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Abstract

Localization is essential in a variety of applications such as navigation systems,
aerospace and surface surveillance, robotics and animal migration studies to men-
tion a few. There are many standard techniques available, where the most com-
mon are based on information from satellite or terrestrial radio beacons, radar
networks or vision systems. In this thesis, two alternative techniques are investi-
gated.

The first localization technique is based on one or more magnetometers measur-
ing the induced magnetic field from a magnetic object. These measurements
depend on the position and the magnetic signature of the object and can be de-
scribed with models derived from the electromagnetic theory. For this technology,
two applications have been analyzed. The first application is traffic surveillance,
which has a high need for robust localization systems. By deploying one or more
magnetometer in the vicinity of the traffic lane, vehicles can be detected and clas-
sified. These systems can be used for safety purposes, such as detecting wrong-
way drivers on highways, as well as for statistical purposes by monitoring the
traffic flow. The second application is indoor localization, where a mobile magne-
tometer measures the stationary magnetic field induced by magnetic structures
in indoor environments. In this work, models for such magnetic environments
are proposed and evaluated.

The second localization technique uses light sensors measuring light intensity
during day and night. After registering the time of sunrise and sunset from this
data, basic formulas from astronomy can be used to locate the sensor. The main
application is localization of small migrating animals. In this work, a framework
for localizing migrating birds using light sensors is proposed. The framework
has been evaluated on data from a common swift, which during a period of ten
months was equipped with a light sensor.






Popularvetenskaplig sammanfattning

Formégan att kunna bestimma var ett objekt befinner sig ar viktigt inom manga
olika tillimpningar, till exempel inom flyg- och sjobevakning, robotik och studi-
er av djurs flyttvagar, for att nimna nagra. Det ar speciellt onskvart att kunna
utfora denna positionering utan mansklig inblandning, antingen for att kunna
positionerna objekt som en manniska inte skulle klara av att gora, eller for att
effektivisera arbetet. For att automatiskt bestimma en position behovs sensorer,
som mater olika saker i dess omgivning och omvandlar detta till en elektrisk sig-
nal. Med ett datorprogram kan denna elektriska signal i sin tur sedan omvandlas
till en position. Det finns manga standardteknologier tillgangliga som anvander
sig av olika typer av sensorer som mater olika saker. De vanligaste ar baserade
pa satelliternavigering (GPS), radiovagor, radar och kameror. I denna avhandling
har tva alternativa teknologier undersokts som i vissa tillimpningar har olika for-
delar gentemot standardteknologierna.

Den forsta teknologin for att positionera ett objekt dr baserad pé en eller flera
sensorer som kdnner av magnetfaltet fran objekt som innehaller mycket metall,
till exempel fordon. Fran detta magnetfalt kan man bestimma position och dven
storlek pa objektet. Med denna teknologi som grund har tva tillampningar ana-
lyserats. Den forsta tillampningen ar trafikovervakning, dar det finns ett stort
behov av teknologi som kan bestimma position pé bilar. Genom att placera ut
en eller flera sensorer lings vagrenen kan man kédnna av bilar som kommer i nar-
heten. Dessa system kan anvandas for sakerhetséndamal, som att varna for bilar
som kor i fel riktning pa motorvagar, eller for statistiska andamal genom att Sver-
vaka trafikflodet. Den andra tillimpningen handlar om att bestimma position
for ett objekt i en inomhusmiljo. I manga byggnader finns det manga objekt som
innehaller metall. Dessa objekt omges av ett magnetfdlt. Genom att i en inom-
husmiljé vandra runt med en sensor, s kommer den att kdnna av olika starka
magnetfalt beroende pé var i byggnaden man befinner sig. I denna avhandling
kommer vi undersoka matematiska modeller for att beskriva sadana magnetiska
objekt.

Den andra teknologin anviander ljussensorer for att studera till vilka omraden
som flyttfaglar flyger. Fageln utrustas med en ljussensor som mater ljusstyrka un-
der hela dygnet. Dérefter slapps fageln ivdg och forhoppningsvis hittar man den
ett ar senare igen sa att all information fran sensorn kan analyseras. Frdn dessa
matningar kan man i efterhand berdkna vid vilken tidpunkt som soluppgéngen
och solnedgangen har intraffat. Darefter kan fagels flyttvag bestimmas med hjalp
av formler frdn astronomin. I detta arbete foreslds en metod for hur denna infor-
mation kan analyseras. Metoden har utvirderats pa data fran en tornseglare som
under en period pa tio manader flyttat till Afrika och sedan tillbaka till Sverige
igen.
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Introduction

Position is a fundamental quantity. Answering questions like Where am I? and
Where is it? are important to be able to make decisions and to understand the
world around us. Localization is the process of answering these questions in an
automated fashion.

1.1 Definition (Localization). The process of automatically determining the
position of an object.

To be able to accomplish this automatically, appropriate technology has to be
used. There exist many well-established technologies such as GPS, radar and cam-
eras, which are very well suited for certain applications. However, all technolo-
gies have their advantages and disadvantages which can be measured in terms
like cost, accuracy, range, reliability, flexibility, weight and size. For some appli-
cations these technologies are unfavorable and other alternative systems exist. In
this thesis, two alternative localization technologies will be investigated:

* Magnetic localization, i.e., localization based on the magnetic field induced
by magnetic objects.

* Localization with light levels, i.e., localization based on sunrise and sunset
events extracted from light intensity data.

All localization technologies have in common that they rely on one or more sen-
sors providing measurements which are related to the position. An important
component of such a localization technology is to describe the relation between
these measurements and the position, which we do using models. Throughout
this thesis, a main focus will lie on models that can be used in the two areas pre-
sented above. Before presenting the two localization technologies and their ap-
plications, a short overview of existing standard localization techniques is given.



4 1 Introduction

1.1 Standard Localization Techniques

According to Deak et al. (2012), localization techniques can be categorized as
either active or passive: (1) techniques requiring the object of interest to partici-
pate actively; and (2) techniques using passive localization. With active we mean
that the object of interest carries a sensor collecting data which is used for the
localization. In passive localization techniques these sensors are deployed in the
surrounding environment. In this context, the following techniques are worth
mentioning.

1.1.1 Existing Techniques

Global navigation satellite system

A global navigation satellite system (GNSS) is based on multiple satellites orbiting
around the earth. Using a receiver, signals from the satellites can be detected and
the position is determined via triangulation. The most common GNSS system is
the Global Positioning System (GPS), which provides position information to any-
one with a GPS receiver. The commercial-use receivers have an accuracy within
10 meters and are nowadays integrated in most modern smart phones.

The receiver requires a line of sight to at least four GPS satellites to work. This is a
limitation, especially in indoor environments, where this sight is obscured. Due
to the positioning uncertainty, the technology is also not well suited for localiza-
tion in smaller volumes where higher accuracy is required. Other disadvantages
are its sensitivity to jamming, the high energy consumption and high cost.

Radio

Radiolocation and radio navigation systems use one or more properties of electro-
magnetic waves emitted by a transmitter and measured by a receiver. Different
setups are possible depending on how the receiver and transmitter are deployed
and which type of electromagnetic waves is being transmitted. Many electromag-
netic waves being used by radio positioning systems are not designed to support
localization, for example signals from Wireless Local Area Networks (WLAN), tele-
vision broadcast and cellular networks. Such technologies are common in indoor
applications (Torres-Solis et al., 2010; Deak et al., 2012) and their main advan-
tage is the reduced cost due to the use of already available infrastructure. Ultra-
wideband is a passive radiolocation system, which has increased in popularity in
indoor localization due to its high accuracy. However, the price of the system is
high (Gu et al., 2009).

Radar

Radar (RAdio Detection And Ranging) is a specific radio positioning system con-
sisting of a transmitter emitting radio waves which are reflected on objects with
high electrical conductivity. The reflections are measured by a receiver which
usually (but not necessarily) is situated in the same position as the transmitter.

The most common application is to localize ships, airplanes and missiles and is
as such a passive system. Radars can also be used as an active localization system
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Position

Sensor fusion

Measurements
GPS N\

Figure 1.1: Illustration of sensor fusion between IMU and GPS for computing
a position.

on ships to locate landmarks in order to determine its own position, which is
investigated by Karlsson and Gustafsson (2006).

Vision

A vision sensor consists of an optical system providing an analog image, which
is digitalized by an image sensor. By capturing sequential images from a mov-
ing objects its position can be determined by preprocessing the images. As such,
it is a passive system. It can also be used to localize the vision sensor itself by
comparing the sequential images with each other. However, vision comes with
many challenges such as occlusion, varying light conditioning and different per-
spectives. This makes it also sensitive to changing weather conditions.

Inertial

An inertial measurement unit (IMU) consists of an accelerometer and a gyroscope.
The unit can be used to determine the orientation of an object as well a the po-
sition relative to a known starting point (Woodman, 2007). The position is com-
puted by integrating the information from the two sensors. In a short period
the computed position is accurate. However, due to this integration, the accu-
racy will decrease with time if not aided with another system providing absolute
position information.

1.1.2 Sensor Fusion

We are not necessarily restricted to rely on only one localization technique. Two
or more of them can be combined in order to make use of their specific advan-
tages and to compensate for their disadvantages. To make two or more local-
ization techniques cooperate, their measurements have to be combined in a in
certain manner. This process is called sensor fusion, see Figure 1.1 for an exam-

ple.

For example, IMU is a popular component in sensor fusion due to its high accu-
racy in shorter periods. By fusing the IMU with the GPS, a localization system is
obtained, which both has a high accuracy and provides absolute position informa-
tion. This has been studied, for example in (Caron et al., 2006). The IMU can also
been fused with vision, which not only increases the localization performance,
but also enables for calibration of the system (Hol et al., 2010).
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1.2 Alternative Localization Techniques

Two alternative localization techniques have been investigated in this thesis. By
comparing them with each other, their properties are very different; Table 1.1
displays some figures. The two techniques will be presented in more detail below.

Table 1.1: Properties of two alternative localization techniques investigated
in this thesis.

Magnetic localization Light levels
Coverage Vicinity of the sensor The whole earth
Accuracy > 5mm 150 km
Update frequency | 100 Hz (sensor dependent) | Twice a day

1.2.1 Magnetic Localization

Magnetic sensors a.k.a. magnetometers are instruments measuring strength and
mostly also the direction of magnetic fields. They have various applications rang-
ing from finding land mines and shipwrecks to predicting weather (via solar cy-
cles) and reading out magnetic memories. In navigation, magnetic sensors are
most commonly used as s compass measuring the bearing of an object. However,
in this thesis we will use the property that magnetic objects induce a magnetic
field. Such an approach is used in magnetic anomaly detectors for detecting ferro-
magnetic objects, see Lenz and Edelstein (2006) for an overview of the problem
and other applications.

In this thesis, we are not only interested in detecting magnetic objects, but also
in determining their position, direction of motion, magnetic signature and ge-
ometrical shape. This will be accomplished by defining relevant mathematical
models relating these quantities to the measured magnetic field. As an example,
in Figure 1.2 an estimated trajectory of a magnet is presented using a network
of four magnetometers. In contrast to GPS, laser range sensor and computer vi-
sion, this localization technology is not dependent of unobstructed line of sight
between the sensors and the object. In fact, magnetic fields propagate in all di-
rection before reaching the sensor. Therefore, it is nearly impossible to eliminate
the magnetic signature of a magnetic object. This makes the sensors insensitive to
jamming, which is important in military applications. In addition, the magnetic
sensing is also almost independent of weather conditions.

Recently, magnetometers have become smaller and cheaper, which makes an ex-
tensive usage of magnetometers more interesting, for example, in localization of
magnetic objects. However, the sensor range is for many application limiting.
With commercial-use magnetometers a car can be sensed from a distance of ap-
proximately 10 m and a 1 cm long neodymium magnet from a distance of approx-
imately 1 m. Further, magnetic sensors are superpositional, meaning that they
measure the sum of the magnetic signatures from all present magnetic objects.
In contrast to radar and vision, more objects do not create more measurements,
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which makes a multi target tracking framework more challenging than for non-
superpositional sensors.

Estimated trajectory
True trajectory
® Magnetometers

0.15

0.1

z—position [m]

0.05

0.2

0.05

-0.05

y-position [m] X—position [m]

Figure 1.2: Localization performance of a magnet in a sensor network with
four magnetometers deployed in the corners of a 20 cm x 30 cm rectangle.
The root mean square error is approximately 5mm. The true trajectory has
been captured using an optical reference system (Vicon).

1.2.2 Light Levels

The position of celestial bodies (the sun, the moon, a planet or a star) has for hun-
dreds of years been used by sailors in order to navigate. The angle between the
celestial body and the horizon (altitude) reveals the longitude and latitude of the
observer. Partial information about the altitude of the sun can be captured using
a light sensor measuring the light intensity, see Figure 1.4. The event of sunrise
and sunset can be detected. The events occur when the sun geometrically is a bit
below the horizon depending on which light intensity threshold is chosen as def-
inition for these events. Localization using light levels is for example discussed
by Hill (1994); Stutchbury et al. (2009); Ekstrom (2004).

The big advantage with light intensity sensors is their low weight and low en-
ergy consumption in comparison to the GPS. It allows to construct devices under
1.5 g (including sensor, memory, battery and clock) lasting for many years, see

IHigh accuracy reference measurements are provided through the use of the Vicon real-time track-
ing system courtesy of the UAS Technologies Lab, Artificial Intelligence and Integrated Computer
Systems Division (AIICS) at the Department of Computer and Information Science (IDA), Linkdping
University, Sweden. http://www.ida.liu.se/divisions/aiics/aiicssite/index.en.
shtml


http://www.ida.liu.se/divisions/aiics/aiicssite/index.en.shtml
http://www.ida.liu.se/divisions/aiics/aiicssite/index.en.shtml
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Figure 1.3: A light logger consisting of a battery, memory clock and a light
sensor with a weight of less than one gram, suited for bird localization 2.

64 |-

Light value

; ! |

| | | | |
25/06 26/06 27/06 28/06 29/06 30/06 01/07
Time [day/month]

Figure 1.4: Light intensity sampled from a sensor mounted on a Common
Murre (sv. Sillgrissla) from Karls6arna in the Baltic see during the summer
of 2010. The light sensor saturates during the day time and the night time.
The measurements are also corrupted due to shading. The sampling time is
10 minutes.

Figure 1.3. The sensor is also more cost efficient and smaller than the GPS. Like
GPS, the technology can be used over the whole earth, except close to the North
Pole and South Pole during the winter solstice and summer solstice, since the
sun will then never rise. This makes it to an attractive solution in applications
where weight, cost and global coverage are important, for example, to localize
small migrating animals.

On the other hand, the accuracy of approximately 150 km is much lower than for
other technologies and depends on weather conditions and proximity to equinox
and equator. The technology is also challenged by shading of foliage and other
vegetation, which might cause false detection of the sunrise and sunset events.

2Source: Forskning & Framsteg 5/6 - 2012.
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1.3 Applications and Collaborations

With the alternative localization techniques introduced above as basis, four main
application areas have been investigated. Three of them - traffic surveillance,
indoor localization and bird localization - are represented in this thesis, whereas
one of them - interaction in public environments - is represented in the patent
Gustafsson and Wahlstrom (2012). All four applications are introduced below.

1.3.1 Traffic Surveillance

Localization and tracking of vehicles are primary concerns in automated traffic
surveillance systems. The information can be used for statistical purposes by
road administrations, urban planners or traffic management centers to improve
the road infrastructure. The information can also be used in safety systems, for
example to detect wrong-way drivers on highways.

Figure 1.5: Sensor unit including 2-axis magnetometer and accelerome-
ter powered with solar energy. The unit is glued on the road surface
to sustain harsh weather conditions. Measurements from this unit have
been used in Paper B. The photos have been provided by GEVEKO ITS.
(www.gevekoits.dk)

Vehicles have a large content of ferromagnetic material and will therefore induce
a magnetic field, which can be measured by magnetometers. By deploying one
or more of these sensors in the vicinity of the traffic lane, the vehicle can be local-
ized. For this application, the magnetometers have the advantage of being less
sensitive to weather conditions in comparison to other technologies in automated
surveillance systems, such as cameras. Their energy efficiency makes it possible
also to integrate them in a wireless sensor node powered by solar energy. These
nodes can be easily deployed at points of interest making the technology very
flexible.

In Paper A different models for estimation of position, velocity and extension
of vehicles using magnetometers will be analyzed. In Figure 1.6, the tracking
performance is presented using one of these models.

Parts of the work in this thesis have also been accomplished in collaboration with
Lulea University of Technology working with a sensor unit, see Figure 1.5, suited


www.gevekoits.dk
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Trajectories

Position y-direction [m]

Position x—direction [m]

Figure 1.6: Results from a tracking experiment with two magnetometers and
three differently initialized filters. The vehicle is coming from the bottom
of the figure and makes a right turn. The ellipses represent a confidence
interval of 90%. One can also observe that the uncertainty decreases in time
as the vehicle gets closer to the sensor. The results have been reported by
Wahlstrém et al. (2011).

for standing the harsh weather conditions present in northern Sweden. In this co-
operation a robust classification of driving direction has been implemented and
analyzed. This work is presented in Paper B. Except for the magnetometer, this
sensor unit also contains an accelerometer enabling detection and estimation us-
ing road surface vibration, which has been investigated by Hostettler et al. (2012).

1.3.2 Interaction in Public Environments

Museums and science centers have a high need for technology enabling interac-
tive exhibits that encourage visitors to experiment and explore. In exhibits where
spatial information is important a localization system is required. Such systems
have high requirements on robustness and have to be intuitive for the visitors to
control and interact.

A network of magnetometers can be used to localize a permanent magnet at-
tached to a tool operated by a visitor. Both its position and orientation can be
computed without using any extra equipment commonly used, except for the
magnet. In comparison to touch screens, which are common to enable interaction
in these applications, this increases the level of interaction. Further, in contrast to
vision based localization, the user does not have to operate relative to any special
camera position.
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The magnetic localization technique (Gustafsson and Wahlstrom, 2012) was used
in an exhibition case mimicking water color painting, see Figure 1.7. The soft-
ware for this exhibition case is a result of a master’s thesis project by Correia and
Jonsson (2012) that was supervised by the author of this thesis. The resulting sys-
tem can today be seen in the science center Visualiseringscenter C in Norrkoping.

Figure 1.7: Virtual watercolor painting application where the painting is
displayed on a screen. The user interacts using a regular painting brush
equipped with a permanent magnet. A sensor network of four magnetome-
ters is mounted under the screen sensing the position and orientation of the
brush. The user can paint and splash color on the virtual canvas and select
new colors from the palette and wet the brush in the (virtual) water glass.

1.3.3 Indoor Localization and Mapping

Localization in indoor environments has in the past decade received an increas-
ing attention. The applications are plenty, such as operating emergency person-
nel, navigation in shopping malls and positioning of autonomous vacuum clean-
ers. As explained earlier, the GPS system does not work in indoor environments.
Therefore, many alternative localization techniques have been discussed and an-
alyzed. Deak et al. (2012) give a survey of different indoor localization systems.

In recent years, the use of the magnetic disturbances present in indoor environ-
ments have been considered as a source for localization, see e.g. Vissiére et al.
(2007); Vallivaara et al. (2011); Zhang and Martin (2011); Le Grand and Thrun
(2012). These disturbances are induced by metallic structures present in most
buildings and carry enough information to be used for localization. The distur-
bances can be measured with a magnetometer and the localization might be aided
using other sensors such as accelerometers and gyroscopes. In contrast to the two
previous applications, this is an active localization system where the magnetic
sources are stationary and the sensor is moving.

