magnetic mo-
ments continue to decrease after the magnetic transition until eventually, in our cal-
culations, they approach zero. It is worth noting that the spin-pair correlation func-
tions at these small volumes show near anti-ferromagnetic alignment. Whether this
magnetic state remains physically meaningful at such small moment magnitudes is
unclear, but it is a feature all three compositions exhibit at low enough volumes.

Finally, to complete the analysis of the magnetic state, the magnetic moment sizes of
each individual atom was also considered. While there is in general agreement that
the Invar effect originates from the magnetic transition of the Fe moments, both Fe
and Ni carry magnetic moments. Therefore the individual magnetic-moment magni-
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Figure 4.7: (a) Histogram of spin-pair correlation function for Fe0.5Ni0.5 between
neighboring Fe-spins at several volumes (in Å3). ŝi ¨ ŝj = cos(θ). (b) The average
magnetic moment size as a function of volume for noncollinear and collinear calcu-
lations. Dashed line is experimental equilibrium volume. Figure adapted from Paper
II.

tudes were examined as a function of atomic volume. As expected for Fe0.64Ni0.36,
the transition happens near equilibrium volume. Notably individual Fe moments re-
duce in size more than others at the transition volume. A previous work on the Invar
effect has suggested that the magnetic transition is initiated at Fe-rich regions in the
alloy [95]. The Ni magnetic moments also decrease, but at a less dramatic rate than
individual Fe moments.

Thus, these results show a transition from a ferromagnetic state at higher volumes
to a complex noncollinear state at lower volumes in all three tested FexNi1´x alloys.
The second objective of the study was to investigate if this transition coincides with
the anomalies in the equation of state. For this purpose, the theoretical results are
presented in terms of relative volume and pressure: the volume as V/Vexp

0 where
V/Vexp

0 = 1 is the equilibrium volume, and for pressure P ´ P(Vexp
0 ).

The pressure-volume data obtained from collinear and noncollinear calculations,
compared with experimental measurements (adapted from Ref [31]) show clear
anomalies in Fe0.64Ni0.36 and Fe0.5Ni0.5. Our results show that a transition from a
FM state to a complex noncollinear (or spin-flipped state in collinear calculations)
results in an anomaly in the equation of state. As can be seen for Fe0.64Ni0.36 in Fig.
4.8a, the pressure at which this anomaly occurs is in good agreement with experimen-
tal data. However, the magnitude of the anomaly is larger compared to experiment.
Similarly, the anomaly is observed in Fe0.5Ni0.5, but at an elevated pressure, hence
the pressure-induced Invar effect, shown in Fig. 4.8b. Compared to the experimental
anomaly, similar as for Fe0.64Ni0.36, the position of the anomaly from calculations is
in good agreement but the magnitude is overestimated.

To understand the influence of the chosen functional in DFT, additional calculations
were performed for Fe0.5Ni0.5 with two GGA functional: PBE and PW91, and these
calculations show the same qualitative behavior. The GGA-based functionals predict
the transition pressures to be higher, but the magnitude of the anomaly is more in
line with experimental observations. The qualitative agreement between the LDA
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(a) (b)

Figure 4.8: Equation of state for (a) Fe0.64Ni0.36 and (b) Fe0.5Ni0.5 from noncollinear
calculations and collinear calculations, and experiment from Ref. [31]. The dashed
line shows the Birch-Murnaghan equation of state fitted to ferromagnetic data points.
Image reproduced from Paper II [94] with permission. Copyright ©2011 by American
Physical Society.

and GGA functionals provides strong support for associating the magnetic transition
with the anomaly in the equation of state. Further, the original experimental study
interpreted the anomalies as ”bumps” in the equation of state. However, it is pro-
posed that the equation is better interpreted as consisting of two branches associated
with distinct magnetic states.

4.4 High-Pressure LnCNx Compounds

After considering the complex behavior in relatively simple crystal structures, and the
role magnetism plays in understanding materials under extreme conditions, this sec-
tion introduces materials with more complex crystal structures that incorporate rare-
earth elements. As introduced in Section 2.3 rare-earth elements, and particularly
the lanthanides, can exhibit strongly correlated behavior originating from their 4f -
electrons. This section focuses on the high-pressure synthesized LnCNx compounds,
and in particular, on the behavior of isostructural LnCN5 systems.