The modeling of such magnetic environments is challenging. Unlike the two
previous application areas, the magnetic content is not limited to be in a small
region (i.e. within a vehicle or within a permanent magnet). In Paper C the
modeling of such complex magnetic environments will be addressed.
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1.3.4 Bird Localization

Localization of migrating birds is important
for evaluating theories about their migration
strategies, the genetics and the evolution be-
hind these strategies. For smaller birds, the
weight of the localization equipment attached
to the bird is crucial. As a rule of thumb,
the sensor can weigh at most 5% of a bird’s
weight. Therefore, the use of light levels (as ex-
plained in Section 1.2.2) is an attractive local-
ization technique, providing absolute position
of small birds that other techniques cannot ac-
complish with these weight requirements.

Figure 1.8: Common swifts >.

With this technology, the migration pattern of the common swift, see Figure 1.8,
has just recently been revealed by researcher from Lund University using data
from light loggers mounted on different swifts, see (Akesson et al., 2012). The
common swift is a medium sized bird with a weight of 40 g in average, limiting
the maximum allowed sensor equipment to 2 g.

In Paper D, the estimation of migration path will be formulated as a nonlin-
ear filtering problem where the position is updated at each sunrise and sunset.
The study is performed in collaboration with the aforementioned biologists from
Lund University, who also have provided the real data presented in the work.

1.4 Thesis Outline

The thesis is divided into two parts, with edited versions of published and sub-
mitted papers in the second part. The first part introduces the theory needed for
the models presented in this thesis. This is divided into two chapters represent-
ing the two localization techniques that are analyzed. Chapter 2 introduces the
relevant electromagnetic theory describing the relation between magnetic objects
and their induced magnetic field, and Chapter 3 introduces the astronomy that
is needed in doing localization based on light levels. The first part ends with
Chapter 4 summarizing the conclusions and further work.

The second part consists of edited versions of four papers: Wahlstréom and Gustafs-
son (2012) in Paper A, Wahlstrom et al. (2012¢) in Paper B, Wahlstrom et al.

(2013) in Paper C and Wahlstrom et al. (2012a) in Paper D, which all have been

presented and mentioned above. Paper A, B and C are all under revision whereas

Paper D is published. Note that earlier versions of Paper A is published in

Wahlstrom et al. (2010) and partly in Wahlstrom et al. (2011). An early version

of Paper B is published in Wahlstrom et al. (2012b).

Below is a summary of each paper:

3Source:http://en.wikipedia.org/wiki/Common_swift
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Paper A: Magnetometer Modeling and Validation for Tracking Metallic Targets

N. Wahlstrom and F. Gustafsson. Magnetometer modeling and vali-
dation for tracking metallic targets. IEEE Transactions on Signal Pro-
cessing, 2012. Under revision.

Summary: In this paper, a sensor model for three-axis magnetometers is pre-
sented, suitable for localization and tracking as required in intelligent transporta-
tion systems and security applications. The model depends on a physical mag-
netic dipole model of the target and its relative position to the sensor. Both point
target and extended target models are provided as well as a target orientation
dependent model. The suitability of magnetometers for tracking is analyzed in
terms of local observability and the Cramér Rao lower bound as a function of the
sensor positions in a two sensor scenario. The models are validated with real field
test data taken from various road vehicles which indicate excellent localization
as well as identification of the magnetic target model suitable for target classifi-
cation. These sensor models can be combined with a standard motion model and
a standard nonlinear filter to track metallic objects in a magnetometer network.

Background and contribution: This contribution is to a large extend based on
the author’s master’s thesis (Wahlstrom, 2010). The experimental result are the
same as in that thesis, but the theoretical part has since then been extended. The
author of the thesis wrote the major part of the paper.

Paper B: Classification of Driving Direction in Traffic Surveillance using
Magnetometers

N. Wahlstrom, R. Hostettler, F. Gustafsson, and W. Birk. Classifica-
tion of driving direction in traffic surveillance using magnetometers.
IEEE Transactions on Intelligent Transportation Systems, 2012c. Sub-
mitted.

Summary: We present an approach for computing the driving direction of a ve-
hicle by processing measurements from one 2-axis magnetometer. The proposed
method relies on a non-linear transformation of the measurement data compris-
ing only two inner products. Deterministic analysis of the signal model reveals
how the driving direction affects the measurement signal and the proposed clas-
sifier is analyzed in terms of its statistical properties. The method is compared
with a model based likelihood test using both simulated and experimental data.
The experimental verification indicates that good performance is achieved under
the presence of saturation, measurement noise, and near field effects.

Background and contribution: The cooperation with Roland Hostettler was ini-
tiated at Reglerméte (Swedish control conference) 2010 and in the fall data was
collected together. Later, the author of this thesis came up with the core idea pre-
sented in this paper. In all other aspects the work has been accomplished jointly
including data collection, theoretical analysis, coding and writing. Prof. Fredrik
Gustafsson and Dr. Wolfgang Birk have acted as supervisors.
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Paper C: Modeling Magnetic Fields using Gaussian Processes

N. Wahlstrom, M. Kok, T.B. Schon, and F. Gustafsson. Modeling mag-
netic fields using Gaussian processes. In Proceedings of the the 38th
International Conference on Acoustics, Speech, and Signal Processing
(ICASSP), Vancouver, Canada, May 2013. Submitted.

Summary: Starting from the electromagnetic theory, we derive a Bayesian non-
parametric model allowing for joint estimation of the magnetic field and the mag-
netic sources in complex environments. The model is a Gaussian process which
exploits the divergence- and curl-free properties of the magnetic field by combin-
ing well-known model components in a novel manner. The model is estimated
using magnetometer measurements and spatial information implicitly provided
by the sensor. The model and the associated estimator are validated on both simu-
lated and real world experimental data producing Bayesian nonparametric maps
of magnetized objects.

Background and contribution: The author of the thesis came up with the mod-
eling idea presented in this paper after a PhD course in machine learning. The
measurements have been collected together with Manon Kok and the author of
this thesis has done the coding and has written the majority of the text.

Paper D: A Voyage to Africa by Mr Swift

N. Wahlstrom, F. Gustafsson, and S. Akesson. A Voyage to Africa by
Mr Swift. In Proceedings of the 15th International Conference on
Information Fusion (FUSION), pages 808-815, Singapore, July 2012a.

Summary: A male common swift Apus apus was equipped with a light logger on
August 5, 2010, and again captured in his nest 298 days later. The data stored in
the light logger enables analysis of the fascinating travel he made in this time pe-
riod. The state of the art algorithm for geolocation based on light loggers consists
in computing first sunrise and sunset from the logged data, which are then con-
verted to midday (gives longitude) and day length (gives latitude). This approach
has singularities at the spring and fall equinoxes, and gives a bias for fast day
transitions in the east-west direction. We derive a flexible particle filter solution,
where sunset and sunrise are processed separately in two different measurement
updates, and where the motion model has two modes, one for migration and one
for stationary long time visits, which are designed to fit the flying pattern of the
swift. This approach circumvents the aforementioned problems with singularity
and bias, and provides realistic confidence bounds on the geolocation as well as
an estimate of the migration mode.

Background and contribution: Prof. Fredrik Gustafsson came up with the initial
idea to treat this application as a filtering problem and Prof. Susanne Akesson
has provided the data and expertise in migrating birds. The author of this thesis
has developed the framework and has written the majority of the text.
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1.5 Other Publications

Publication of related interest, but not included in this thesis:

E. Almqvist, D. Eriksson, A. Lundberg, E. Nilsson, N. Wahlstrom,
E. Frisk, and M. Krysander. Solving the ADAPT benchmark problem -
A student project study. In 21st International Workshop on Principles
of Diagnosis (DX-10), Portland, Oregon, USA, October 2010.

N. Wahlstrom, J. Callmer, and F. Gustafsson. Magnetometers for track-
ing metallic targets. In Proceedings of 13th International Conference
on Information Fusion (FUSION), Edinburgh, Scotland, July 2010.

N. Wahlstrom, J. Callmer, and F. Gustafsson. Single target tracking us-
ing vector magnetometers. In Proceedings of the International Con-
ference on Acoustics, Speech and Signal Processing (ICASSP), pages
4332-4335, Prague, Czech Republic, May 2011.

N. Wahlstrom, R. Hostettler, F. Gustafsson, and W. Birk. Rapid classi-
fication of vehicle heading direction with two-axis magnetometer. In
Proceedings of the International Conference on Acoustics, Speech and
Signal Processing (ICASSP), pages 3385-3388, Kyoto, Japan, March
2012b.

F. Gustafsson and N. Wahlstrom. Method and device for pose tracking
using vector magnetometers, 2012. Patent. Under revision.

M. Kok, N. Wahlstrom, T.B. Schon, and F. Gustafsson. MEMS-based
inertial navigation based on a magnetic field map. In Proceedings of
the 38th International Conference on Acoustics, Speech, and Signal
Processing (ICASSP), Vancouver, Canada, May 2013. Submitted.

1.6 Contributions

The main contributions of this thesis are focused on models used for various
localizations applications. These are:

* Parametric magnetic model: Models describing moving magnetic objects.
In Paper A, a variety of different models are presented including a point
target model, an extended target model and a target orientation dependent
model. Paper B focuses on a model for estimating the driving direction of
the vehicle.

* Nonparametric magnetic model: Models describing complex magnetic en-
vironments suitable for indoor localization are described in Paper C.

* Light level model: Models describing light level data suitable for localizing
migrating birds. This is the main contribution of Paper D.






Electromagnetic Theory

This chapter introduces the electromagnetic theory. Special interest will be given
to the magnetic field and its properties when currents are steady. The material
presented this chapter is to a great extent based on the theory as presented by
Jackson (1998) and Cheng (1989).

Even though electromagnetic phenomena were known to the ancient Greeks, its
development as a quantitative subject started first in the end of the 18th cen-
tury with Cavendish’ and Columbus’ experiments and research. Fifty years later
Faraday was studying time-varying electromagnetic phenomena. By 1865 James
Clerk Maxwell had published his famous paper (Maxwell, 1865) on a dynamical
theory of the electromagnetic field. In that paper, the original set of four equa-
tions first appeared. These equations will be our theoretical starting point.

2.1 Maxwell’s Equations

All electromagnetic phenomena are governed by Maxwell’s equations,

V-E= ﬂ, (2.1a)
€o
JE
VxB—yonE = pol, (2.1b)
VxE+%:0, (2.1c)
V.-B=0, (2.1d)

where E is the electric field, p is the charge density, B is the magnetic field and J
is the current density. The equations (2.1) are given in SI units. Apart from the
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fields E and B and their sources p and J, the equations also include the constants
€9 and g, which are the permittivity and permeability of free space respectively.
The permeability of free space yg has a defined value

po =41l x 107 Fm™! =1.257x 10 °Fm™}, (2.2)
and the permittivity of free space is defined by
€0 = 1/(poc)) = 8.854x 1072 Hm™, (2.3)

where ¢ is the speed of light in vacuum. Table 2.1 summarizes the meaning of
each symbol and the SI unit of measure.

Table 2.1: Definitions and units.

Symbol | Meaning SI unit

E Electric field Volt per meter [Vm™T]

B Magnetic field Tesla [T]

P Charge density Coulombs per cubic meter [C m~3]
J Current density Amperes per square meter [A m~?]
&0 Permittivity of free space | Farads per meter [Fm™']

Mo Permeability of free space | Henries per meter [Hm™!]

o Speed of light in vacuum | Meter per second [ms™!]

2.2 Quasi-Static Approximation

In this thesis, the magnetic field B is of special interest, since that is the quantity
that will be measured. In general, it is coupled with the electric field E through
their time derivatives (2.1b) and (2.1c). However, in the stationary case the terms
JE/dt and dB/dt can be neglected, and Maxwell’s equations will be decoupled.
The magnetic field will therefore obey the magnetostatic equations

V xB = pg), (2.4a)
V:-B=0. (2.4b)

From these equations it is clear that the current density J can be regarded as the
source causing the magnetic field B. If the current density is time-dependent, the
static assumption does not hold and the full solution of Maxwell’s equations has
to be considered. However, if these changes are sufficiently small, a quasi-static
approximation can be made, in which the magnetostatic equations (2.4) still hold.
In this approximation, (2.4a) states that any variation in the current density J is
instantaneously communicated to the magnetic field B, implying that the velocity
of propagation is infinite. Hence, this approximation is only valid if the time lag
produced by the finite velocity of propagation is very small in comparison with
the time interval in which the currents undergo relevant changes. If the changes
are periodical with a certain frequency the condition of quasi-stationarity can be
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expressed as

size of the physical system x frequency < c.

This can be illustrated with the following example borrowed from Di Bartolo
(2004).

——2.1 Example
For a transformer with the characteristic size of 30 cm and a frequency of 50 Hz
we have

size x frequency = 0.3m x 505 ' = 15ms™' < ¢y = 300000000ms~!

Thus, in this transformer, the quasi-static approximation is valid.

2.3 Magnetic Dipole Moment

Having a complete knowledge of the current density J enables us to find the so-
lution for the magnetic field B using the magnetostatic equations (2.4). However,
its solution is not trivial and further approximations have to be applied. In many
scenarios of interest the current density is zero except in one small region, see
Figure 2.1. Instead of solving the full system (2.4), we can represent this region

P

1% O

Figure 2.1: Localized current density J(r’) in the region V gives rise to a
magnetic induction at the point P with coordinate r. Outside the region V
the current density is zero J(r’) = 0.

V (further on referred to as the object) with its magnetic dipole moment m at point
O, which is related to the current density as

m < % Ir’ xJ(r')d*r’ [Am?], (2.5)
v

where 1’ is a integration variable, d°7” = dx’dy’dz’ is a three dimensional volume
element at r’ and J(r’) is the current density at position r’. The big advantage
with this formulation is that we can derive an analytical expression relating the
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magnetic dipole moment to the magnetic field, namely the magnetic dipole field

_ o 3 myr—[ilPm g
el 4relefP

B(r)

(3rr’ = ||r]|’I;) m = C(r)m (2.6)

2C(r)

where r is a vector from the object O to the point P where the magnetic field
is being observed (further on referred to as the observer). Note, that this expres-
sion is only valid for the magnetic field outside the region V of the object. The
derivation of this dipole field can be found in Appendix A and requires a Taylor
expansion which is only valid if the distance to the observer is large in compari-
son to the size of the object, i.e. if |[r]| > ||r’|| in (2.1). This dipole model will be
the theoretical starting point for the models presented in Paper A and Paper B.

Further, if there are multiple objects, each of them will induce its own magnetic
dipole field.

B;(r) = C(r — r;)m;. (2.7)

where r; is the position of the object and m; its dipole moment. Due to the lin-
earity of the magnetostatic equations (2.4) all magnetic dipole fields will super-
impose

B(r) = ZBi(r) = ZC(r—ri)m,-. (2.8)

Multiple dipoles can also be used to represent larger objects by dividing them
into smaller regions and represent each region with a magnetic dipole. This
model has been proposed in Paper A to represent larger vehicles. The idea can
also be taken one step further. By dividing the object into even smaller regions,
we will in the limit define the magnetization. This concept will be explained in
the next section.

2.4 Magnetization

All materials consist of atoms with orbiting electrons. The electrons give rise to
circular currents where each of them can be represented with a magnetic dipole
moment m;. All these dipole moments will describe the magnetization of the
material. However, due to the very large number of atoms in a material, this
description is not convenient. Therefore, we use its average over a larger volume
and describe magnetization as the quantity of magnetic moment per unit volume.
If there are n atoms per unit volume, we define the magnetization as

1‘1A1Vm, .
M) 2 lim ==L % [Am™] 2.9
()% Jim) =3y [Am7] (29)

where Z?:AIV m; denotes the sum of all magnetic dipole moments within the vol-
ume element AV centered at r. The magnetization can be seen as a density of mag-

netic dipole moments. This description is convenient since we can describe mag-
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netized regions which otherwise would require infinitely many magnetic dipole
moments.

By generalizing (2.8) we can also find a relation between the magnetization and
the magnetic field.

B(r) = JC(r —r)M(r')d3+’ (2.10)

Using this relation, the magnetic dipole can be seen as a Dirac-distribution, illus-
trated in the example below.

——2.2 Example

Consider a magnetization localized at position r; and zero elsewhere M = md(r —
r;). By using this field in (2.10) we get

B(r) = fC(r—r')mé(r'—ri)d3r' =C(r-r;)m, (2.11)

which is the magnetic dipole field of a magnetic dipole at r; with magnetic dipole
moment m.

However, the description (2.10) is complicated and highly non-linear. By intro-
ducing the magnetizing field we can instead describe this relation with a set of
linear differential equations similar to (2.4). This is explained below.

2.5 Magnetizing Field
The current density J can be divided into magnetization current J,,, and free current
Jras

J=TJ¢+Jm (2.12)

The magnetization current is bounded to the material and can be seen as the
current density due the electrons orbiting around the electrons in the material. It
is defined as being the curl of the magnetization

Jn2VxM [Am~2] (2.13)

The free current density J¢ is not bounded to any material and its charges can
move freely, for example currents in electric cables etc.

By introducing the division 2.12 in the magnetostatic equations (2.4a), this re-
sults in

1
I/{—VXBZJf+Jm=Jf+VXM, (2.14)
0

or

B
Vx(——M):If. (2.15)
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Now, a new field H can be defined called the magnetizing field

B
H: —-M [Am™] (2.16)
Ho
With this quantity, an alternative version of the magnetostatic equation only in-
cluding the free current can be given as

VxH=Jf, (2.17a)
V-B=0. (2.17b)

By this we have reformulated the magnetostatic equations (2.4) into (2.17) which
only depend on the free current J; and not the magnetization current J,,. The
effect of the magnetization current is described with the magnetization M, which
couples the two magnetic fields B and H via (2.16). The equations (2.16) and
(2.17) have been used in Paper C for modeling complex magnetic structures in in-
door environments using Bayesian nonparametric methods. In that contribution,
we assume J ; = 0 which enables an exploitation of the curl- and divergence-free
properties of the H- and B-fields, respectively.

2.6 Magnetic Materials

As we explained earlier, all materials consist of atoms where each of them can
be described with a magnetic dipole. In most materials, these dipoles are not
structured in any certain manner and the total magnetization will therefore be
zero. However, in some materials these dipoles will be affected by the presence
of an external field, which will give raise to a non-zero magnetization. In these
materials we distinguish between properties referred to as soft and hard iron.

2.6.1 Softlron

In soft iron the magnetization will be aligned with an applied external field, see
Figure 2.2. If the material is linear and isotropic this magnetization is directly
proportional to the magnetizing field

M = x,H (2.18)

where x,, is the magnetic susceptibility, which is a dimensionless constant charac-
teristic for the magnetic material. Using the relation (2.16), this will also result
in a relation between the magnetic field and the magnetization

_ i Xm
Pol=Xm
Thus, the magnetization will always be aligned with the external field regardless

of the orientation of the object. Furthermore, if the applied magnetic field is
removed, the magnetization will disappear.

B. (2.19)
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External
magnetic field

(a) Non-magnetized material. All (b) Magnetized material.  The

dipoles are independent of each dipoles are aligned in the direction

other and thus M = 0. of the applied external magnetic
field and therefore M = 0.

Figure 2.2: A material with x,, > 0 will be magnetized when an external
field is applied.

2.6.2 Hard Iron

For weak applied magnetic fields, the H- and M-field will reduce to zero when
the applied field is removed. However, for strong applied magnetic field the
process will for some materials not be reversible forming permanent magnets.
Materials having this property are called ferromagnetic. Magnetized ferromag-
netic substance will also contribute to the total magnetization. Such permanent
magnetization is referred to as hard iron. The hard iron magnetization will (in
contrast to soft iron) be aligned with the reference frame of the object and will
thus rotate as when the object rotates.

2.7 Summary and Connections

In this chapter a short overview of the electromagnetic theory relevant for this
thesis has been presented. Concepts such as magnetic dipole moment, magne-
tization, soft iron and hard iron have been introduced and will later be used in
Paper A, B and C in the second part of this thesis.
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The magnetic dipole model (2.6) has been introduced and proven to have proper-
ties suitable for modeling magnetic objects with small geometrical extent. How-
ever, in the real world scenarios presented in each of these three papers, the ex-
tent of the magnetic objects is not negligible and has to be taken into considera-
tion. This issue will be treated differently in each of the three papers.

* In Paper A the dipole model will be extended by using a grid of dipoles sim-
ilar to (2.8). Each dipole can be considered to correspond to a region, where
each region is smaller than the whole object, compare with Figure 2.2. The
model has a parameter vector which includes the magnetic dipole moments
as well as the position of the objects and a parameter related to its geomet-
rical extent.

* The dipole model will also be used in Paper B. However, the model will not
be used explicitly, only one property of it. This property is invariant to the
geometrical extent of the target.

* In Paper C the magnetization M (2.9) will be used to model the magnetic
objects. The magnetization can be seen as a continuum with infinitely many
magnetic dipole moments. To handle such infinitely dimensional objects a
Bayesian nonparametric modeling technique will be investigated.

Furthermore, the separation of the soft iron and hard iron contribution to the
magnetization as presented in Section 2.6 will be exploited in Paper A.



Astronomy

The phenomena in the sky have for a long time been a source for peoples’ interest
and fascination. During the development of seafaring in the 17th and 18th cen-
turies, the astronomy started be used a for navigation, see Cotter (1968). To be
able to use astronomy for navigational purposes, we need to know the laws gov-
erning the motion of celestial objects in the sky. These equations are presented in
this chapter. Kepler’s laws will be the starting point.

3.1 Kepler's Laws

In 1609 Johannes Kepler developed two laws! describing planetary motions:

1. The orbit of a planet is an ellipse, one focus of which is in the sun.
2. The radius vector of a planet sweeps equal areas in equal amounts of time.

These two laws are illustrated in Figure 3.1 and from them it is possible to derive
the equation of motion for the planet in its orbit around the sun. Due to the
elliptic form of the orbit the distance between planet and the sun will change over
time. The point where the planet is as closest to the sun is called the perihelion.
The position of the planet can now be described with an angle, the true anomaly
f, measured from the perihelion. As a consequence of Kepler’s second law, the
true anomaly will not increase at a constant rate. For example, the planet moves
faster closer to the perihelion than at other places.

By following any standard textbook on astronomy, for example Karttunen (2003),
an analytical expression of the true anomaly based on Kepler’s laws can be de-

I There is also a third law of Kepler describing orbital periods, which Kepler published many years
later in 1628. However, this law is not needed for describing the orbital motion of planets.
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Figure 3.1: An illustration of Keplers’s first and second law. The areas of the
sectors are equal. According to Kepler’s second law it takes equal time to
travel the distances AB and CD.

rived,
cos(E)—e

=—" 3.1
cos(f) 1 —ecos(E) (3-1a)
The eccentric anomaly E and the mean anomaly M are given by Kepler’s equation
E —esin(E) = M, (3.1b)

2

M = ?T((t —0), (3.1¢)

where P is the orbital period, t — 7 is the time elapsed since perihelion and e is
the so-called orbital eccentricity. The orbital eccentricity describes the amount
by which the orbit deviates from the circle, where e = 0 is a perfect circle and
for 0 < e < 1 the orbit is elliptic. The earth’s orbit is only slightly elliptic with
e =0.0167.

Note that for the special case of a circular orbit e = 0, this gives f = E = M and
the mean anomaly f will increase at a constant rate as expected. For the earth
the perihelion occurs 14 days after the winter solstice at about the 5th of January.

3.2 Spherical Astronomy

In order to describe the apparent motion of celestial objects, different coordinate
systems have to be introduced. The transformations between these coordinate
systems are used to derive analytical expressions of the position for celestial ob-
jects on the sky. Before introducing these coordinate systems, some mathematical
tools related to spherical trigonometry are needed.
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3.2.1 Spherical Geometry

Spherical geometry is the geometry on the surface of a sphere. In Euclidean ge-
ometry the basic component is the straight line, being the shortest path between
two points. In spherical geometry, the shortest path is an arc of a great circle 2.

i
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Figure 3.2: A spherical triangle.

A spherical triangle is a triangle lying on the sphere where its sides are arcs of
great circles, see Figure 3.2. In contrast to euclidean triangles, the sum of the
angles is always greater than 180°. Also, the trigonometric laws related to the
triangle are slightly different. The spherical law of cosines reads

cos(c) = cos(a) cos(b) + sin(a) sin(b) cos(C). (3.2)

In the limit when the sides a, b and ¢ shrink to zero, the spherical triangle be-
comes an euclidean triangle. Using the following approximation valid for small
angles v

1
sin(v) v, cos(v)=1- Evz, (3.3)
one gets the euclidean law of cosine
¢ = a® + b? — 2abcos(C), (3.4)

where also higher order terms have been ignored.

Also the law of sines has its counterpart in spherical geometry

sin(a) _ sin(b) _ sin(c)
sin(A) ~ sin(B)  sin(C)’

(3.5)

2 A great circle is the intersection of a sphere and a plane, which passes through the center of the
sphere. If the plane does not pass the center, the intersection is called a small circle.
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Using the same approximation as before, we get the corresponding formula for
Eucledian geometry

b
AR A — (3.6)
sin(A) sin(B) sin(C)
The proof of these formulas can be found in textbooks on geometry (Fenn, 1993)
or astronomy (Karttunen, 2003).

Furthermore, following (Karttunen, 2003) we also have a third identity
cos(A)sin(c) = — cos(C) sin(a) cos(b) + cos(a) sin(b) (3.7)
which has a more trivial counterpart in Euclidean geometry

b = cos(A)c + cos(C)a (3.8)

By using the two identities (3.5) and (3.7) we will also be able to end up in the
following relation

sin(C)

—cos(C) cos(b) + féllll’ll(((b;;

tan(A) = (3.9)

The two formulas (3.2) and (3.9) will be used to define the transformation be-
tween the coordinate systems introduced below.

3.2.2 Coordinate Systems

The position of a celestial object on the sky depends on both the position of the
observer and on the time. To derive the equations describing these dependences,
different coordinate systems have to be introduced. Here, all of them will be
defined in spherical coordinates. Since we are only interested in points on the
sphere, each coordinate system has two coordinates referred to as latitude and
longitude, see Figure 3.3.

For each coordinate system we need a reference plane dividing the sphere into
two equally big halves. The latitude is the angle from this plane to the point of
interest and has the range [-90°, 90°] and the intersections between the normal to
the reference plane and the sphere are called the North Pole and the South Pole.
To define the longitude we also need a reference meridian which is a half arc of a
great circle connecting the North Pole and the South Pole. Further, the longitude
is the angle from this meridian to the point of interest and has the range [0°,
360°[. The usual convention is to use a right-handed coordinate system, where
the longitude is defined in clockwise direction from the reference meridian. For
some angles it is more intuitive to use hours instead of degrees where 360 degrees
equals 24 hours. Like other text books on astronomy, both units will be used. For
example, when adding a quantity measured in hours with a quantity measured
degrees, the relation 360° = 24 h applies.

In addition to the reference plane and reference meridian we also need a sphere.
Two different spheres will be used for this task: the terrestrial sphere and the
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Figure 3.3: A point on the sphere can be defined with its latitude (relative to
the reference plane) and its longitude (relative to the reference meridian).

celestial sphere. The terrestrial sphere represents the earth3. From the earth, the
sky looks like another sphere. All celestial objects seem to be on the surface of
this sphere with the earth in its center. Of course, all celestial objects are all at
different distances, but this abstract construction will be helpful when defining
the celestial coordinate systems. In Table 3.1 and Table 3.2 an overview of the
different coordinate systems are given. More specific details are given in the
sections below.

Table 3.1: Spherical coordinates of the different coordinate systems.

Coordinate system | Latitude Longitude

Geographic Geographic latitude y | Geographic longitude x
Horizontal Altitude h Azimuth A

Equatorial Declination d Right ascension «
Ecliptic Ecliptic latitude g Ecliptic longitude A

Table 3.2: References for the different coordinate systems.

Coordinate system | Sphere Reference meridian | Reference plane
Geographic Terrestrial | Greenwich meridian | Equatorial plane
Horizontal Celestial South Horizontal plane
Equatorial Celestial Vernal equinox Equatorial plane
Ecliptic Celestial Vernal equinox Ecliptic plane

3The earth is not exactly a sphere. Due to the rotation of the earth, its shape is slightly flattened on
the poles. This results in a slightly different definition of longitude and latitude. See e.g. Karttunen
(2003) for more discussion on this.



30 3 Astronomy

Geographic Coordinate Systems

The geographic coordinate system is used to define a position on the earth, where
the equator defines the reference plane. The coordinates are geographic latitude
and geographic longitude, usually referred to as just latitude and longitude. The
longitude is the angular distance measured from the meridian passing through
Greenwich Observatory in England. We will use positive values of the longitude
for positions east of Greenwich, which is the standard convention in navigation.
However, the sign conversion varies. Astronomers usually define the longitude
to have positive values in west-direction, see Meeus (1991) for a discussion on
this.

Horizontal Coordinate System

The horizontal coordinate system uses the observer’s local horizon as the reference
plane, which is defined as the tangent plane of the earth passing through the
observer. It measures the position of the sun using its altitude h and azimuth A,
see Figure 3.4. The poles in this coordinate system are called zenith (above the
observer) and nadir (below the observer).

South
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Figure 3.4: The horizontal coordinate system. The position of the sun is
defined with its altitude h and azimuth A.

The altitude is the angular distance from the horizon to the celestial object and is
measured in degrees. For navigational purposes this angle can be measured with
a sextant, which is an instrument for determining the angle between two visible
objects. In Paper D, information about the sun’s altitude is instead provided with
measurement from a light sensor, which has a high resolution during sunrise and
sunset.

The azimuth is the angular distance to the celestial object from a fixed reference
point. Here, we use the south direction as the reference meridian, but different
conventions exist here as well. The azimuth of the sun will not affect the light
intensity and this quantity will therefore not be used in the framework presented
in Paper D.

Equatorial Coordinate System

The equatorial coordinate system defines the position of a celestial body on the
celestial sphere with its declination d and right ascension a. It resembles the geo-
graphical coordinate system in the sense that they both have the equatorial plane
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as reference plane. However, the reference meridian of the equatorial coordinate
system is fixed on the celestial sphere rather than on the earth. Thus, it is unaf-
fected by the rotation of the earth. This reference point is called vernal equinox*
and is denoted Y.

To be able to find the transformation between the horizontal and the equatorial
coordinate system, it is convenient to define a longitude to the celestial object
using a reference point which is fixed on the earth. For this we use the local
hour angle, which has the observer’s local meridian as this reference point and is
positive west of this meridian. Due to the earth’s rotation, the hour angle to a
celestial object grows with time. The hour angle of the vernal equinox is called
the sidereal time ©, which relate the local hour angle with right ascension as (see
also Figure 3.5),

©=H+a. (3.10)

The sidereal time depends on the longitude of the observer. To make it indepen-
dent of the observer’s location we use the Greenwich sidereal time © ¢, which is
the sidereal time at the Greenwich meridian. This gives the relation between the
local hour angle and the longitude of the observer.

H=0¢-a+x (3.11)

All these qunatities might either be given in hours or degrees, where 24 degrees
equals 360 degrees.

Greenwich meridian
Celestial object

Figure 3.5: The figure displays the relation between the observer’s longitude
x, the local hour angle H, the sidereal time ©, the Greenwich sidereal time
O and the right ascension a.

Transformation between the horizontal and the equatorial coordinate system can
now be derived using spherical trigonometry. We analyze a spherical triangle

4The point is in some books also-called First point of Aries, since it is used to be in the constellation
of Aries.
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combining the observer’s zenith, the position of the celestial object and the North
pole, see Figure 3.6. This triangle is usually called the astronomical triangle, see
e.g. Barton (1943).

Figure 3.6: Triangle on the celestial sphere for deriving the transformation
between the horizontal and the equatorial coordinate system.

With the spherical law of cosines (3.2) we also get
c0s(90° — h) = cos(90° — d) cos(90° — y) + sin(90° — d) sin(90° — y) cos(H) =
sinh = sinysind + cosy cos d cos H. (3.12a)

This is the key equation relating the altitude of the celestial object with the lati-
tude and longitude of the observer enabling celestial navigation.

From the same triangle we can also derive the expression for the azimuth using
(3.9)

. sin(H)
tan(180° — A) = o sin(90°-y)
—cos(H) cos(90° —y) + igoe—a)
sin(H)

- cos(H)sin(y) — cos(y) tan(d)’ (3.13)

Ecliptic Coordinate System

The ecliptic coordinate system has the orbital plane of the earth, called the ecliptic,
as reference plane. The ecliptic latitude p is the angular distance from the ecliptic
to the celestial object. Similar to the equatorial coordinate system, it has the
vernal equinox as reference meridian and the ecliptic longitude A measures the
angular distance with respect to this meridian. The equatorial plane and the
ecliptic plane are tilted relative to each other, referred to as the obliquity of the
ecliptic and has a value of ¢ = 23.4°.
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North eclipti¢ pole

Equator |

Figure 3.7: Triangle on the celestial sphere for deriving the transformation
between the equatorial and the ecliptic coordinate system.

The transformation between the equatorial and the ecliptic coordinate system
can be derived from another spherical triangle, see Figure 3.7. This spherical
triangle combines the North celestial pole, the position of the celestial object and
the North ecliptic pole. By using the law of cosines on this triangle we get an
expression for the declination as a function of the ecliptic coordinates

€0s(90° — d) = cos(90° — ) cos(¢) + sin(90° — B) sin(e) cos(90° — ) =

sind = sin f cos € + cos fsin e sin A. (3.14a)

By using (3.9) we can also find the right ascension
sin(90° — 1)
—cos(90° — A) cos(¢) + ﬁéfiﬁ)

sin(A) cos(e) — sin(e) tan(p)
cos(A)

tan(a + 90°) =

tan(a) = (3.14b)

Since the sun itself is in the ecliptic plane, its ecliptic longitude is zero® g = 0.
The transformation (3.14a) is therefore reduced to

sind = sin esin A, (3.15a)
tan & = tan A cos(¢). (3.15b)

5Due to perturbations caused by the moon, the ecliptic longitude of the sun is not identical to zero,
but does not exceed 0.000 33° (Meeus, 1991)
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3.3 Time

Measuring time is an important task in astronomy. The time reckoning is based
on two motions. The first is the rotation of the earth around its axis with a period
time of 23 h 56 min 4, which is a sidereal day. The second is the orbit of the earth
around the sun with a period time of 365.256 d, which we call year. During one
sidereal day the apparent position of stars on the celestial sphere will return to
their local meridian.

From the perspective of the earth, it is more natural to base our timekeeping on
the apparent motion of the sun rather than that of the stars. Similarly to the
sidereal day, the solar day is the time it takes for the sun to return to the same
local meridian. Since the earth is rotating in the same direction as its orbital
motion, there will be one more solar day than sidereal day during a year. That is
since the orbit around the sun will contribute with one solar day during one year.
On average, the length of the solar day will be 24 h.

Similarly, we use the solar time, which follows the apparent motion of the sun °

and we define it as the hour angle of the sun plus 12 hours (such that a new day
starts at midnight)

T =H+12h. (3.16)

However, the solar time does not flow at a constant rate. This effect has two
reasons. First, the orbit of the earth around the sun is elliptic rather than circular,
which makes the velocity of the earth along its orbit time varying. Second, the
tilt of the earth’s equator relative to the ecliptic makes the right ascension grow at
an uneven rate, see (3.15b). Furthermore, it is inconvenient to have a time which
does not increase at a constant rate. Therefore we also define the mean solar time,
which does flow at a constant rate and where all days are 24h. The difference
between the solar time and the mean solar time is called the equation of time and
it differs as much as 16 min.

3.4 Simplified Model

A rough, but workable model for the position of the sun can be derived by not
including the effect provided by the equation of time explained above, but rather
assume that the hour angle always increases at constant rate of 360° per 24 h. This
approximation can also be found by using the following approximation, valid for
small angles, in the transformation from the ecliptic to the equatorial coordinate
system

cos(e) ~ 1 sin(e) = ¢, (3.17a)
1

cos(d) ~ sin(d) ~ d. (3.17b)

6This time is what a sundial would measure.
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By using these approximations together with f = 0 in (3.14b) we get

a~ A, (3.18a)
d ~ esin A, (3.18b)
By assuming a circular orbit of the earth around the sun, i.e. by assuming e ~ 0,

the mean anomaly f and consequently also the ecliptic longitude A will increase
at a constant rate

t
A~ 360°, (3.19a)

where t is the time since the vernal equinox and P is the orbital period of the

earth around the sun. With these assumptions also the right ascension « as well
as the hour angle will increase at constant rate according to (3.11)

t~0Og-—a, (3.20a)

H=~t+12h+x (3.20Db)

Together with the angle (3.12a), the equations relating the longitude, latitude and
time to the altitude of the sun can be summarized as

sinh =sinysind + cosycos d cos H, (3.21a)
Hxft+12h+x, (3.21b)
t
d=~ - -, 3.21
€cos P ( )

where 7 is the time since the last winter solstice. The times P, t and f are given in
hours.

3.5 Summary and Connections

In this chapter the fundamental principle for how to derive the apparent motion
of celestial objects has been presented. This motion is a consequence of two dy-
namics: (1) the earth’s rotation around its axis and (2) the earth’s orbit around
the sun, where the equations for the second one can be derived from Kepler’s
laws. Further, to describe this motion from the perspective of the observer, sev-
eral coordinate transformations are needed, where the transformations are based
on spherical geometry. Finally, a simplified model has been proposed, which as-
sumes that the solar time flows at a constant rate. This model has been used in
Paper D to derive equations for sunrise and sunset suitable for localizing migrat-
ing birds.






Concluding Remarks

In the first part of this thesis an introduction to the research field and its ap-
plications was given. In the first part the relevant theory for accomplishing the
modeling work was also presented. In the second part the results were presented
and the conclusions are summarized in Section 4.1. Ideas for future directions of
the research are provided in Section 4.2.

4.1 Conclusions

In the first three papers the problem of localizing magnetic objects based on mea-
surements of their induced magnetic field has been investigated. The models in-
troduced in these papers were all based on the electromagnetic theory presented
in Chapter 2. However, to come up with a model which works with real data
is not straightforward. Especially, taking the target extent into consideration is
challenging. This has been solved differently in each of the three papers.

In Paper A, a sensor model based on the magnetic dipole model was introduced.
The target extent has been modeled with a row of dipoles where the length of the
row is related to the length of the target. The paper also proposes a model sepa-
rating the contribution of hard iron and soft iron to the induced magnetic field,
which enables a heading direction dependent model. The paper also presents an
observability analysis of the dipole model. The proposed model has been vali-
dated with a selection of dedicated field experiments showing good performance
for small vehicles. For larger vehicles challenging modeling work still remains.

In Paper B, only the problem of classifying driving direction of a vehicle has been
analyzed. Similar to Paper A, the theoretical starting point was the magnetic
dipole model. However, instead of using the full dipole model for estimating po-
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sition and velocity as in Paper A, a nonlinear transformation of the measurement
has been derived. Based on the dipole model, this transformed data has theoret-
ically and experimentally been proven to be sensitive to the driving direction of
the vehicle, but insensitive to other scenario dependent parameters, such as ve-
locity, magnetic signature and target extent. Note that in contrast to the model
in Paper A, this model works excellent on large vehicles. The model has been val-
idated on a total number of 511 vehicles and outperforms a standard likelihood
test.

The model presented in Paper C is not restricted to the parametric dipole model.
It uses a non-parametric modeling technique to model extended magnetic objects
and their induced magnetic field. In contrast to the first two papers, this model is
more suitable for stationary magnetic objects. The model has been validated on
both simulated and experimental data showing ability to localize and determine
the geometrical shape of magnetic structures.