In 1989 and 1990 Liu and Cohen proposed a hypothetical compound, β´C3N4, based
on the β-Si3N4 structure with Si substituted by C [96, 97]. This compound would
be strongly covalently bonded and with an estimated bulk modulus comparable to
that of diamond. However, despite a number of attempts to obtain the elusive C-
N compound, none was successfully synthesized and recovered to ambient condi-
tions. It was not until 2023 that Laniel et al. [98] synthesized at extreme pressures
the first carbon-nitrogen compounds recoverable to ambient conditions: one CN, two
C3N4, and one CN2. The bulk modulus of two of these carbo-nitrides rivaled that
of diamond. This experimental success in synthesizing long sought-after C-N com-
pounds, which showed a combination of outstanding properties, increased the inter-
est in novel C-N compounds. Expanding the search for ternary carbo-nitrides was
the logical next step.

Our experimental collaborators performed high-pressure synthesis experiments by
loading lanthanides, carbon, and nitrogen in DACs, followed by laser heating at

51



4. COMPILATION OF RESULTS

high-P. The results were the isostructural LaCN3 and TbCN3, consisting of irregular
CN4 tetrahedra that form corner-sharing chains, interconnected through N-N single
bonds. Each chain links to four other chains in a polymeric network. Within the
voids of this network the Ln atoms are positioned. Further, isostructural CeCN5 and
TbCN5 were synthesized. The isostructural CeCN5 and TbCN5 compounds consists
of [CN4] tetrahedra, connected through nitrogen dimers or nitrogen trimer bridges
binding the units together. The crystal structure is shown in Fig. 4.9. The [CN4] tetra-
hedra build up an extended network in the compound. The network hosts repeating
[CN5] units which were first observed in these compounds. An analysis based on the
bond length distribution of C-N and N-N bonds led our collaborators to assign the
CN5 units a formal charge of 4´.

Figure 4.9: Isostructural LnCN5, with Ln = Ce and Tb. The unit cell consists of 4 Ln,
4 C, and 20 N atoms. The top row shows the unit cell from two different angles. The
bottom figure shows a 2x1x1 cell, to highlight the extended polymeric C-N network
with the embedded Ln atoms. Ln atoms in green, C atoms in brown, and N atoms in
gray.

Ce and Tb belong to the lanthanide series, where f -electron physics becomes increas-
ingly important. As stated in Section 2.3, these electrons are known for their complex
behavior; they may be localized or delocalized which can lead to distinct physical
effects. Ce in particular is the first in this row of elements with one 4f electron, while
Tb is near the middle with nine 4f electrons. The formal valence configurations of
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Ce and Tb are [Xe]4f 1 5d16s2 and [Xe]4f 9 6s2, respectively. Both elements commonly
exhibits the 3+ and 4+ oxidation states. For Ce, this implies one occupied f -state in
the former case, and no occupied f -states in the latter. For Tb the first 7 f -electrons
belong to the spin up band, typically well localized and not involved in bonding.
Thus, from the perspective of chemical bonding, Tb should behave similarly to Ce: in
the 3+ case, it should have one occupied f -electron state in the spin down band, and
none in the 4+ case.

The electronic structure of CeCN5 shows a gap between the Fermi level and an un-
occupied band mainly consisting of f -states, a second gap followed by higher unoc-
cupied Ce d-states and N p-states, shown in Fig. 4.10a. The number of states in the
unoccupied peak equals 14 states per Ce atom, which would indicate a 4+ state of Ce,
in agreement with our collaborators’ bond distribution analysis. Further, this means
that the majority and the minority spin bands are empty, leading to a non-magnetic
compound.

(a) (b)

Figure 4.10: Density of states for (a) CeCN5 and (b) TbCN5 at their respective synthe-
sis, 90 and 110 GPa. Calculated with PBE+U formalism. Figure from Paper IV.

The natural assumption would be that isostructural TbCN5 should exhibit similar
electronic behavior in a 4+ oxidation state. Notably, the electronic structure of TbCN5
shows a strikingly different picture: it has no band gap at the Fermi level and is
metallic and magnetic, as shown in Fig. 4.10b. It has 7 f electrons in the majority
spin states, well localized (and not contributing to bonding) at -6 eV below the Fermi
level. In addition, it has one f -electron occupying the minority spin band right below
the Fermi level, separated from the other minority spin f -states above the Fermi level.
Integration of the unoccupied peak results in 6 empty states per Tb atom. Thus, the
Tb atom in TbCN5 donates one less electron to the overall C-N network. In CeCN5
the Ce atom is in a 4+ oxidation state with [CN5] units in 4´ state. For isostructural
TbCN5 the case is instead that Tb is in a 3+ state and [CN5] units are in the 3´ state.
These conclusions were further supported by DFT+DMFT calculations, which show
qualitative agreement in the electronic structure calculations in the PBE+U formalism.
Additionally, in DFT+DMFT it was attempted to fix the occupation for Ce in a 3+ and
Tb in a 4+ state, but these states were found to be unstable.