In Paper D, a framework for localizing migrating birds using light logger data
has been proposed. The sensor model is based on a simplified version of the as-
tronomical formulas governing the position of the sun. In contrast to the first
three papers, a stochastic motion model has been used. The corresponding es-
timation problem has been solved with a Rao-Blackwellized particle filter. The
method has been applied to real data and compared with the existing method
with promising results.

4.2 Future Work

Different directions are possible for future research related to the material pre-
sented in this thesis. These directions are divided into the three different applica-
tion areas, that have been analyzed in this thesis.

Traffic surveillance

Future work should focus on finding solutions for the cases that are hard to re-
solve, such as multiple vehicles and, possibly by fusing information from other
sensor types. Further, so far the detection problem has not been analyzed. Here,
standard methods from the literature can be used, for example an adaptive thresh-
olding technique presented by Cheung and Varaiya (2007). In future work the
detection problem should be included, resulting in a full system for localizing ve-
hicles in a wireless sensor network. Finally, implementation in real sensor nodes
should be targeted and the performance in a real time system analyzed.

Magnetic localization mapping in indoor environments

The Bayesian nonparametric model used for describing magnetic structures is
flexible in the sense that objects with different shapes can be estimated. However,
the model is not flexible enough to model data having a big diversity of differ-
ent characteristic length scales and amplitudes. Therefore, in future work, the
Bayesian nonparametric model will be extended to handle more complex envi-
ronments. One promising idea is to extend the model by using a so called hierar-
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chical Dirichlet process (Teh et al., 2006). Others ideas are to use a new concept of
multiresolution Gaussian Processes (Fox and Dunson, 2012) or a infinite mixture
of Gaussian process experts (Rasmussen and Ghahramani, 2002).

Geolocation using light levels

In this work, the light intensity data has in a first step been preprocessed by ex-
tracting time of sunrise and sunset. In this preprocessing, important information
gets lost about the length of dawn and dusk, which also partly reveals the loca-
tion. Furthermore, this preprocessing step includes manual work by removing
outliers due to shading behind bushes and other vegetation.

Future work should address these problems using the light intensity data as mea-
surement and do a measurement update at each light intensity sample during
dawn and dusk. Also the outliers should be modeled and detected in an au-
tomated manner. The light intensity measurement is also weather dependent.
It should therefore also be analyzed if any performance can be gained by fus-
ing with information from weather databases. The filtering solution shall be ex-
tended to a Rao-Blackwellized particle smoother (RBPS) to increase the estimation
performance. We will investigate the use of a new RBPS (Lindsten et al., 2013),
which is able to handle the singular process noise present in the model. Finally,
the sensor model should be extended by including the effects from astronomy
that have so far been neglected, see Section 3.5.






Dipole Derivation

Consider a region V with localized current density. That means, charged particles
can move within the region, but neither leave it nor be added to it. According
to (2.4), this current density gives rise to an induced magnetic field outside the
region (see Figure 2.1).

Since V - B = 0 everywhere, B must be the curl of some vector field A(r), called
the vector potential

B(r) = V x A(r). (A1)

Substituting (A.1) into (2.4a) gives
Vx(VXA(r) =pJ = (A.2a)
V(V-A(r)) - V2A(r) = o). (A.2b)

Since (A.1) only specifies the curl of A, the freedom of the so-called gauge trans-
formation allows one to make V - A have any convenient functional form. With
the choice V- A = 0, we get the following Poisson’s equation

V2A = —puo, (A.3)
which has the solution
Ho I(I'/) 3.
Ar) = == . A4
) 4nf||r—r'||d ' (A-4)

Since J(r’) # 0 only in the region of the localized current density V, we have
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& I(l‘/) 3.7
- J —||r — r’||d r. (A.5)

Furthermore, the denominator in (A.5) can be expanded in powers of r’. With
|[e]| > [|r||” this will be

1 1 1 1 r-r
—,:—+V(—)'—r’)+-..:—+—+... A6
e R T (8.6)

where r = ||r||. Using this Taylor expansion in (A.4) results in

Ai(r J(e)d3r + = J] wddr + ... (A.7)
i 471 il f : [ Z
Due to the fact that the current density J(r) is localized and obeys the static con-
tinuity condition V-J = 0, Gauss’ theorem makes the first term in (A.7) zero.
Furthermore, it can be shown that
" f '];(r)d>r’ = (m x1);, (A.8)
v

where m is the magnetic dipole moment

m = % Jr’ < J(r')d3r. (A.9)
174

The details of these steps are clearly outlined in Jackson (1998). By truncating
(A.7) and using (A.9) in (A.7), we get

A(r) =

Ho M XT
r |iefl®

(A.10)

The induced magnetic field can be calculated directly by evaluating the curl of
(A.10),

Ho 3(r-m)r —||r|’m
4m [lxl]>
When ||| > [|t’|| the truncation of the Taylor expansion in (A.6) makes a good

approximation, i.e. if the characteristic length of region V is small in comparison
to the distance from the region to the observer at point P, see Figure 2.1.

B(r) = (A.11)
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Abstract

With the electromagnetic theory as basis, we present a sensor model
for three-axis magnetometers suitable for localization and tracking
as required in intelligent transportation systems and security appli-
cations. The model depends on a physical magnetic dipole model of
the target and its relative position to the sensor. Both point target
and extended target models are provided as well as a target orienta-
tion dependent model. The suitability of magnetometers for tracking
is analyzed in terms of local observability and the Cramér Rao lower
bound as a function of the sensor positions in a two sensor scenario.
The models are validated with real field test data taken from various
road vehicles which indicate excellent localization as well as identifi-
cation of the magnetic target model suitable for target classification.
These sensor models can be combined with a standard motion model
and a standard nonlinear filter to track metallic objects in a magne-
tometer network.

1 Introduction

Tracking and classification of targets are primary concerns in automated surveil-
lance and security systems. The tracking and classification information can be
used for statistical purposes, i.e. counting number of targets of a specific type
and registration of their velocities and directions of arrival. In this work we will
focus on metallic targets.

One way of sensing metallic objects is by making use of their magnetic proper-
ties. We know that metallic objects induce a magnetic field partly due to its per-
manently magnetized ferromagnetic content and partly due to the deflection of
the earth magnetic field (Jackson, 1998). This induced magnetic field can be mea-
sured with distributed passive magnetometers (Lenz, 1990; Lenz and Edelstein,
2006).
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For moving metallic vehicles, the magnetometer measurements will vary in time,
which results in a time dependent signal. Like in other common tracking appli-
cation based on radar, time difference of arrival and received signal strength, this
signal depends on the position, speed, orientation and target specific parameters.
The difference between the applications is summarized in the sensor model that
relates the quantities to the observations. The same motion models and filters
can be used in all these application. However, we do not focus on suggesting par-
ticular motion models and filters since these choices are standard in literature.
Instead, we focus on the application specific fundamental questions of observ-
ability and geometry for the sensor model.

The simplest far-field model for the metallic vehicle is to approximate it as a mov-
ing magnetic dipole, which is parametrized with the magnetic dipole moment m
that can be interpreted as the magnetic signature of the vehicle. This dipole
model has previously been used for classification and target tracking of ground
targets by Wynn (1999); Casalegno (2002); Kozick and Sadler (2007a,b, 2008);
Christou and Jacyna (2010); Wahlstrom et al. (2010, 2011); Rakijas (2001); Merlat
and Naz (2003); Edelstein (2004); Birsan (2004, 2005). In a near-field scenario the
signal structure is much more complex where nonparametric methods have been
shown to be successful. Cheung and Varaiya (2007); Cheung et al. (2005) have
done an extensive investigation is presented, where the measured signal itself has
been interpreted as the magnetic signature, which can be used for classification
and re-identification of the vehicle at a different location.

Furthermore, several studies have been done exploring the use of underwater
magnetometers for tracking of vessels (Daya et al., 2005; Birsan, 2006; Callmer
et al., 2009), where Callmer et al. (2009) have used the dipole model not only for
localizing the vessel, but also for estimating the positions of the sensors. Birsan
(2006) has used a Bayesian match-field approach, which takes the attenuation of
the seawater into consideration.

As in the work by Wynn (1999); Casalegno (2002); Kozick and Sadler (2007a,b,
2008); Christou and Jacyna (2010); Wahlstrom et al. (2010, 2011); Rakijas (2001);
Merlat and Naz (2003); Edelstein (2004); Birsan (2004, 2005); Callmer et al. (2009),
this work will be based on the dipole model. However, we will generalize many
of the assumptions that previously have been made:

* Prior work by Casalegno (2002); Kozick and Sadler (2007a,b, 2008); Chris-
tou and Jacyna (2010); Wahlstrom et al. (2010, 2011); Rakijas (2001); Merlat
and Naz (2003); Edelstein (2004); Birsan (2004, 2005) is constrained to a sin-
gle dipole point target model, which does not included the the geometrical
extend of the target. We suggest a model with multiple dipoles. This model
was proposed by Wynn (1999) without being illustrated on simulated or
real data, which will be provided in this work.

* Work by Wynn (1999); Casalegno (2002); Kozick and Sadler (2007a,b, 2008);
Christou and Jacyna (2010); Wahlstrom et al. (2010) is based on a linear mo-
tion assumptions, which simplifies the modeling of the dipole moment m.
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However, for other motions where the target orientation changes over time,
the dependency on m will more complicated. One way of solving this is to
marginalize the dipole moment as done by Rakijas (2001); Merlat and Naz
(2003); Edelstein (2004). However, this work will explicitly describe the m
as a function of the target orientation.

* In many papers (Birsan, 2004, 2005; Merlat and Naz, 2003; Edelstein, 2004;
Kozick and Sadler, 2008; Callmer et al., 2009) the theory is illustrated on
simulated data, whereas this work will compare the theory with experimen-
tal data.

We will derive a general sensor model for extended magnetic targets with target
orientation dependent dipole moments observed in an arbitrary magnetometer
network, where we validate the models using statistical tools for a variety of ve-
hicles.

Furthermore, Birsan (2005) has adressed the problem with lack of observability
for a one-sensor scenario. Our work will more precisely describe this unobserv-
able manifold. Also, a measure of the optimal sensor deployment is discussed in
terms of the Cramér Rao Lower Bound (CRLB) as a function of the sensor positions
in a two-sensor scenario.

The paper outline is as follows: Section 2 describes the sensor model and its
extensions. In Section 3 a constant velocity tracking model is presented and com-
pared with other models from the literature based on the same assumption. In
Section 4 observability and sensor deployment is discussed and in Section 5 the
estimation methods are summarized. A validation of the sensor model based on
experimental data is provided in Section 6. The paper closes with conclusions
and proposals for future work.

2 Theoretical Sensor Model

In the statistical signal processing framework, a sensor model of a time-invariant
system is given by

Vi = h(xk) + e, (1)

where y, is the measurement, x; is the state of the system and ey is measurement
noise, all at time instant kT, T being the sample period. This section will present
and discuss different sensor models suitable for target tracking of magnetic ob-
jects.

2.1 Single Sensor Point Target Model

Any magnetic target will induce a magnetic field, which can be measured by a
magnetometer. By approximating the target as a magnetic dipole (Jackson, 1998),
this field can be modeled as a magnetic dipole field. An expression of this field
can be derived from Maxwell’s equations (Maxwell, 1865) (for a derivation see
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for example Jackson (1998)) and gives the following nonlinear model

Ho 3(rx - my)ry — [lrg|[Pmy

h(x;) = By + 22 T (2a)
=By + J™(r;)my, (2b)

with
J™(r) = —E0 (3] — [l P15), (2¢)

4rliegll

where B is a bias, ry is the position of the target relative to the sensor, my is the
magnetic dipole moment of the target and e; ~ N(0,R) white Gaussian noise.
The total sensor model is then given by

Vi = h(xg) + e (2d)
) T
with x; = [Bg r{ m{] , (2e)
The dipole model is an approximation of the induced magnetic field by consider-

ing the target to be a point source. This approximation is valid if the target is far
from the sensor compared to its size, for further discussion see Section 2.3.

The bias By will in theory be constant and equal to the earth magnetic field. How-
ever, in practice it also includes the magnetic distortion induced by other metallic
objects in the environment, which we assume to be constant. Furthermore, the
bias B also includes a magnetic sensor bias, which slightly depends on temper-
ature. This temperature may vary over time due to changing weather condition
and amount of daylight exposed to the sensor (Cheung and Varaiya, 2007). How-
ever, this drift is slowly varying and is assumed to be constant during the time it
takes for a vehicle to pass the sensor.

2.2 Multiple Sensor Model

The sensor model (2) can easily be extended to handle multiple sensors by intro-
ducing

hj(xg) = Bg,j + ™ (rx — 6;)my (3a)
where 6; and B,; are the position and the bias of the jth sensor, respectively.
The total sensor model is then given by
Yk =hj(xe) + ek (3b)
) T
with x; = [Bg,lt] rz m{] , (3¢)
where e; ; is the measurement noise of the jth sensor.
2.3 Extended Target Model

The dipole model (2b) approximates the target with a single magnetic dipole
and can as such be seen as a point target model. However, this is a fairly rough
approximation since vehicles do have a geometrical extension. By parameterizing
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the extended target with multiple dipoles, a more accurate model can be obtained.
By that we get an extended target model. Consider each dipole to be placed at
Ark, relative to the center of the target ry and having the dipole vector m;. Then
the point target model (2b) can be extended as

d
h(x) =B+ ) J™(ri + Arp)my (4)

where d is the number of dipoles. The extended target model in (4) reduces to
a single target model (2b) if the relative positions Ar; are much smaller than ry.
The influence of the target extension can be analyzed by applying a Taylor series
expansion of J™(ry) in (2¢) around ry. By truncating the Taylor series after the
second term, we reach the approximation

~ By + Z(I“‘ i)+ Ve{J™(r0)JAr}, Jm} (5)
o
£J7(r, Ar})

d
=B +J™(re) Z(Iz, + (]m(rk))_llr(rk, Ar;{))m;;,

where we have defined

and J*(-, -) is given by (30b). Further, it can be shown that

sl
7 Tl

1™ () T (g, AL, <

and with ||Arf(||2 < ||tg|[, we arrive at the point target model

M&

h(x) ~ J™ (ry) " (re)my, (8)
i=1

where the dipole moment my in point target model is related to the dipole mo-

ments m, in the extended target models as

d
m; = Zm;( (9)
i=1

Thus, the point target model is valid if the distance between the target and the
sensor is much larger than the characteristic length of the target, which has also
been stated by Jackson (1998). However, if this is not the case, an extended target
model might be considered.
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2.4 Uniformly Linear Array of Dipoles

In this work, a row of dipoles will be used to describe the target extent. Since a
vehicle normally has its largest geometrical extension in the same direction as its
course, a row of equidistantly distributed dipoles along the velocity vector v, will
been considered (see Figure 1). The velocity vector v, will later be included in the
dynamic description in Section 3. Furthermore, the size of the object is unknown,

my = 37, mj,

Figure 1: The vehicle parametrized with d = 4 dipoles aligned in a row in
the direction of the vehicle course vy. All dipoles are equally distanced with
the interval L/(d — 1), i.e. a total length of L.

thus the distance between the first and the last dipole L has to be regarded as a
parameter. By combining this with the multiple sensor model (3) we get

d
h(xi) = By + Z]m(rk ~6; + Arl)m; (10a)
i=1
with
i .od+1 L Vi
Art =i - . 10b
¢ ( 2 )d—lnvkn (100)

The total sensor model is given by
Yik= h?(xk) +tejk (10c)
. . T
with x =[(Bou)T tf v (mp)T L] . (10d)

Note that if either the length is L = 0 or the number of dipoles is d = 1, the model
(10) will be equivalent with the point target model presented in (2).

2.5 Target Orientation Dependent Model

The magnetic dipole moment m; will also depend on the orientation of the ve-
hicle. To describe this dependency, the source of the magnetization has to be
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decomposed into one hard iron contribution and one soft iron contribution as
done by Casalegno (2002); Merlat and Naz (2003).

We know that metallic objects induce a magnetic field partly due to the ferromag-
netic content (hard iron) and partly due to the deflection of the earth magnetic
field (soft iron). The magnetization due to the hard iron can be represented with a
magnetic dipole moment mg, which is independent of the external magnetic field
and will thus always be constant in the reference frame of the vehicle. Since the
sensors have the same reference frame as the world, which is not the same as the
one of the vehicle, a transformation between these two reference frames has to
be found. Generally, the heading W, banking ¢ and inclination 6 angles are used
to define the relative orientation of a vehicle with respect to world coordinates.
Here, the world coordinates are aligned with the magnetic north, see Figure 2.
In this work, no banking and inclination are considered since we assume that
the road is flat, i.e. it does neither bank nor incline. Furthermore, any slip is
neglected. Consequently, the heading W} uniquely determines the orientation of
the vehicle with respect to the sensors and is defined as

Wy = arctan2(vy, v§), (11)

with arctan2 being the four quadrant arc-tangent and where v and v% are the x
and y components of the velocity vector vy, respectively. Now, with the rotation
matrix

cosWV, —sinW, 0
QW) =|sinW, cosV¥, 0], (12)
0 0 1

the hard iron contribution of magnetic dipole moment can be described as
mp?"¢ = Q(Wi)m. (13)

On the other hand, the magnetization due to the soft iron is more complicated.
For an isotropic medium (a spherical shell for example), the induced magnetic
dipole moment mgy; is parallel to the earth magnetic field B,

meft = O g (14)
Ho

with D being a target characteristic scalar constant.

However, in general the moment induction is a non-isotropic process and its de-
scription requires a symmetric 3 x 3-matrix P, which is known as the polarizabil-
ity tensor (Jackson, 1998). In world coordinates this tensor reads Q(W;)PQ (W)
and we have

1
m$°ft = %QM)PQT(%)BO.

Since a symmetric 3 x 3-matrix has 6 unknowns, this would heavily enlarge our
state space dimension (and presumably lead to unobservability). Therefore, in
this work we assume that magnetic dipole moment is parallel to the earth mag-
netic field. Thus, we assume that the vehicles are isotropic, which might be a
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rough but workable assumption.

Since magnetization is additive, the total magnetic dipole moment can be mod-
eled as

D
my; = Q(Wy)m, + —B,,. (15)
Ho

In Figure 2 a graphical representation of the model is presented.

A Magnetic north

Vi k.

Figure 2: A stationary magnetometer measures the earth magnetic field B,
together with a magnetic dipole field Bgipole- The magnetic dipole field is
induced by a moving vehicle at position r; with velocity vy and magnetic
dipole moment my = Q(W)mg + %BO. The heading angle WV} is defined by
the velocity direction.

We have now decomposed the magnetic dipole moment into two components,
one representing the hard iron and one representing the soft iron. The corre-
sponding model parameters D and mg will represent the real magnetic signature
of the target and will thus be constant even in a target maneuvering scenario.

2.6 General Sensor Model

The orientation dependent model can now be combined with the extended target
model (10) which gives

d
he(xi) = Boj+ ) J™(rx + Ar} - 6;)mj, (16a)
i=1
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with
. . Dt
m; = Q(Wy)m; + —B,, (16b)
Ho
1 J
By = 7 ZBo,j, (16c¢)
j=1
Wy = arctan2(vy, vy), (16d)
i . d+1 L Vi
Art =[i - . 16
i (’ 2 ) a1l (16

Here, the mean of all sensor biases By ; is used as an expression for the earth
magnetic field, which is needed for describing the orientation of the soft iron
contribution (14). The total sensor model is then given by

¥ir =hixe) +ejx (16f)

. . . T
with x; = [Bo1)T 1] v[ (mi)T (DY) L]

Note that if the heading Wy is constant, the magnetic dipole moment m;'c will also
be constant. In such a scenario, the parameters for the hard iron mg and the soft
iron D' are not identifiable. Therefore, in such a scenario a parametrization of
the dipole moment directly is a more attractive solution, which will be used in
the next section.

3 Constant Velocity Tracking Model

The models presented in the previous section are not constrained to any type of
motion. However, in this work special interest will be given to the scenario when
vehicles pass the sensor with constant velocity. This prior knowledge enables us
to formulate a static sensor model.

3.1 Sensor Model for Constant Velocity

By assuming constant velocity vy

T =T+ Tv

k+1 k k (17)

Vi+l = Vi
the heading W will also be constant as well as the magnetic dipole moment m;
according to (15). We could also consider another parametrization of the target
motion. However, if that motion model implies a time-varying heading Wy, the
magnetic dipole moment will no longer be constant and the target orientation
dependent dipole model (15) has to be considered.

We can now define a static sensor model
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Yi = hi(x) + e
Ho 3(ri - m)rg —[Ir[*m

=By + k (18)
4 [l
where r; =1+ kTv,.
Here, the substitution
1, =19+ kTv
k 0 0 (1 9)

m; =m

has been used in (2). Thus, now we have the parameter vector
T
x= [Bg ) vy mT] , (20)

where r is the initial position of the target, v its constant velocity and m its con-
stant magnetic dipole moment. Thus, the model (18) has 12 parameters where
6 of them enter linearly in (18) (B, and m) whereas the other 6 (ry and v) enter
non-linearly.

In a similar manner also the extended target model presented in (10) can be re-
formulated under the constant velocity assumption. Here, all magnetic dipole
moments m'* will be constant. We have

d
h,(x) = Boj + ) J™(re + Ar} - 6)m’ (21a)
i=1
with
1 . d+1 L Vo
= - =
Ary = (1 3 ) = 1]vol and 1, =1y +kTv (21b)

The total sensor model is then given by
Yik = h;‘i,k(x) +€jk (21¢)

with x=[Bou)T 1} v§ (m)T L] (21d)

3.2 Anderson function expansion for constant velocity

The presented sensor model (18) describes the observed magnetometer signal if
the target is moving with constant velocity. An equivalent model (Wynn, 1999;
Kozick and Sadler, 2007a,b, 2008) for the same problem setup can be formulated
by modeling the signal itself. Direct calculations (Wynn, 1999) starting from
(18) reveals that each of the three dimensions in the sensor response y, can be
expressed as a linear combination of three elementary functions. These functions
are known as the Anderson functions (Wynn, 1999). By choosing the time origin
at the closest point of approach (CPA) time tcp, and normalizing it with the CPA
range rcp, and the speed vy = |[vgl|, the resulting model is
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Vi :B0+C-f(i(kT—tCPA))+ek, (22)
Tcpa
where the time dependency enters in the orthogonal Anderson functions (Wynn,

1999)

i =l A AO) (23a)
fu(t) = ———fi—f; , n=0,1,2 (23b)
(t2+1)2

and where C is a 3 x 3-matrix of coefficients. Consequently, (22) is linear in B
and C, which includes 3 + 9 = 12 parameters, and is nonlinear in the remaining
3 parameter vy, rcpy and tepy, in total 15 parameters.

Both tcp, and rcp, are related to the parameters in (20) in the following way: The
traveled distance between t = 0 and ¢ = t¢p, is equal to the projection of —ry onto
vy, see Figure 3.

t=0

rcpa =To+topavo

Figure 3: The CPA time tcp, and CPA range rcp, can be expressed by the
initial position ry and the velocity vy.

This gives the CPA time and CPA range

(ro - vo) (ro - vo)

tern = =0 flvgll = T (24a)
[Ivoll (vo - vo)

repa = Itcpall = [Irg + tepa - Voll. (24b)

Furthermore, also the coefficients in C are related to (20) in that

C=p [cl c c3] (25a)
with
c; =3(f-m)f—m (25b)
cy = 3(F-m)v — 3(v-m)f (25¢)
c3 =3(m - V)V —m (25d)
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where the following normalization has been used
Vo m

m
p=r2 T L 9= w1 (26)
4 2, Tepa Vg

Tepa

3

3.3 Comparison

By comparing the two different models (18) and (22), the following observations
can be made

* The Anderson function model (22) consists of 15 parameters, whereas the
dipole model (18) consists of only 12. Consequently, (22) is overparametrized.
The reason is that the superposition of the Anderson functions in (22) is
non-linearly constrained and does not have all 9 degrees of freedom as
given in (22). This can be seen by inspecting (25). Each of the unit vec-
tors ¥, v and  contribute with 2 degrees of freedom to the matrix C. By
taking the coefficient p and the constraint (¥ - ) = 0 into account, C has in
total only 6 independent components, or equivalently, the 9 coefficients in
C have to obey 3 (non-linear) constraints. These constraints are not present

n (22). Thus, (22) is a relaxation of (18).

* The dipole model (18) has 6 parameters entering non-linearly in the model,
whereas (22) has only 3. Since the relaxation reduces the non-linearity, (22)
can be seen as a convexification of the more non-linear model (18).

* The parametrization of (18) is directly related to the target trajectory (rg
and vy) and the magnetic signature of the target m. This will make the
multi sensor extension of (18) trivial, see Section 2.2. In contrast, a multi
sensor version of (22) has to rely on sub-optimal solutions where each sen-
sor estimates its own matrix C, which then are fused at a later stage, as done
by Kozick and Sadler (2008).

In addition, (18) can easily be extended to tracking by applying a motion
model and a nonlinear filter, which has been done by Wahlstrom et al.
(2011). This extension would for (22) be harder, since the shape of the
Anderson functions relies on a linear motion of the target.

4 Magnetometer Potential for Localization and
Tracking

In this section limitations and possibilities of the magnetometer will be discussed
in terms of observability and the Cramér Rao lower bound as a function of the
placement of a second sensor.

Without loss of generality the bias B is assumed to be known and the discus-
sion will be based on the unbiased static sensor model in (18) with the state

T
X = rg vg mT] to make the analysis cleaner. We will therefore consider the
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model
_ Mo 3(rg - m)ry — l[rglI*m

4n R (27)
where r; =1+ kTv,.

hj(x) = h(r;, m)

4.1 Single Sensor Observability

To analyze observability, a local analysis can be performed. Consider the Fischer
information matrix (FIM), which under Gaussian assumptions of the sensor noise
e, ~ N(0,R) reads

N
I(x*) =) Vh{(x* )R Vh(x) (28)
k=1
where x¥ are the true parameters. Any zero eigenvalues of this matrix makes it

singular, which indicates a lack of local observability at x’. The unobservable
subspace is spanned by the eigenvectors corresponding to the zero eigenvalues,
also known as the kernel of the matrix. Indeed, it can be shown that the kernel
of Z(x°) is at least of dimension one.

1 Proposition. Consider the sensor model (27) and its information matrix (28).
Then

o o
I(x%-{vo|=0 forall x°=|vy|eR’. (29)
3m m

T
Proof: Define x = [rg vy 3mT] and apply % to the Jacobian

o
th(xo)iz[lf(rk,m) kTJ*(r, m) Im(rk)]'[vo}

3m
= J'(r, m)rg + kTJ"(rg, m)vy + 3]™ (r)m
= J"(r, m)ry + 3] (rg)m.

where J™(ry) and J*(ry, m) are the Jacobians of hy(x) = h(ry, m) with respect to m
and ry and respectively

1
J™(r5) = Vinh(rg, m) = ——=(3r;r] - [Irl°T5) (30a)
[l
3 (rg-m)
J*(r;,m) =V, h(r,, m) = ——|(r; -m)l; + r;m' + mr] — 5 rir, | (30b

Further, we can show that

J'(rg, m)r, = =3]™(r;)m (31)
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and from this we get
Vh(x%)x = =3]™(rj)m + 3] (r;)m = 0V Kk,
which leads to

N
T(x")% = ZVh{(xO)R—1 Vh (x%)% = 0.
=0
O
Thus, the kernel is at least given by the following one-dimensional subspace:
T
Ker(I(xO)) o) (/\ [rg vg 3mT] | A e IR). (32)

In most cases the kernel dimension is exactly equal to one, meaning that (32) is

T

fulfilled with equality. For example, for the following parameters ry = [—3 1 O] ,
T T

vy = [1 0 0] andm = [1 1 1] , the kernel of the information matrix indeed

has dimension one. However, if m is orthogonal to both ry and v the kernel will

T T
be larger. For example, for the parameter ry = [—3 1 0] , V= [1 0 0] and
T
m = [0 0 1] the kernel of the information matrix has dimension two.

Due to the non-linearity, the expression of the unobservable subspace (32) is
only valid at the point x’ and can therefore only be regarded as the tangent of
the unobservable one-dimensional manifold at this point. Denote this manifold

T
X(u) = [f'o(u) Vol(u) rﬁ(u)] , where u is a scalar parameter. For each u there
will be a A(u) such that

Fo(u) Eo(u)
—X = o7 [Volu)| = A(u) | ¥o(u) |. (33)
rﬁ( 3m(u)
By choosing the parametrization u = !, we get the following unobservable
manifold
ury
X(u) = uvy |. (34)
u3m

It is instructive to substitute x(u«) into (18) and conclude that hy.;(X(u«)) is inde-
pendent of the parameter u, which means that all points on this manifold will
give the same output y,. For example, multiplying ry and vy with 2, and m with
23 = 8 will result in the same output y,.

The result is physically quite intuitive since the magnetometer does not measure
any absolute distances and the system can be arbitrarily scaled without changing
the measured output. Thus, a small vehicle driving slowly close to the sensor
will give rise to the same signal as a large vehicle driving fast far from the sensor.
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Furthermore, the cubic scaling of the magnetic dipole moment m is reasonable
since it is related to the volume of the vehicle.

The conducted observability analysis also gives insight to the comparison be-
tween the dipole model (18) and the Anderson function model (22):

* The sensor model (22) can easily be re-parametrized excluding the unob-
servable manifold (34) by introducing the scale parameter a = vy/rcp,.
This parametrization has also been used by Wynn (1999); Kozick and Sadler
(2007a,b, 2008). An equivalent re-parametrization in (18) would inevitably
increase the model complexity.

* By substituting (34) into (24a) it can be stated that t.p, is independent of u
and consequently observable. This means that f-p, can be uniquely deter-
mined from only one vector magnetometer and does not necessarily need
be aided with other sensors as done by Kozick and Sadler (2007a,b, 2008)
to achieve observability for that parameter. Furthermore, notice that only
one axis of the vector magnetometer is sufficient to achieve observability for
tcpa. This can be seen by decomposing its signal into the three Anderson
functions (23b), which each of them contains the information of fcp,.

4.2 Single Sensor Observability with Prior Information

The lack of observability can be solved by using prior knowledge about the target
trajectory. This situation has been studied by Kozick and Sadler (2007a) and Koz-
ick and Sadler (2007b), which includes the possibility to use information about
the range at CPA, for example by knowing the geometry of the road on which the
vehicle is traveling. By using (24) this gives the extra scalar measurement

rg-V
Yepa = hepa(x°) = llrcpall = ||ro — M v (35)
(Vo - vo)
and the corresponding information matrix can be computed as
ICPA(XO) = Vh-IC—PA(XO)a_IVhCPA(XO)' (36)

where @ — 0 since the information in (24b) comes with zero uncertainty. Further-
more, since this prior knowledge is independent of the sensor information, the
information matrices are additive, which gives

I+CPA(XO) = I(XO) + ICPA(XO)' (37)

If the condition in (32) is fulfilled with equality, we only need to require that

T
Tepa(x0) - [rg vg 3mT] # 0 for Z,cpa(x°) to have full rang. This is indeed true
if ry is not parallel to vy.

2 Proposition. Consider the sensor model (35) and its information matrix (36).
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Then
Iy
ICPA(XO)' vo|=0 (38)
3m

if and only if r( is parallel to v.

N
Proof: Define x = [rg v, 3mT] and apply x to the Jacobian

llrceall  (vo-vo)llrcpall

th(xo))—( — [ 105 (r0v)rlpa 1><3]
3m

Since (rcpa - Vo) = 0 we have

th(xo))-( _ (Tcpa - To)

”rCPAH
_ (rg - 19)(Vo - Vo) — (rg - vo)(rg - Vo) >0
(vo - vo)llrcpall

and is only fulfilled with equality if and only if rj is parallel to v. This leads to

Tepalx ZVhT R'Vh(x%)% = 0

if and only if ry is parallel to vy. O

Consequently, we do not achieve observability if r is parallel to vy, which corre-
sponds to rcp, = 0. However, this situation can be considered as unphysical, since
it would correspond to a scenario where the sensor is on the target trajectory.

4.3 Multi Sensor Observability

The lack of observability can also be solved with a second sensor. To handle
multiple sensors, the sensor model has to be slightly expanded. Let the jth sensor
be positioned at 6;. The target parameter relative to the jth sensor will then be

T
Xj = [(ro ~ Gj)T & mT] and the total sensor model is given by

_hk( xj)+eg; forallje]. (39)
Furthermore, under the assumption that the measurement noise of different sen-

sors are independent, the information matrices for all sensors are additive, which
gives

J
/(x°, 0y) = ZI (40)
j=1
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By again using Proposition 1 we have
-
Ker(Z(x9) 2 (A[(xo - 0,)7 v 3m"| | 1€ R) (41)

Assume that (41) is fulfilled with equality for two different sensors at 6; and
0,. Then the intersection of their kernels will be empty if 8; = 8,. Under these
assumptions we will then reach observability for a system with two sensors.

4.4 Comparison

We can now compare two extensions from the single sensor setup
* Setup 1) One sensor with prior knowledge of CPA range
* Setup 2) Two sensors

Both scenarios resolve the observability issue reported for the single sensor setup
except for some cases with special geometry. However, Setup 2 requires that both
coordinate systems of the two sensors are aligned with each other and also that
their relative position is known in order not to violate the the sensor model (39).
This issue is less critical in Setup 1 since any misalignment of the single sensor
will not change the range to the target and will thus not violate the sensor model.
Furthermore, in Setup 2 the two sensors need to be synchronized.

4.5 Cramér Rao Lower Bound

So far we have only compared the models concerning their observability proper-
ties. However, in order to find a good sensor deployment we want to quantify
the best achievable estimation performance as a function of the sensor positions.
This analysis is justified with the CRLB (Kay, 1993), which states that any unbi-
ased estimate must have a covariance matrix larger than or equal to the inverse
of the FIM

Cov(%)-Z(x%)!' > 0. (42)

The design goal in the sensor deployment is then to make the inverse of the in-
formation matrix as small as possible in order to minimize the covariance of the
estimate. We do this analysis for the partitions of the state space corresponding
to rg, vo and m separately. We notice that for a positive semidefinite matrix any
diagonal sub matrix is also positive semidefinite. By following Kay (1993) and
using that property on (42) we get
[Cov(x) - Z(x)!];; = 0 (43)

and consequently

Cov(%;) = [Cov(®)];i = [Z(x°) '] (44)
where i corresponds to a partition of the state vector. The design goal in the
sensor deployment is then to minimize any of the three criteria
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IZ)  egroll 26D Togwll 2 i, (45)

depending on if we are interested in a good estimation performance for the posi-
tion ry, velocity vy or magnetic dipole moment m. In order to examine where a
second magnetometer should be placed, these three criteria can be computed for
different positions 0, of the second sensor. Wahlstrom et al. (2010) has analyzed
similar criteria. For most values x the conclusion is that you should deploy a
two sensor system symmetrically at both sides of the target trajectory if a good
estimation performance for the position ry and magnetic dipole moment m is of
interest. On the other hand, for the velocity vy it is better to place both sensors
at the same side of the target trajectory and as separate as possible, which is intu-
itive. In the setup for the real world data collection presented in this work, the
first of these two deployments has been considered.

|

5 Estimation

As already mentioned, in this work special interest will be given to scenarios
where vehicles pass the sensors with constant velocity. Therefore, in this section
the estimation methods to be used with the constant velocity models presented
in Section 3 will be given. These methods will later be used in the sensor model
validation presented in Section 6.

5.1 Sensor Noise Covariance

First, the distribution of the sensor noise €k will be estimated for each of the
magnetomers. According to Tornqvist (2006), the noise of the magnetometer
(Xse, 2005) is white Gaussian, i.e. its samples are i.i.d. and normally distributed
with zero mean. Such a stochastic process is uniquely defined by its covariance
matrix R. This matrix can be estimated from a measurement sequence without
any moving targets by using the sample covariance

N
1 o N
Ri=%—7 ;(Yj,k ~¥i)(yjx—¥j), where

1 N
Vi=N ;y]’,k'

Here R; represents the covariance of the jth sensor.

5.2 Parameter Estimation using Constant Velocity Model

The parameter x introduced in the models (3) and (16) can be estimated using
weighted nonlinear least squares by minimizing the cost function

% = argmin V4 (x) (46a)
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N ]
1) =) ) (¥~ hi )R (v —he i (). (46b)

k=1 j=1

Note that under the Gaussian assumption of the measurement noise e; x, (46) will
be both a minimum variance and a maximum likelihood estimate.

In this framework, also the covariance of the optimum % can be estimated. Since
VV = 0 at optimum, the covariance can be approximated as (Gustafsson, 2010)

-1

Cov(x) ~ ZZVh %)'R:'VhY (%) | . (47)

5.3 Model Validation

The number of dipoles d can for this model class be considered as a model order
parameter, which will affect the statistical properties of the cost function. Un-
der the assumption that both the measurement equation h;;(x) and the noise
eix ~ N(0,R;) are correctly modeled, the cost function V(%) will be Xlz\lny—nx
distributed, n, and n, being the dimension of each measurement and the state
space respectively. For the extended target model in (16) this will be

ny =dim(y,, ;) = 3/ (48)
ne = dim([(Bo, )" 1) vi mt)T L] (49)
=3]+3+3+3d+1=3]+7+3d. (50)

Since the mean of )(Zz\,ny_nx is equal to Nny — n,, the normalized cost function

V(%) = VI®)/(Nn, - ny) (51a)
= V4X)/(3N] - 3] —7 - 3d) (51b)

is considered and V4(%) ~ 1 would indicate a correct model. Therefore, the nor-
malized cost function can be used for choosing an appropriate model order. How-
ever, in this work no explicit model order selection rule will be proposed.

5.4 State and Parameter Estimation

By using the maneuvering target model presented in Section 2.5, the constant
velocity assumption can be relaxed. By combining that sensor model with an ap-
propriate motion model, a non-linear filter can be applied to estimate all states
included in the model. Related results have been reported by Wahlstrom et al.
(2011) where a (nearly) constant velocity model has been applied and the estima-
tion has been performed with an extended Kalman filter using data for vehicles
passing a three-way intersection.
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6 Sensor Model Validation

In order to validate the proposed sensor models, real experimental data has been
collected with magnetometers (Xse, 2005). In this section, the experimental setup
will be described and the results of the validation will be given using the estima-
tion methodology presented in Section 5. In accordance with the results in Sec-
tion 4.1 and 4.3, all measurements have been done with two sensors in order to
reach observability.

6.1 Experimental Setup

The two magnetometers have been placed close to a straight road (see Figure 4).
In accordance with the discussion in Section 4.5 they have been deployed sym-
metrically at each side of the road. In the experimental setup a relative distance
of 9.0m between the sensors has been used. As reference data a video camera

y

" Sensor 2

6, =104.50]
o) Road
T — 02
z 4
Vehicle
Sensor 1
6, =10 —4.50]

Video camera

Figure 4: Sensor setup for the sensor model validation. ry is a vector from
the origin to the vehicle, v is the velocity of the vehicle, m is the magnetic
moment of the vehicle and 6 and 0, are the positions of the two sensors.

has been used recording all objects within the sensor range area. Data from six
vehicles (Figure 5) passing the sensors are used for the sensor model validation
in Section 6.3 and 6.4.