This is reflected in a topological charge analysis of the two compounds. The analysis
agrees with the discussion from the electronic structure, namely that the Ce site car-
ries less negative charge (i.e. fewer electrons) located on its site compared to Tb. This
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corresponds to approximately 1 electron per Ln atom (see Fig. 4.11). Furthermore,
the overall electronic charge associated with the C and N atoms is higher (i.e. more
electrons) in the CeCN5 compound. This is in agreement with the extra electron do-
nated by Ce to the extended C-N network. The charge difference manifests itself in
slightly altered bond lengths in the C-N and particularly the N-N bonds, suggesting
that the extended C-N network is able to adapt to the extra donated electron. The
largest difference is seen in certain N-N bonds where the difference in bond distances
is of the order 0.05 Å.

Thus, CeCN5 and TbCN5, demonstrate that it is possible for two fully isostructural
high-pressure compounds to exhibit different lanthanide oxidation states, mediated
through an adaption of the bond lengths within the polymeric C-N network. These
findings raise the question of whether these are isolated cases or represent a more
general feature of the polymeric C-N network, given its apparent ability to adjust for
the number of donated electrons.

Figure 4.11: Topological charge analysis of CeCN5 and TbCN5. Figure from Paper IV.

4.5 Metastable Layered XCN5 Compounds

As discussed in the previous section, the flexibility of the C-N network in the isostruc-
tural LnCN5 compounds raises the question of whether the Ln atoms can be replaced
by other atomic species. A second question is what happens to these compounds
during decompression. In Paper III, CeCN5 was decompressed in experiments to
about 30 GPa, at which point the gasket broke. These high-pressure experiments
are complex and the gasket breaking during decompression is not necessarily related
to the sample – in this case the Ln-C-N systems – becoming unstable. Theoretical
investigations of CeCN5 showed that a phase transition occurs near ambient pres-
sure, inducing magnetic moments on the Ce atoms, with one f -electron becoming
occupied. Along with this transition the compounds lost one nitrogen-nitrogen bond
which connected the upper and lower part of the unit cell, thus separating the unit
cell into two layers. The logical path is to wonder if it is possible for the C-N network
to accommodate other elements in the X position and are these compounds forming
layered materials at high or ambient pressure? Would they be stable at ambient con-
ditions? What would be the structural, electronic, and magnetic properties of such
compounds?
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To investigate whether the Ln atom in LnCN5 could be replaced, an initial test was to
replace the Ln atom with La: La is in the same lanthanide group as Ce and Tb, but it
is the first element in the lanthanide series and therefore lacks occupied f -electrons.
This atom additionally has a similar atomic size as Ce and Tb, making it a good can-
didate as a first test case. The LaCN5 system was found to be dynamically stable
at high pressure, similar to CeCN5. Further, during decompression the compound
undergoes a transition upon which one nitrogen-nitrogen bond is broken, leading to
a layered compound, as observed in the (computational) decompression of CeCN5.
This layered structure was further found to be dynamically stable at ambient pressure
(Fig. 4.12a), suggesting that these are high-pressure materials which could yield lay-
ered products upon decompression. This has been observed for other high-pressure
materials, such as BeN4 [79] and NiN2 [80].

(a) (b)

Figure 4.12: (a) Phonon dispersions at ambient pressure for LaCN5. (b) Electronic
band structure for bulk LaCN5 at ambient pressure.

Building on the stable layered LaCN5 structure, the search for other XCN5 structures
was expanded, with a special focus on the ambient pressure layered structure, the
basis of Paper V. The investigated ambient pressure compounds span nearly the full
periodic table: elements from column 2 to 16, covering alkaline metals, transition
metals, post-transition metal elements, lanthanides, and actinides. The investigated
compounds are marked in Fig. 4.13b, where the dynamical stability or instability of
each compound is indicated.

Out of the 48 investigated compounds, 35 could be relaxed to force-free structures
for which phonon calculations could be performed. Out of these, 30 were found to
be dynamically stable at a T = 0 K. These include Sc and Y, which are marked as
dynamically stable in Fig. 4.13b. While showing imaginary phonon modes at 0 K,
these compounds were investigated with TDEP, i.e. to take into account tempera-
ture effects. Both compounds are dynamically stable at finite temperature, and thus
marked as dynamically stable in Fig. 4.13b. Another six compounds are dynamically
unstable with several of them showing similar imaginary modes as ScCN5 and YCN5,
thus there is potential for these to be dynamically stabilized at finite temperatures.

At ambient pressure, no compound shows a nitrogen bond connecting the two lay-
ers, as seen in the high-pressure case of CeCN5 and TbCN5. The C-N network in
the ambient-pressure structures have small variations in the CN4 tetrahedra, leading
to small differences in the N-N and C-N bond lengths but the overall C-N network
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XCN5 Prototype

X Atom
N Atom
C Atom

(a) (b)

Figure 4.13: (a) Structure of the XCN5 prototype. A layer is highlighted by the
dashed red line, for both the visually more symmetric and less symmetric version.
(b) Graphic representation of elements that have been attempted to be substituted
into the XCN5 structure. Green box indicates dynamically stable at ambient condi-
tions. A red box indicates dynamically unstable at ambient conditions. A blue box
indicates that a structure with low enough forces to perform phonon calculations was
not possible to find. A yellow box marks synthesized XCN5 materials at high pres-
sure. Gray shaded elements were not tested. Figure from Paper V.

remains intact in all compounds. Small changes can further be highlighted in some
compounds, such as the prototypes with X in column 3 (X = Sc, Y, La, and Ac) have an
additional small rotation in the CN4 tetrahedra resulting in a more visually symmet-
ric structure compared to e.g. NbCN5, see Fig. 4.13a. Lastly, comparing the thickness
of a single layer of the XCN5 prototype highlights the layered nature of these com-
pounds. The thickness of the XCN5 prototypes are approximately 5 Å, comparable to
well-known two-dimensional materials such as graphene, h-BN, and MoS2 [99–101].

This family of materials show a range of electronic properties. While many of the
compounds are metallic at ambient pressure, there are a number which exhibit semi-
conducting or insulating behavior, at the PBE level of theory. While only a few com-
pounds were investigated with a hybrid functional – the HSE functional – in some of
these cases it increases the band gap, transforming it from a nearly metallic state to a
semiconductor one. This is the case for the compounds with X elements from group
3 in the periodic table. Beyond metallic and semiconductor behavior, the XCN5 pro-
totype hosts semi-metallic behavior and potential topological features that warrant
further investigation, such as in WCN5 (Fig. 4.14b).

A number of XCN5 compounds are magnetic, with magnetic behavior observed for
several compounds containing transition metals, lanthanides, and actinides. These
magnetic compounds may offer potentially interesting electronic structures: some of
them, depending on the exact magnetic configuration, exhibit electronic structures in
which one spin channel is metallic while the other spin channel exhibits a small gap at
PBE level theory, such as for example MnCN5 shown in Fig. 4.14a. A detailed inves-
tigation of the magnetic ground state in each of these systems was beyond the scope
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of the study, as the magnetic configurations tested were simple collinear orderings
(ferromagnetic and antiferromagnetic).

(a) (b)

Figure 4.14: Projected density of states for (a) MnCN5 calculated with PBE and (b)
WCN5 calculated with HSE06 at ambient pressure. Both compounds are dynamically
stable at ambient pressure.

The group-3 elements were investigated in greater detail than the remaining com-
pounds, including calculations of the electronic structure of bulk and monolayer us-
ing a hybrid functional, calculation of formation energies, exfoliation energy, and in
the case of ScCN5 and YCN5 phonons at finite temperatures. The group-3 XCN5 com-
pounds all exhibit negative formation energies at ambient pressure and band gaps of
approximately 1 eV, see Fig. 4.12b for the HSE06 band structure of LaCN5. Exfo-
liation energies, although relatively high ranging from 110-170 meV/Å2, are within
the range of materials that can be considered potentially cleavable [102]. While high,
similar values have been reported for other materials that has been successfully ex-
foliated, such as hematene which has a calculated exfoliation energy of 140 meV/Å2

[103].

These results highlight that layered materials can be products of decompression of
high-pressure phases. The XCN5 prototype therefore represents a candidate to realize
a new structural motif for layered materials. The large number of compounds in this
family raises the question of whether it is possible to alloy these materials to tune
for desired properties, given the wide range in electronic and magnetic properties
of these compounds. For example, the dynamical stability of GdCN5, which shows
similarities to LaCN5 (and elements from La’s column), makes it a candidate to realize
layered rare-earth materials, which may enable functionalities absent in conventional
layered materials due to the 4f -electron physics [104].