6.2 Sensor Noise Covariance

Without any targets, each magnetometer measures a stationary magnetic field
together with sensor noise. This stationary magnetic field mainly consist of the
earth magnetic field but also of induced magnetic fields from other stationary
ferromagnetic objects in the environment. We do not need to assume that the
magnetic field in the environment is homogeneous, however we do assume it to
be stationary.

By using data from a time window without any moving targets present, the sensor
noise covariance can be estimated using the approach described in Section 5.1. In
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this manner, the two symmetric 3 x 3 -matrices Ry and R, for the two sensors in

use are estimated to be

R, =101

R, =10715

[ 0.1303 -0.0073
-0.0073 0.1112 0.0117

|-0.0114 0.0117  0.1558

-0.0114
» (52a)

0.0205 0.1937 0.0310 (52b)

[0.1500 0.0205 0.0215]

[0.0215 0.0310 0.1483

where the unit of the measurement is Tesla.

6.3 Point Target Model Validation

Since the road is straight, the constant velocity assumption for all vehicles applies.
We start with modeling the vehicles as a single dipole. Since we have a scenario
with multiple sensors, the sensor model presented in 2.2 will be considered.

(d) Vehicle 4

(e) Vehicle 5 (f) Vehicle 6

Figure 5: The vehicles used in the sensor model validation.

In Table 1 the normalized cost function for the vehicles in Figure 5 is presented.
By this we can conclude that larger vehicles generally produce a worse fit with the
measured data than smaller vehicles do. This is intuitively clear since the point
target model assumes that the target has no geometrical extension, which is a
more rough approximation for large vehicles than for small vehicles. However,
for all vehicles, the normalized cost function is much larger than 1.
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Table 1: The values of the normalized cost function V(X)/(Nn, — ny) for the
point target model. N is number of samples, n, the dimension of each mea-
surement and n, the state dimension.

Vehicle | V(%)/(Nn, —n,) | N | n, | ny
1 360 70 | 6 | 15
2 142 54 | 6 15
3 10 32 1 6 15
4 14 44 | 6 15
5 51 27 | 6 15
6 17 22 1 6 15

Finally, by simulating the model with the estimated parameter % we get an esti-
mate of the measured quantity y;; = h; (%), which can be compared with the
measured magnetic field Y- Note that the residual ”Yj,k - )A']-rkHR], is exactly what
is being minimized in the weighted nonlinear least squares framework. In Fig-
ure 6a the estimated x-component of the magnetic field for sensor 1, p;leyk, is
compared with its measured equivalence y;.‘:Lk. We can see that the main char-

acter of the signal has been caught. However, there is potential to get a better
fit.

6.4 Extended Target Model Validation

In order to improve the model fit, the extended target model (16) with d > 1 will
considered.

Model Order Selection and Model Validation

For an extended target model, an arbitrary model order can be chosen which
here is the number of dipoles d. In Figure 7, the normalized cost function (51) is
displayed as a function of the model order d.

For most vehicles, the normalized cost function rapidly decreases with higher
model order d. For the smaller vehicles it can be seen that the normalized cost
function converges towards 1, which corresponds to a correct model.

With the model order d = 3, the equivalent plot to Figure 6a can be found in
Figure 6b. From this it can be concluded that an almost perfect fit has been
achieved. This model order will be used for a more thorough analysis and all
results are presented in Tables 2, 3, 4 and 5 for each vehicle.

In Table 2 the normalized cost function for the vehicles is given. We have seen
that this quantity should equal one for correct models. By comparing Table 2 with
Table 1, we see that the small vehicles 3-6 have taken huge steps in this direction,
whereas the large vehicles 1-2 still have a long way to go. This illustrates the
real difficulties finding feasible models for large vehicles using models with a
reasonable state space dimension.
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x107° Magnetic field x—direction, sensor 1, Vehicle 4, Point Target Model
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(a) The point target model with one dipole
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(b) The extended target model with a row of three dipoles

Figure 6: The measured magnetic field y;‘zl ¢ in the x-direction together with
the NLS-estimated value h}(:1 (%) for vehicle 4 with a 90 % confidence inter-
val.

Length Estimation

Extended target models also produce new states, where the length of the row
of dipoles has a direct physical interpretation. The estimate of this length is
also presented in Table 2 and do correspond to the size of the vehicles given in
Figure 5. Notice that this length does not exactly correspond to the actual length
of the vehicle since it is based on an approximation of the target using a finite
number of dipoles. However, a long dipole row should indicate a long vehicle and
vise versa, which then might be used for classifying vehicles of different sizes.

Initial state and Velocity Estimation

Furthermore, the extended target model produces reasonable estimates of the ini-
tial position f(, Table 3, and the velocity v, Table 4. All target trajectories are
almost parallel to the x-axis in accordance with the experimental setup. Further-
more, Vehicle 1, 3 and 4 are estimated to head in positive x-direction (right) (see
Table 4), which is correct according to Figure 5.
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The normalized cost function for Vehicle 1-6 and different model orders
T T

—<— Vehicle 1
—6— Vehicle 2
—&— Vehicle 3
—+— Vehicle 4
Vehicle 5
Vehicle 6

: I

Value of the normalized cost function V(%)

Number of dipoles (d)

Figure 7: The normalized cost function V%(%) as a function of the model
order d of the extended target model.

Height Estimation

The z-component of the initial position f, has the interpretation of being the
height of the car’s metallic center over the road plane. According to Table 3 this
estimate is reasonable, being positive for all vehicles and significantly larger for
Vehicle 1.

Dipole Estimation

Finally, by making use of the superposition principle (9), the total magnetic
dipole moment of the vehicles can be calculated by summarizing all dipoles. This
estimate is given in Table 5. However, for these values we do not have any refer-
ence data more than that large th should correspond to large vehicles.

6.5 Validation of Direction Dependent Target Model

The decomposition the magnetic dipole moment m into two components as de-
scribed in (15) cannot be validated from only one scenario with constant heading
since the two components cannot be resolved. As stated by Casalegno (2002), dif-
ferent observations of the same target at multiple headings are needed to allow
the induced and permanent dipole moments to be resolved. In this validation, Ve-
hicle 5, Figure 5e, has been used in controlled experiments heading at different
speeds in four different directions, 2-4 times in each direction.

For each scenario the corresponding m(W) has been estimated with the row of
dipoles extended target model with model order d = 3, which in Section 6.4 has
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Table 2: The normalized cost function for the extended target model d =
3 and the estimated length between the first and the last dipole with the

corresponding standard deviation.

Nr | V&)/(Nny—ny) | N | n, | ny | Length [m]
1 302.6 | 70 6 | 22 9.09 (0.03)
2 76.7 | 54 6 | 22 | 11.25 (0.04)
3 1.6 | 32 6 | 22 3.95 (0.36)
4 1.5 | 44 6 | 22 3.56 (0.15)
5 1.5 | 27 6 | 22 498 (0.25)
6 1.3 | 22 6 | 22 2.07 (0.24)

Table 3: The estimated initial position t, in Cartesian coordinates (xyz) for
the extended target model d = 3. Standard deviations in parenthesis. Also
reference data for the three Cartesian coordinates is given. For example, for
Vehicle 1 the x-component of £, is —12.47 m with a standard deviation of
0.04m and according to the reference data this parameter should be nega-

tive.
Nr | Estimated initial position £, [m] Ref. data
1| -12.47, 0.13, 4.36 (0.04, 0.02, 0.04)| -, 0, +
2| 13.68, -0.21, 0.32 (0.06, 0.03, 0.05) |+, O, +
3| -10.49, -1.47, 0.57 (0.27, 0.09, 0.09)| -, 0, +
4 -8.73, -2.00, 0.25 (0.14, 0.08, 0.07) | -, 0, +
5 11.43, -1.47, 0.59 (0.20, 0.10, 0.10) | +, 0O, +
6 8.78, 0.93, 0.42 (0.22, 0.14, 0.09) |+ 0, +
been proved to be a good model. Now we define
[ (W))] [Q(W1) Bo/po]
(W) Q(¥2) Bo/po
Y=| o] 0= : =",
m(W¥;) Q(W;) Bo/mo [D
Iﬁ(\Pn)A Q(\Pn) BO/FO_
Cov(ri(Wy)) 0
R= ,
0 Cov(ri(W,))

where i are the different scenarios performed at heading angle W;. The weighted
least squares estimate of 8 can be found by minimizing the residual |[Y — ®"||,
i.e. by solving

(PR'®T)H = DR'Y
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Table 4: The estimated velocity ¥ in Cartesian coordinates (xyz) for the ex-
tended target model d = 3. Standard deviations in parenthesis. Also refer-
ence data is given.

Nr | Estimated velocity ¥y [m/s] Ref. data
1 6.41, -0.27, -1.54 (0.02, 0.01, 0.02) |+ 0, O
2 -5.98, 0.20, 0.28 (0.03, 0.01, 0.02)| -, 0, O
3 7.37, 033, 0.21 (0.16, 0.06, 0.06) |+ O, O
4 5.34, 0.28, 0.20 (0.08, 0.05, 0.04) |+ O, O
5 -9.74, 0.34, 0.02 (0.15, 0.09, 0.08 | -, 0, O
6 | -11.56, 1.18, 0.03 (0.25, 0.19, 0.11) | -, 0, O

Table 5: The values of the estimated total magnetic moment th = Z?:l '’
in Cartesian coordinates (xyz) for the extended target model d = 3. Stan-
dard deviations in parenthesis. Also reference data for the three Cartesian
coordinates is given.

Nr | Estimated dipole moment th [Am?] ||| Rf.
1 25, -819, -1528 (10, 5, 10) | 1734 | Large
2 305, 62, -1872 (12, 5, 12) | 1897 | Large
3 -22, -5, -580 (8, 5, 13) 581 | Small
4|-129, 71, -430 (8, 5, 12)| 454 | Small
5| -142, 142, -438 8, 7, 13) 482 | Small
6 195, -62, -265 (10, 7, 19) 335 | Small
with the corresponding covariance matrix
P = (OR'@N)L
The estimated parameters0 6 = ﬁg’] are given in Table 6 together with their

standard deviations /P;;.

Table 6: The estimated hard iron dipole moment t(, in Cartesian coordinates
(xyz) and estimated soft iron scalar D. Standard deviations in parenthesis.

Estimated hard iron dipole moment 1y [Am?] | D [m?]
203, 124, 267 (2.1, 1.7, 4.9) | 1.054 (0.011)

In order to validate (15), predictions of the magnetic dipole moment m for new
W can be made by using 1y and D

. . D

m(WV) = Q(W)m, + %Bo- (53)
The predictions can be compared with the previously estimated m(W¥;). In Fig-
ure 8 the excellent fit for the x- and y-component of m(W¥;) and m(W¥;) is dis-
played.
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(c) Vehicle 5 heading north-east. (d) Vehicle 5 heading south-west.

Figure 8: The estimated magnetic dipole moments m(W) (the crosses) for
different heading angles V given with a 90% confidence interval (the small
ellipses) together with the simulated m(¥) using the estimated parameter.
The magnetic dipole moment can successfully be divided into two compo-
nents, one being parallel to the earth magnetic field, and one being oriented
in the reference frame of the vehicle.

By this it can be verified that the magnetic dipole moment m can be decomposed
into two components: one being parallel to the earth magnetic field with the
scalar multiplier D/, and one being oriented in the reference frame of the ve-
hicle my where the parameters m(y and D are vehicle specific. Note that m, and
D cannot be found only from a single measurement since (V) contains three
components whereas m( and D in total contains four. In other words, the target
needs to make maneuvers in order to excite its complete magnetic signature.
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7 Conclusions

In this paper, we have addressed the problem of localizing metallic targets using
magnetometers. We have presented general sensor model based in the magnetic
dipole model. This models has been extended by introducing a novel model con-
sisting of a series of dipoles, which also contains the length of the vehicle in an
extended state vector. Also a new model with heading angle dependent dipole
moments has been proposed, which has been accomplished by decomposing the
influence of soft and hard iron. The sensor model allows the target to be observed
in an arbitrary magnetometer network.

We have also provided a detailed observability analysis of the model and com-
pared it to other models based on the so called Anderson functions in the closest
related papers.

Further, our model has been validated with a selection of dedicated field experi-
ments. It has been found that the natural single dipole model does not work for
larger vehicles when a commercial-grade sensor is used in its field of coverage. It
has been found that this extended target model works excellently on small vehi-
cles. However, for large vehicles challenging modeling work still remains. Finally,
target orientation dependent dipole moment are identifiable only if the vehicle
is observed in different orientations. Therefore, this model has been validated
using the same vehicle in controlled experiments heading in different directions
with excellent results. In addition, these experiments also verify that the dipole
vectors are reproducible for a certain vehicle.
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Abstract

We present an approach for computing the driving direction of a vehi-
cle by processing measurements from one 2-axis magnetometer. The
proposed method relies on a non-linear transformation of the mea-
surement data comprising only two inner products. Deterministic
analysis of the signal model reveals how the driving direction affects
the measurement signal and the proposed classifier is analyzed in
terms of its statistical properties. The method is compared with a
model based likelihood test using both simulated and experimental
data. The experimental verification indicates that good performance
is achieved under the presence of saturation, measurement noise, and
near field effects.

1 Introduction

Existing methods for traffic monitoring such as inductive loops are more and
more challenged by emerging solutions based on small-size, low-cost sensors
such as microphones or magnetometers. These sensors are often incorporated in
sensor nodes for wireless sensor networks (WSN). One of the biggest advantages
of using this technology is its flexibility. Nodes can be easily deployed at points
of interest and due to their connectivity, the measurement data can be made avail-
able almost instantly. Furthermore, the low cost makes them very attractive (Birk
et al., 2009; Cheung and Varaiya, 2007; Chinrungrueng et al., 2010).

However, such sensor nodes also bring certain challenges. Generally, the energy
budget is limited as the units are powered by either batteries or solar panels (Gir-
ban and Popa, 2010). Furthermore, computational resources are scarce for rea-
sons such as power saving (e.g. duty-cycling of the computations or low-power
processors) or sharing of the microcontroller between different tasks (measuring,
computing, communication, etc.), see, for example, Giannecchini et al. (2004)
or Yu and Prasanna (2005). Thus, it is very important that the computation

83



84 Paper B Classification of Driving Direction using Magnetometers

time for each task is reduced to a minimum, which emphasizes the need for low-
complexity data processing algorithms.

One of the quantities of interest for road administrations, urban planners, or traf-
fic management centers is traffic flow and, associated with that, the driving direc-
tion. Consider, for example, a single sensor monitoring a two lane road. In order
to be able to quantify the traffic volume on the individual lanes, the driving di-
rection is crucial or, if one sensor for each lane is used, one would like to exclude
vehicles on the farther lane. Thus, the traffic volume that is normally measured
by a simple detector can be analyzed more thoroughly and better conclusions
for future measures such as road planning can be drawn. Another application
where the driving direction is of utmost importance is the detection of wrong-
way drivers. Wrong-way drivers are a very hazardous threat to other road users
and can cause serious accidents (Moler, 2002). Particularly on highways, wrong-
way drivers can cause serious head-on collisions and in 2010, wrong-way drivers
accounted for 3.1 % of fatal crashes in the USA, causing 1,356 fatalities (National
Highway Traffic Safety Administration, 2010). Thus, a system for detecting this
kind of driving behavior can be of much help for authorities to detect vehicles
driving in the wrong direction early on and warning other road users about the
threat.

There are a number of different methods using various types of sensors for esti-
mating the driving direction of a vehicle available today. One straight-forward
approach is to use imaging sensors such as cameras or infrared laserscanners
for tracking vehicles (Zhang and Forshaw, 1997; Goyat et al., 2006). Such sensors
can provide very rich information and the driving direction of vehicles can be eas-
ily determined based on the estimated vehicle trajectory. However, challenging
weather or illumination conditions degrade the performance significantly. One
way of addressing this problem is to fuse the visual data with another type of sen-
sor as proposed by Pucher et al. (2010) where a combination of a camera and a
microphone array was used. While these approaches are viable and used in prac-
tice, they are not well suited for large scale deployment (for example at every
highway ramp) due to their requirements. Solutions more tailored for a system
following the requirements stated in the beginning are often based on two spa-
tially separated sensors (Cheung and Varaiya, 2007; Mimbela and Klein, 2000).
However, the need for a second sensor can increase the cost considerably (up to
twice the cost for only one sensor in the worst case) and introduces other chal-
lenges such as vehicle re-identification (Sun et al., 2004; Kwong et al., 2009) or
the requirement of communication between the sensors (Pantazis and Vergados,
2007). Each of these activities will inevitably increase the energy consumption,
which is a limited resource. Furthermore, a system based on only one single sen-
sor is presumably more reliable since it does not depend on any second sensor
that could break down.

In contrast to these approaches, this paper introduces a method for classifying the
driving direction of a vehicle in a fast and efficient way addressing the initially
stated requirements of a wireless sensor node. The method is based on one single
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magnetometer which measures magnetic field distortions induced by vehicles
in its vicinity. Intuitively, extracting size and speed from this signal is rather
straightforward. The basic principle is that the peak value of the measured signal
corresponds to the size of the car, and the duration of the response corresponds
to the speed of the vehicle. However, obtaining the driving direction requires
more physical insight about the signal. In its simplest form, the proposed driving
direction classification method only comprises a difference of two inner products
of two vectors (Wahlstrom et al., 2012a).

Specifically, the contributions of this work are:

* A driving direction classification method including a analysis of its statisti-
cal properties based on one single sensor.

* Verification of the proposed method using simulations as well as real mea-
surement data.

* Comparison of the proposed method with a standard likelihood classifica-
tion scheme.

* An optional sensor fusion strategy for a multi-sensor scenario.

The outline of this paper is as follows. The signal model describing the magnetic
field distortion caused by a vehicle is presented in Section 2, followed by a like-
lihood classifier based on this model in Section 3. The signal property exploited
to derive a simplified classifier is presented in Section 4 and the classifier and
its statistical properties are given in Section 5. The properties are verified and
discussed by using Monte Carlo simulations in Section 6 and finally, the method
is applied to real data in Section 7, followed by conclusions in Section 8.

2 Signal Model

When a metallic target passes a stationary magnetometer, a distortion of the mag-
netic field is measured (Honeywell, 2005). This distortion contains rich informa-
tion which is associated with both the target trajectory as well as target specific
parameters. One example of such a distortion is shown in Figure 1, where two
components of the magnetic vector field are measured.

In this work we are only interested in finding the driving direction of the target.
Consequently, the method should be insensitive to other quantities such as veloc-
ity, distance between the sensor and the trajectory, magnetic signature, and target
extension. Additionally, the following physical limitations of the sensor apply:

* The magnetometer has only two axes: This means that the magnetometer only
measures the two components of the magnetic field parallel to the ground
and not the third component orthogonal to the ground.

* The signal might be saturated: Especially when large targets pass close to the
sensor, the measured distortion can become saturated as shown in Figure 1.



86 Paper B Classification of Driving Direction using Magnetometers

% I I x
= — Y
9 PR Ep—— Y
£ 0. ) v
s: \ |
S I
i il " o]
S E— b= ! ! !
Magnetometer 0 0.5 1 1.5 2

Figure 1: A metallic vehicle gives rise to a magnetic field distortion. Is it
possible to determine the driving direction of the vehicle from this informa-
tion?

* Measurement noise: The magnetometer measures the magnetic field dis-
turbed by noise.