57





5

CONCLUSIONS AND OUTLOOK

The central theme underlying this thesis is to investigate competing structural, elec-
tronic, and magnetic degrees of freedom and how their interplay cause emergent be-
havior in materials at elevated pressures, particularly extreme pressures. The materi-
als in this thesis can be categorized in two groups: known materials whose behavior
under pressure remains an open question to the condensed matter community, and
novel materials synthesized at extreme pressures. The first group includes iron under
conditions relevant to Earth’s interior and Fe-Ni alloys at high pressure. The second
group consists of novel binary nitrides and ternary carbo-nitrides at extreme pres-
sures.

Iron, constitutes a major fraction of Earth’s interior where the pressure is substantially
higher than at Earth’s surface. Understanding the behavior of iron at these pressures
where experimental measurements are often limited is of great importance to geo-
physics. The work in this thesis contributes to this effort by developing a framework
to describe longitudinal fluctuations in magnetic moments at these conditions, and
suggests that including magnetic moments at extreme conditions such as the Earth’s
interior is important to understand vibrational properties, pressure effects, and the
melting of iron.

Iron-nickel alloys, and perhaps particularly the Invar alloy, have shown industrial
importance for its anomalously low thermal expansion coefficient. This phenomenon
has been known for over a century, and yet a definite explanation for the effect has
been elusive. Fe-Ni alloys with a higher nickel concentration do not exhibit the same
effect at room temperature, but it has been shown that pressure can induce the effect
in these alloys. By considering noncollinear magnetism in the Invar alloy and Ni-
rich Fe-Ni alloys, the work in this thesis shows that the effect is related to a magnetic
transition from a ferromagnetic state to a complex noncollinear state.

The second group of materials covered in this thesis are novel high-pressure com-
pounds. For these novel materials, such as binary nitrides and ternary carbo-nitrides
synthesized at extreme pressures, experimental data is limited due to the limited
range of experimental techniques at these very high pressures. Computational ma-
terials science is essential to understand the behavior and properties of novel high-
pressure compounds.
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The PN2 compound demonstrates that complex behavior is not restricted to magnetic
or strongly correlated materials. While unstable in conventional static descriptions, it
is stabilized by dynamically forming and breaking nitrogen bonds. This is caused by
a competition between the electronic properties and crystal lattice, as the electronic
structure influences the preferred bonding of the nitrogen pairs. Due to this competi-
tion the compound never settles in a static configuration.

After predicting carbo-nitride phases decades ago, high-pressure experiments were
able to synthesize novel carbo-nitride materials, which showed a wide range of prop-
erties and advanced functionalities. This discovery was soon followed by novel high-
pressure ternary carbo-nitride compounds. These novel lanthanide-carbo-nitrides
show unusual structural and electronic properties. Isostructural Ln-C-N compounds
exhibit different electronic and magnetic properties, perhaps most notably different
oxidation states. The polymeric C-N network demonstrates to be flexible: able to
accommodate the different oxidation states at high pressure, and able to remain in-
tact in decompression simulations for a number of predicted ternary carbo-nitrides.
These predicted materials represent a new structural motif for layered materials as
the decompression process leads to a separation of the material into distinct layers.
Depending on the choice of ternary element, these materials appear to host a wide va-
riety of electronic, magnetic, and possibly topological properties. Thus, these novel
high-pressure materials highlight the importance of understanding the coupling be-
tween degrees of freedom and how they affect the properties of materials at extreme
pressures.

The aim of this thesis has been to understand material behavior under high pres-
sures, both for novel and long-known studied materials. As highlighted by the above
described work, pressure can induce unusual states typically not present at ambi-
ent conditions. As long as experimental techniques to measure properties at extreme
pressure remain limited, computational materials science is key to characterize novel
materials and assess their potential for future applications. It is therefore crucial to
understand how different degrees of freedom couple and behave at these elevated
pressures in future work on high-pressure materials. It is clear that as extreme-
pressure synthesis conditions expand the design space for new materials, there is
future work in computational materials science to characterize these novel materi-
als. However, computational materials science for high-pressure materials is not only
waiting for novel materials to be synthesized. As shown in the work done on iron and
iron-nickel alloys it also aims to explain elusive phenomena in known materials. Fur-
ther, it is able to make predictions on what may be future new materials as shown by
the proposed ternary carbo-nitride prototype. This prototype provides the clearest
direction for future work. These prototype materials need to be further characterized
in more detail considering their diverse properties such as the magnetic ground state,
possible topological features, alloying the prototype, but also under which exact con-
ditions these may be synthesized.
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