One way of solving the problem is to approximately model the target as a mag-
netic dipole. This approximation holds if the distance between the target and the
sensor is large in comparison to the characteristic length of the target (Jackson,
1998). This gives raise to a magnetic dipole field h(t) expressed as

3(x(t) - m)r(t) — [|r(t)[*m
lle(II° ’

.
where 1(t) = [rx(t) rY(t) rZ(t)] is the position of the target relative to the sen-

h(t) =

(1a)

X z

-
sorandm:[m mY m]

sidered as a target specific parameter (Wahlstrom et al., 2010). Two components
of the magnetic field (1a) can then be measured with a two-axis magnetometer

C[yxkeT)] _ [(KT)] | [eX(kT)
Ve = i) | T (k)| T e (k) (1b)

:Flk + €y,

is the magnetic dipole moment, which can be con-

where T is the sampling time, k denotes the sampling instant, hy is a 2 x 1 vector
containing the x- and y-components (the first two components) of the 3 x 1 vector
h; = h(kT), and e is measurement noise assumed to be independent, zero mean
white Gaussian noise of the form

er ~ N(0,0°1,). (1c)
where I, is the 2 x 2 identity matrix.

The model in (1) can now be used to classify the motion direction of the vehi-
cle. One way of doing this is by estimating the unknowns r(t) and m from the
measurement of y;, and extract the direction information from the estimated tra-
jectory t(t). However, this is a non-linear problem and convergence to a global
optimum is not guaranteed. Furthermore, if the target is close to the sensor,
a higher order model including more parameters is needed to describe the sig-
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nal accurately, for example by including higher order moments of the magnetic
field or by modeling the target as a grid of dipoles (Wynn, 1999). Unfortunately,
the computational cost of the corresponding estimation problem would in the
worst case grow exponentially with the number of parameters (Boyd and Van-
denberghe, 2004).

Instead, an approach using the above model in a likelihood ratio test with as-
sumptions on certain parameters is derived first in the following section. This
test can be seen as a common practice procedure and is often used in detection
and classification problems in all kinds of disciplines and is thus also used as
a benchmark (Kay, 1998; Root, 1970). Then, the signal model (1a) is analyzed
more thoroughly and a unique feature providing the driving direction is derived
in Section 4.

3 Likelihood Test

As indicated above, a straight-forward approach for classifying the driving direc-
tion of a vehicle is by deriving a likelihood ratio test based on the measurement
model (1). This approach is pursued in this section.

3.1 Single Sensor
Assuming a vehicle passing the sensor with a constant velocity and constant lat-

eral distance, r; can be rewritten as

ry
0

rp =r(kT) = (2)

v(kT - tCPA)}

where v is the vehicle speed, tcp, is the closest point of approach time, and ¥ the
lateral distance between the target and the sensor.

It can be safely assumed that most of the vehicles will adhere to the known speed
limit vy;,,,;; for a given road and thus, vehicles passing the sensor can be classified
according to the following two hypotheses:

-
Hi: o 0F =[vimi 7] (3a)
T
Hr: 05 =[-vime 1], (3b)
where 67 is the hypothesis parametrization which is known. The lateral distances
r{ and r} are derived from the road geometry. For example, in a traffic counting
scenario, they would correspond to the distances to the closer and farther lane,
respectively. On the other hand, when detecting wrong-way drivers on a highway
ramp, they would be equal. The hypothesis | corresponds to a vehicle passing

the sensor from left to right and Hpy to a vehicle passing the sensor from right to
left.

-
The remaining parameters 6 = |m* mY m?* tCPA] in (1a) are all unknown (op-
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posite to 8 which holds the known parameters determined as described above)
and the measurement model can be rewritten as

1 0 0 (3rkf1+||rk||213)
01 0

where the position ry is a function of the parameters rl?', v; and tcpy as given by (2).
The measurement model is linear in the unknown vehicle dependent parameters
m and non-linear in fcp,. These have to be estimated before the actual likeli-
hood test can be performed. This can be done by using a maximum likelihood
estimator which yields a generalized likelihood ratio test (GLRT) (Kay, 1998).

(4)

h,(67,6;) = [

The joint probability density function for all N vector samples is given by

N N
| | 1 1 _
Yi.N; 07, 0;) = ;0%,0,)= ——— __E —h.(6%,0, 2
p( 1:N i Z) ' p(Yk i Z) (ZHGZ)N eXP( 202 £ ”yk k( i 1)”2)

1 1 X i
= m exp ( - ﬁIIYLN -H;.n(67, 91.)||2)
(5)

T
where the measurement samples are stacked as Y,,., = [Y;THT Yi’mnT . Here

T
Y5, = [y,‘fl Vil o y,ﬁ‘] , and similarly for Hy.y. The maximum likelihood
estimator (Kay, 1993) for the parameters 6; is then simply

0, = argmax p(leN;G’;, 0;,) for i=1,2. (6)
9.

1

Once the estimation é,- is obtained, the likelihood ratio can be calculated as
p(YI:N;GT:él) ZL

I= S ar A B
P(Y1:N292; 62) Hr

1. (7)

If I > 1, the hypothesis H| is more likely to be true and Hy otherwise. Using (5)
and (7), the log-likelihood ratio is given by

A =log(l)
! a2, 1 s o2 M (8)
= —T‘z ||Y1:N - HI:N(GT; 61)”2 + T;? ”YI:N - HI;N(G;, 92)”2 5}2 0
and the decision rule becomes
~ Hr .
/\1 2 /\2 (9)
Hg
with
- L
i = =[[Yin - Hun (67, 1) (10)

Note that the two test statistics 1; and 1, are easily calculated. However, the
parameter estimation step to be executed still requires solving a (separable) non-
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linear problem. Hence, this method is not well tailored for implementation in
systems with limited computational power since it requires an iterative solver
which might not converge to the global optimum.

3.2 Sensor Fusion

If there is data from more than one sensor available, the likelihood test can take
advantage of all this information in order to make a well-balanced decision. For
J sensors, the joint PDF is given by

J
p(Y;6%,6:) = [ p(Y1v 167, 6), (11)
j=1
T
where Y = [YLN,IT Yino' . leNJT] . The overall likelihood ratio and

decision rule are then given by
Y;07,6,) "
= PGOL O (12)
p(Y; 92, 03) Hg

which results in the log likelihood

Loy . Loy . e Hy

A =log(ly) = Z?‘;Au - Zg;ﬂz,j =) 5.2 (41— A2y) 20 13
j=1 77 =1 77 =1 77 R

Finally, if all the sensors suffer from the same noise, that is, a]-z = o2 for all j=

1,...,], then (13) simplifies to
] o J
A =z Ao (14)
Z Lj H<R Z j

4 Integral Feature

Even though the method introduced in Section 3 yields a valid test for determin-
ing the driving direction, it will be shown in this section that the nature of the
measured signal carries the same information in a way that can be exploited more
easily.

4.1 Measurement Data Example

Consider the two dimensional magnetometer signal in Figure 1. The desired
information can partly be revealed by plotting the two components of the mea-
surement against each other in a graph as presented in Figure 2a. As it will be
shown, the measurement trajectory is turning clockwise in the x-y-plane as time
increases. Further, it is easy to realize that the measurement trajectory would
turn counterclockwise if the same vehicle reversed in the opposite direction. This
can be seen by changing the time direction for the measurement sequence. Con-
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Figure 2: Measurement trajectories for three different vehicles. Figures (a)
and (b) display vehicles passing from left to right, (c) vehicle passing from
right to left. The arrow indicates the direction of the measurement trajectory

as time increases.

h* > K>
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hY
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@) @)
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Figure 3: Simulated trajectories for vehicles moving from left to right
T T T
with (a)m=[1 0 0], (b)m=[1 1 0] ,and(m=[0 1 0].

sequently, the rotation direction of the measurement trajectory might indicate
the driving direction of the target. The equivalent plot can be made for other
vehicles, and, according to Figures 2b and 2c, this pattern is observed for them as

well.

Next, the dipole model (1a) is used in order to see whether this observation is
supported by the model or not.

4.2 Simulated Example

T
Assume a linear trajectory orthogonal to the z-direction r(¢) = [t 1 0] and a

T
magnetic dipole moment m = [m" mY mz] . From (1a) we obtain

myt2+3m t+2m

2m*t? + 3mYt —
h(t) =
\/tZ mz
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Figure 4: Graphical illustration of Theorem 1.

By plotting the x and y components of h(t) against each other for different values
of m, we conclude that all trajectories of h(t) turn clockwise (see Figure 3). To
prove this property for this special case, one can form the function
arctan(hY(t)/h*(t)), differentiate with respect to time and prove that it is always
negative (since the car passes from left to right in this example). However, we
will provide a formal proof of the more general case in the next section.

Furthermore, from (15) we observe that the h*(#) does not contain any driving
direction information since it is an even function, which is a consequence of the
assumption that r?(¢) = 0. Thus, for a magnetometer only measuring the x- and
y-components of the magnetic field, the exclusion of the z-component should not
lead to any information loss regarding the driving direction.

4.3 Deterministic Analysis

Next, we will prove that the conclusion from the example will hold for all m and
arbitrary trajectories as long as they lie in the x-y-plane. The proof is accom-
plished by computing the area that the target trajectory and the measurement
trajectory are enclosing. These two areas will be proved to have the same sign.
For an infinitesimal position change dr this area equalizes the area of the triangle
that r and dr are spanning, see Figure 4. From linear algebra it is known that this
area can be computed with the determinant of the 2 x 2-matrix, whose columns
consist of the vectors spanning the triangle.

Theorem 1 will show that this area has the same sign for the target trajectory as
for the measurement trajectory. Consequently, if the target trajectory is turning
clockwise around the sensor, the trajectory of the magnetic field h(t) will also
turn clockwise and vice versa. This is also illustrated in Figure 4.

1 Theorem. Assume the magnetic dipole model

3(r - m)r — [r|*m
[lx[]>

h =
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Letr = [rx rY 0]T, dr = [drx drY O]T and m = [mx mY mZ]T. Then,

h< dX > dr
woaw| =Py ap| B0 (17)
where
T T Jh
[hx W hZ] 2h and [dhx aw th] 2 dh = Z—dr.
or
Proof: Starting from (16) we can compute
dh = %dt - ﬁ((r -m)dr + (m - dr)r + (r - dr)m — s%r). (18)

Now, define the notation of a pair of two orthogonal 2-dimensional vectors from
ueRs

:[ux uy]T and ﬁl:[uy —ux]T, (19)

[=]

T
where u = [ux uY uz] . Furthermore, for @, v, w € IR? it can easily be verified
that

(@-v,)=—(a, -v) (20a)
(@-0)(V-W) = (V- 0)(@- W) + (V-0 )(a, W) (20b)
In addition, we also notice that a 2 x 2 determinant can be rewritten as an inner

product

X X

u* v
u¥ vy

= (@-v,). (21)

Since * = 0 and dr* = 0, the two-dimensional version of (16) and (18) can now
easily be stated as

3(F - m)F — ||F]|>m

ST .
dh :ﬁ((f-m)dﬂ(m,df)fb+(f~df)m—5wf- (22b)
Combining (22) and the identities (20) yields
)"0 (h-dh,) =3(F - 0)2(F - dF ) +(F - ) (F - dF)(1n - ) - |[E|/2(ch - £)(1 - dE, )

3




5 Cross-Correlation based Classifier 93

Finally, by using the relation (21), we will arrive at the result in (17) with

o2 @) + (7w, )] > 0. (23)

We can now define an indicator for the driving direction based on the magnetic
field components by integrating over all infinitesimal area segments

«_ [ | arx| _ [ |W(t) dh*(t)/dt
fr= J wodw|= ) e awydl (24)
Finally, the discrete time version of (24) will then be
N-1 N-1
hy (hx - hx)/T X X
f= Z h§ (h§+1 _ h§)/T‘ T= Z(hkhiﬂ - h% k+1)' (25)
k=1 k k+1 k k=1

which corresponds to the sum of the triangles spanned by two adjacent samples
of the trajectory. Note that since all the triangles are completely enclosed in the
true trajectory, f systematically underestimates the true area f*.

5 Cross-Correlation based Classifier

As shown in Section 4, the direction information can be obtained by computing
the rotation direction of the magnetic field vector components. However, due
to the noise that disturbs the measurement as illustrated in (1b), the stochastic
properties of the noise have to be taken into account when calculating the driving
direction. This section shows how this can be handled. Note that the assumption

hy=0 for k<0 V k>N, (26)

that is, that the magnetic signal has decayed to zero within the given window of
N samples (however, ey is non-zero) is made throughout the rest of the paper.

5.1 Cross-Correlation with Lag One

A straight forward way to estimate f in (25) is to directly replace the true mag-
netic field vector h with its noisy counterpart y
N
¢ y y
f=) @ivla - vvin). (27)
k=1
which can be interpreted as being the difference of the cross-correlations between
y* and p¥ with lag 1 and —1 respectively. Since the measurement noise is assumed
to be zero mean and i.i.d. (1c), it can be easily shown that the estimator (27) is
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Figure 5: The estimator f sums over the black solid line triangles whereas
f» averages over the colored dashed triangles.

unbiased
A N N
E [f] = [Z(ykykﬂ ?Zl’fn)l = ZE [yl)éy])clﬂ - y])clyl>c(+1]
k=1
N

Zh h%ﬂ hy k+1 =/

k=1

(28)

Further, the variance of (27) is given by

;AVar f)=E[(f - ELf)?]

N 2

1

= E[(I_7 2 (h;i + ez)(hiﬂ + ei+1) - (hl}; + e%)(hiﬂ + e;ﬂ) (hxhiﬂ hyhiﬂ)) ]
k=1

2
X y y X Y X X Yy
[( Zh Crer + My 0k — el — g pep + e e - ek+1ek) ]
(29)

Analyzing the sum in (29) it can be seen that every e appears twice in the whole

sum, once scaled by hfﬂ and once by —hf_l (where the superscript  denotes the
in-plane component perpendicular to «). Making use of this and (26) yields

N 2
2 X X X X X
9f = [( ;(hiu h%—l)ek = Mgy — hk—l)e)lz + e%ﬂek - €k+1ei) ]
N
2 - i 2 4
=0 (hisr —hyy)|” + 2No™.
k=1

(30)

From (30) it is seen that the variance is increased by the norm of the (approxi-
mate) gradient of the magnetic field vector Vhy = ” hy. —hi_;) ” /2 as well as the

window length. Finally, note that the distribution of f is given by f ~ N (f, 02 f

as N — oo as shown in Proposition 2 in Appendix A using p = 1.
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5.2 Cross-Correlation with Arbitrary Lag

As shown above, the variance in the cross-correlation method with lag 1 scales
badly if the noise is large since the second term in (30) scales with . Tt is thus
desirable to reduce this effect. This can be achieved by using an averaging esti-
mator with lag p in order to reduce the noise sensitivity. Instead of calculating
the triangular area of two neighboring measurement points k and k + 1 on the
trajectory, larger area segments between the points k and k + p are considered.
This procedure is illustrated in Figure 5. In this case, however, each individual
segment between k and k + 1 will be counted p times and thus, the estimator has
to be normalized by 1/p. This yields the cross-correlation estimator with lag p

N

1 X X
fp = EZ(VkVZW_}’Zka)- (31)
k=1

Analog to (28) it is straight forward to show that for p = 1

[fp]— th k+p hyh)lz+p f (32)

2f,

and (31) is thus a biased estimator of (25). However, since only the sign of f is of
interest, this is acceptable. The variance is given by

o} £ Var(fy) = E[(f, ~Elf,)’]

N 2
1 X X X X X
:E[(I_)Z(hk+ek)(h{+p+e{+p)—(h{+e{)( Kop+ery,) — (HERY, — hyhk+p))]
k=1

2
X Yy y X Yy X X Y
[( Zh ek+p + hk+p —h ek+p hk+pek + ek+pek - ek+pek) ]

(33)
As in (29)-(30), the coefficients for ¢’ can be grouped which gives
L X 2
2 _ y y y
9%, = E[(I_J ;(hk+p hk—p)ez — (M = M p)ek + ek+p ek+pek) ]
B (34)

2 N _ 2N
_%;Hhkw_hk—p”ZJ"F !

From (34) it is seen that the variance is greatly reduced compared to (30). The
second term scales with 1/p? compared to the second term in (30). As for the
unbiased estimator f, the distribution of f, converges to the normal distribution

f fp, ) where f, is the mean value as illustrated in (32) (see Proposition

2in Append1x A).
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Figure 6: Comparison of the probability density functions of the estimators

f and fp. The expected value of f;, is biased towards zero compared to f,
however, the error probability (shaded areas) is much smaller.

The averaging effect is illustrated in Figure 6. Assuming that the true value f
is positive, the expected value of the averaging estimator is moved towards zero
due to the bias. However, the averaging reduces the variance and thus the total
error probability (the shaded area under the probability density function up to
zero) is reduced significantly.

In practice, it is of interest to estimate the error probability coupled to the es-
timate f, obtained from (31). For that reason, the variance (34) is of interest.
Noting that

e [ S I e o

and letting z' =y, — i’ it follows that zi¥ ~ N (hy

2
kip ~ hg_p, 20“). Thus,

2 2
B[(z) + ()| = O, = 7+ 207 4 (1, — B )? + 202

and finally

E [”yk+p _Yk—p”z] = ||Bk+p - }_lk_pHZ + 402 (35)
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Using (34) and (35) we can then estimate Var(fp) as follows

o _ ol y 2 2\, 2N 4
61 =57 2 Wiy =yiy I = 40%) + “50
k=1
= (36)
o Z 2 2N 4
=5 ) Wkip = Vipll" = —5 0"
| — p
The probability that the estimator f;, takes on the wrong sign is given by
0
. 1 o
Pr (fp < O) = N(x, fp, )dx = —erfc (37a)
oo V2o, fo
for f, > 0 and
Pr(f>o):j/\/(x;f,a%)dx:1erfc _ (37b)
P Pk 2 N
0 Jp
for f, < 0. (37) can be simplified for arbitrary f, as
Pr (sgn(f,) )) = - erfc | 38
sgn(fp) # sgn(fp)) = —er N (38)
fo
Since neither the true fp nor af% are known, the estimated values fp and 6}% can
p

P
be used instead. The estimated error probability (38) then becomes

) 1 1A
~ Zerfc
By = [\/_Ufp] (39)

which can be evaluated numerically. Note, however, that (39) has a slightly differ-
ent meaning than (38). It indicates the probability of f, having a different sign

compared to the given fp.

We can finally summarize the proposed estimators as follows

=L TyY y T Hr
o= 5 () Yy = ) Vi) 2 0 (40a)
52 02 X X T X X
afp B p (Y1+p N+p Ylfp:N’P) ’ (Y1+P:N+p _Ylfpszp) (40b)
2N
Yy y y y A
(Y1+p :N+p Y1 —p:N- P) (Yl+p N+p Y1 N~ p)) p2 RS

where the notationY$,., is defined in Section 3. Note that only simple additions,
subtractions and inner products of vectors are used in order to calculate (40)
which is very beneficial for efficient implementation.
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5.3 Optimizing the Lag

The lag p introduced in (31) will improve the classification result as explained
in Section 5.2. Our objective is to choose a value p which minimizes the overall
estimated error probability (39). In theory this could be done for each detection
separately. However, that would require a non-linear search in the parameter p
for each detection, which does not meet the needs for a computationally efficient
implementation. Instead we will minimize the mean of the estimated error prob-
abilities from a training set of estimation data [ = 1,..., L and use this value p
afterwards. Given a set of estimation data (Y7.y);.. we compute p as

L L 2
1 A |fpl|
— argmin — — argmin erfc ’ . 41
p gp I ;1 E,l gp ;1 [ \5%[ (41)

After finding this value p, all future classifications can be performed by comput-
ing (40a) only by using the given value p.

5.4 Multiple Sensors

As with the likelihood test, information from multiple sensors can be fused to-
gether in order to arrive at a joint-classification of multiple sensors. The fusion
rule (54) for Bernoulli random variables as derived in Appendix B is used in or-
der to reach a joint decision of the driving direction of ] sensors as follows. Let p;
be the probability that the car is passing the sensor from left to right (hypothesis
H| true) which is given by

A A 1 f/:"
b= Pr(HL|fp,j’ Gfp,j) =5 erfc [L] (42)

A Bernoulli random variable k with
p(klpj) = p§(1 - pj)'™* for ke{0,1) (43)

can now be used to represent the probability of each hypothesis where the value
k = 0 is assigned to Hp and k = 1 to H;. Finally, using (54) (see Appendix B)
and (43) yields the sensor fusion decision rule given by

M. pj Hi 1
Pr(H,lp) = ———————— = -, (44)
ﬂj:1(1 - pj) + l_[]-:1 pj Hr
-
where p = [p1 p]] . Equation (44) can also be rewritten as
[Ty Pr(Hilfy,)
Pr(H.lp) = ’

[T/, Pr(Hglfy, ) + [T, Pr(HLlf, )

which can be interpreted as the joint probability for all sensors indicating H; at
the same time, normalized by the sum of the same and its complementary event,



6 Simulation 99

that is, all sensors indicating Hpy at the same time.

6 Simulation

Before applying the estimator derived in the previous section on real data, a sim-
ulation will be used to visualize and validate the results. Consider a discrete
time version of the example in (15), with a linear trajectory heading in positive x-
T T
direction, starting at ry = [—5 1 0] and ending at ry_; = [5 1 O] divided
into N = 100 data points in between. Furthermore, assume a magnetic dipole
T

moment of m = [1 1 1] . We will simulate this example with different levels
of the signal to noise ratio (SNR), which is defined as

1 N Lo (12
LYN |h
SNRzlologw[M] [dB], (45)
o

where 02 is the variance of the measurement noise.
6.1 Estimate and Variance Estimate

In (31) and (34) expressions of the mean E [fp] and variance a; of the estimators

are given. These expressions are verified by performing 1,000 Monte Carlo sim-
ulations for the presented example with different noise realization for each run.
The result is presented in Figure 7 with SNR = —10dB and p = 15 together with

the theoretical distribution of the estimator fp ~N (fp, G}% )
P

According to the result, the theoretical distribution corresponds well to the em-
pirical one. Furthermore, note that the estimate is biased E [fp] # f, as already

stated in (34). We can also conclude that the Gaussian assumption of the estima-
tor distribution is indeed valid.

Each sequence of data does not only provide us with the estimate (31), but also
with an estimate of its variance (36). In Figure 8, this estimated variance is com-
pared with the true variance, using the same 1,000 Monte Carlo simulations as
previously. According to this result, the variance estimate seems to be unbiased
as expected from the derivation.

6.2 Dependency of Pr on SNR and p

In (38) a scheme for computing the error probability is proposed by knowing the
true mean and variance of the estimator. This value has been compared with the
actual error classification rate by performing 1,000 Monte Carlo Simulations for
different values of p and SNR. The result is provided in Figure 9 and the theoreti-
cal values display a good agreement with the simulations. Also the classification
performance increases with higher SNR which is natural.

Furthermore, this result also displays the classification improvement of cross-
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Figure 7: Empirical distribution ﬁ(fp) using simulated values of the estima-
tor for SNR = —10dB and p = 15 together with the theoretical distribution

p(fp)-

correlation method by choosing a lag p > 1. Also note, that for the chosen sim-
ulation scenario, there is an optimal p = 15 which is fairly independent of the
SNR. However, this will depend on the magnetic moment of the vehicle m, the
trajectory ry, and the data length N.

6.3 Comparison with Likelihood Test

The proposed classifier can now be compared to the likelihood test presented in
Section 3. Again, 1,000 Monte Carlo simulations with p = 15 for the correlation
classifier and the true values for v{, v, r{ and r%/ for the likelihood test were run.
Figure 10 shows the error rates for the two classifiers as functions of the SNR. As
it can be expected, both classifiers perform well for high SNRs , down to about
—-5dB where the error rates start to increase until the point of “tossing a coin"
somewhere below —20 dB is reached. It should be noted, however, that the corre-
lation classifier requires an SNR of about 5 dB higher than the likelihood classifier
in order to achieve the same classification rate. This is not very surprising since
the likelihood test is expected to be the optimal test for this scenario since the
likelihood test is performed under the same model and model parameter as we
have been used in the simulation.

«
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P
ance estimate for for SNR = —10dB and p = 15 together with the theoretical
variance.
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Figure 9: Classification performance as a function of the lag p for different
SNRs . The solid line is the theoretical performance Pg according to (38)
and the dashed line the average error probability of the 1,000 Monte Carlo
simulations.



102 Paper B Classification of Driving Direction using Magnetometers

0.5 ] ]
= Correlation classifier
RN === [ikelihood classifier
0.4} |
8 03} |
s
-
1S
g
m 0.2 |
0.1} =
0 | | Cnmm |
-20 -15 -10 -5 0 5

SNR [dB]

Figure 10: Classification performance compared with the likelihood test as
a function of the SNR.

7 Experimental Results and Discussion

The simulations in the preceding section indicate that the proposed classifier
works according to the expectations from its derivation. This section will now
show how the classifier performs on real data where a bigger amount of uncer-
tainty and challenges are to be expected.

7.1 Experiment Setup

Experiments were conducted in order to verify the proposed algorithm on real
data. The measurements were performed on a two-way country road with mod-
erate traffic density and a speed limit of 90 km/h. Two commercially available
2-axis magnetometers (Honeywell, 2007) including the corresponding signal con-
ditioning and acquisition hardware sampling at 100 Hz were placed on both sides
of the road as illustrated in Figure 11. The traffic was measured during three sep-
arate periods for a total of 158 minutes and 362 vehicles traveling south-north
(close to sensor 1) and 305 vehicles traveling north-south (close to sensor 2) were
measured. Furthermore, the whole experiment was recorded on video.

From the video recording the true passing time of the vehicles as well as their
driving directions were manually determined in order to establish a ground truth.
This ground truth was then used to extract the magnetometer signal from the raw
measurement data in order to evaluate the direction classification algorithms as
presented in the previous sections. In this way, the detection problem does not
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Sensor 2 Sensor 1

Figure 11: Illustration of the experiment setup showing the two sensors on
each side of the road as well as the driving directions.

affect the comparison of the two classification algorithms.

Note that the two sensor setup is only used for increasing the amount of data
and for evaluating the presented fusion framework. The presented classifier in
its simplest form still only needs one sensor for classifying the driving direction.

7.2 Results

As indicated above, the ground truth data was used in order to measure the per-
formance of the two classifiers. For each passage, a 1.5s long time window from
the magnetometer signal was extracted and the driving direction was determined.
For the likelihood classifier introduced in Section 3, the chosen parametrization
was as follows:

H : ’f:[25m/s 3.5m]
Hp : ;:[—25m/s 6.5m]

which corresponds to the actual road geometry and speed limit at the place where
the measurements were performed. The loop detector was tuned using the tuning
algorithm described in Section 5.3 using the first measurement set (71 vehicles
close to sensor 1 and 85 vehicles close to sensor 2) resulting in p = 11.

Finally, the two algorithms were run on the remaining two datasets and the re-
sults are shown in Table 1. As it can be seen in the table, the correlation classifier
performs very well. For the vehicles passing close to the sensor, only one out of
the 511 vehicles is misclassified. As expected due to the lower SNR compared
to vehicles passing close to the sensor, the performance is worse for the vehicles
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Table 1: Results of applying the driving direction classification to the measurement data. For example, 290 out of the 291
vehicles traveling south-north were classified correctly by the correlation classifier using the measurements of sensor 1.

Direction # Vehicles Sensor 1 Sensor 2 Fusion
Correlation Likelihood Correlation Likelihood Correlation Likelihood
South-North 291 290 278 265 215 283 273
North-South 220 189 164 220 210 211 207
Total 511 479 442 485 425 494 480
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Table 2: Results of applying the driving direction classification to the mea-
surement data. For example, 710 out of the 722 vehicles which are more
then 2 second separated from the closest vehicle, were classified correctly by
the cross-correlation based classifier.

Distance to closest vehicle # Vehicles Correlation Likelihood

More than 2's 722 710 642
Less than 2s 300 254 225

passing on the lane farther from the sensor. Here, in total 57 vehicles are wrongly
classified.

Also the likelihood classifier performs well for vehicles close to the sensor but
not quite as well as the cross-correlation classifier. 23 vehicles are wrongly clas-
sified for the case where the vehicles pass close to the sensor and 132 — around 2
times as many as for the correlation classifier — are wrongly classified for vehicles
passing far from the sensor.

The incorrect classifications for the two classifiers can be divided into three main
sources of error:

1. If multiple vehicles are present at the same time, the single target assump-
tion made in the dipole model (1a) is violated. This situation occurs if two
vehicles heading in different directions are passing each other in front of
the sensors or if a train of vehicles is passing the sensors with short distance
between the vehicles.

2. For large vehicles the dipole model (1a) is also violated. This is because
the dipole model does not assume any geometrical extent of the vehicle.
Furthermore, for very big vehicles this will give raise to a saturated signal
as displayed in Figure 1, which clearly violates the assumption in (1a).

3. Finally, if the SNR is poor the classification result will become worse as also
concluded in the simulations in Section 6.

In order to quantify the impact of the first source of error on the two classifiers,
the available data was first split into two groups — one group where the vehicles
are more than 2 seconds separated from each other and one group where the
vehicles are less than 2 seconds separated from each other. Each vehicle gives
rise to two data sets since we have two sensors. Therefor in total 511 %2 = 1,022
data sets are considered here. The classification results for these two groups are
presented in Table 2. According to these results both classifiers are degraded
when the single target assumption is violated, however the likelihood test suffers
more from this violation than the correlation classifier does.

Furthermore, when the distance between the vehicles is larger than 2 second and
the single target assumption applies, the correlation classifier also performs bet-
ter than the likelihood test. In order to further investigate these differences, this
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Figure 12: Classification performance compared with the likelihood test as
a function of SNR.

group of data has been grouped into 8 classes of different SNR levels, each class
having an interval of 5 dB. In Figure 12 the classification result for these groups
is presented as a function of the SNR, which was computed as

LY N Ry 1yN 2 2
mg[w] [dg]zmlogm[zvzk:l||y2k|| o
o o

[dB],

where o2 is the variance of the measurement noise.

According to Figure 12 the correlation classifier performs better than the likeli-
hood test for all present SNR levels. Also notice that the correlation classifier has
a zero error rate where SNR 2 10 dB, which the likelihood does not. As a matter
of fact, the likelihood test performs even worse for SNR % 25dB corresponding
to large vehicles close to the sensor. As explained above, this is because large ve-
hicles violate the point target assumption, which the dipole model (1a) is based
upon. However, the correlation classifier is insensitive to these model violations
since it does not use that model explicitly, but only one property of it. According
to the experimental results, this property is still valid even in a near field scenario
since we still have excellent classification results, even for high SNRs .

It is instructive to compare the classification performance evaluated on real data
in Figure 12 with the performance on simulated data in Figure 10. When evaluat-
ing the classification on simulated data the likelihood classifier performs better
than the correlation classifier does. However, for real data the likelihood classi-
fier is heavily disadvantaged such it performs worse than the correlation classifier
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due to the reasons discussed above.

Finally, the last two columns in Table 1 show the results for sensor fusion where
the classification of both sensors were taken into account. Clearly, the total per-
formance is improved for both classifiers since the total number of correct classi-
fications is larger than for the case when only one sensor was used. Interestingly
however, is, that a single sensor performs better for classifying vehicles passing
it closely.

7.3 Discussion

As the results in the preceding sections indicate, the proposed driving direction
classifier performs very well. The problems encountered and elaborated in the
previous section are not specific to the proposed method but rather cases that are
challenging for any algorithm. One of the problems was related to scenarios with
multiple vehicles in the scene. This violates the single target assumption, which
both classifiers are based upon. The likelihood test could be extended to handle
this case by modifying the model (4) to include multiple dipoles, which requires
even more parameters to estimate. For the proposed correlation classifier such
an extension is not possible since the feature has been extracted under the single
target assumption and is otherwise not valid. This might be considered as a dis-
advantage of this classification method. However, in case of multiple targets both
classifiers most likely will classify according to the vehicle with the highest SNR.

One approach to improve the results for the likelihood test when multiple vehi-
cles are passing the sensors very closely could be to extend the method as follows.
First, one could determine the number of vehicles and then take this informa-
tion into account when trying to determine the driving direction. Especially for
vehicles passing the sensor in different directions at the same time it seems natu-
ral that the vehicle causing the stronger magnetic distortion — in most cases the
vehicle closer to the sensor — will dominate the signal. Thus, it is very unlikely
that such a scenario can be successfully resolved using a single target assumption
only.

A disadvantage of the proposed method is the fact that large averaging windows
(large p) will cause problems at high speeds (compared to the sampling rate).
If a vehicle passes the sensor very fast, only few points of the loop trajectory
will be measured. Averaging over these few points will have unwanted effects
and it might happen that the estimation becomes wrong. However, note that
the correlation classifier behaves better in general since no assumption on the
vehicle trajectory and/or speed was made, compared to the likelihood test in
Section 3. Clearly, the likelihood test could also be extended to take variations in
these parameters into account, however, at a cost of higher complexity.



108 Paper B Classification of Driving Direction using Magnetometers

8 Conclusions

In this paper, a method for fast and efficient classification of the vehicle motion
direction using a two-axis magnetometer has been proposed. Its properties were
first analyzed theoretically and then verified by using Monte Carlo simulations
before it was applied to real measurement data from commercially available sen-
sor. The method was also compared to a generalized likelihood ratio test and it
was shown how the method can be extended to incorporate data from multiple
independent sensor nodes in a sensor network.

The results show that the performance of the proposed method is very good
for vehicles passing on the lane close to the sensor where > 99% of all vehi-
cles were classified correctly (sample size: 511 vehicles). As it can be expected,
performance degrades as the signal-to-noise ratio decreases which reflects in the
fact that the classification rate for vehicles on the lane farther from the sensor
dropped to approximately 89 %. Comparing this method to the generalized like-
lihood ratio test, it is seen that the latter is outperformed in every aspect. It is very
likely that one particular reason for this behavior is the fact that one or more of
the assumptions (for example, dipole model, speed, or trajectory) made to derive
the GLRT are violated. The biggest difficulties arise in cases where two vehicles
meet right in front of the sensor. Apparently, the vehicle generating the stronger
field distortion will dominate the signal and the second vehicle is shadowed.

Future work should focus on finding solutions for the cases that are hard to re-
solve, possibly by fusing information from other sensor types. Furthermore, the
implementation in a real sensor platform should be targeted and the performance
in a real time system analyzed.

A Distributions

2 Proposition. Assume the estimator f;, given by (31) and the measurement
signal y, as in (1b) and (1c). Then, the estimator fp is distributed according to

fp ~ N(fp aj%p) when N — oo (46)

where f, and O']% are given by (32) and (34), respectively.
P

Proof: As stated above, the mean and variance of fp have been derived in (32)
and (34). What remains to show is that fp is normal distributed. Starting by
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expanding the original expression for fp yields
1 N

fo= 5 2_Wisep ~ 9V

=1

=~

N
1 X Yy Yy y X X
:EZ(hk+ek)(hk+p+ek+p) (), + eI, + e, )
k=1
L X
_ y y y y
= l—]Zh hk+p+hkek+p+ekhk+p+ekek+p (h k+p+h ek+p+ekhk+p+ekek+p).
k=

1
(47)

Similar to (33)-(34), the sum in (47) can now be rearranged so that all the deter-
ministic coefficients of e] are gathered together:

Xh Y 1,x y y X X Y Y X X Y
Zh k+p —h hk+p (hk+p hk—p) (hk+p hk—p)ek+ek+pek_ek+pek'

(48)
Distributing the sum to the individual terms finally gives
1 v 1 v
fP = Z hxh%+p - hyh@p) o Z(h%+p - h%_p)ei
p k= p k=1
. (49)
1 v 1, 1o y
‘;Z k+p ~ Mk—p )+ EZek+pek_EZek+pek'
k=1 k=1 k=1

Since ey ~ N (0, 021), the second and third term in (49) will also be normal dis-

tributed. Furthermore, since all €],.. ., eXN, e}ll, e, e}’\, are independent, the overall
variance is simply the sum of the individual variances for each variable and the
distributions for these two terms are

2 N 2 N
o o X X
N o,p E(h%ﬂ? h{p)z] and /\/[O,p §(hk+p W[ (50a)

k=1 k=1

The last two terms in (49) are sums of normal product distributed variables. The
variance for each such variable is

Var(e], e}) = Var( )Var(ey) = 020? =0t (50b)

ek+p ek+p
and since ezﬂ) ei are all independent and 0% < o0, the Central Limit Theorem (see,
for example, Billingsley (1995)) yields

N 4 N
1 d No 1 No*
_Zeiﬂ)e; —>N(O,—2) and Zekekﬂ? —>N( ) (50¢)
Pi=m p P i p?

as N — oo.
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Consequently, fp is a sum of one deterministic constant and four zero mean nor-
mal distributed variables and since a sum of (possibly dependent) normal dis-
tributed variables is also normal distributed we have that

fo ~ N(f, o}%p) when N — co. (51)

O

B Fusion of Conditional Bernoulli Random Variables

Given multiple conditional PDFs p(x|y;),..., p(x|y;) it is of interest to find the
joint-conditional PDF p(x[y;,...,y;). Using Bayes rule and assuming that all
V1,..., Yy are statistically independent given the true x (conditional independence)
yields

pi,..., yylx)p(x) MM, p(y;lx)

(x|vy,...v7) = = p(x)
P = ) P b )
and using Bayes’ rule on each p(y;|x) gives
I
p le] 3’]
(x|y1,...,97) =
pixis1 yl yl,...,y] I_[

j=

l_l, 1p3)] I
= p(x|
PV TP ) U ik

Assuming the uninformative prior p(x) o 1 yields that p(x|yy,...,yy) ]_[L1 p(xly;)
and thus

J J
1
pxly) = E I_[p xlyj) where 1= j I_[ p(x[y;)dx, (52)
j=1 D j=1
withy = [yl Voo y]]T and 7 being a normalization constant.

Using (52) for a set of Bernoulli random variables described by the PDF
p(klpj) = pi(1=p))'™* for keo,1, (53)
where p; is the probability of success, the fused PDF becomes
MM, pk(1—pj)'~*
M (1 -pp+TTy pj

p(klp) = (54)
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Abstract

Starting from the electromagnetic theory, we derive a Bayesian non-
parametric model allowing for joint estimation of the magnetic field
and the magnetic sources in complex environments. The model is a
Gaussian process which exploits the divergence- and curl-free prop-
erties of the magnetic field by combining well-known model compo-
nents in a novel manner. The model is estimated using magnetome-
ter measurements and spatial information implicitly provided by the
sensor. The model and the associated estimator are validated on both
simulated and real world experimental data producing Bayesian non-
parametric maps of magnetized objects.

1 Introduction

The magnetic field has for a long time been used in navigation for providing
seafarers and merchants as well as orienteers and migrating birds with heading
information. In indoor environments this navigation task is challenged by the
magnetic distortions caused by the ferromagnetic structure in buildings. How-
ever, these distortions can also provide position information using a magnetic
map of the environment, either by navigating within a precomputed map or by
performing simultaneous localization and mapping (SLAM). This requires good
models of the magnetic field which will be investigated more deeply in this work
by addressing the electromagnetic theory. The relation between the magnetic
sources and their induced magnetic field is well understood and was already for-
mulated by Maxwell (1865), see also Jackson (1998). However, little work has
been done incorporating this knowledge into a statistical framework suitable for
estimating magnetic fields in complex magnetic environments based on noisy
data. We present a Bayesian nonparametric model (a particular Gaussian pro-
cess) capable of modeling the magnetic field as well as the magnetic sources, see
Figure 3. Our model exploits the divergence- and curl-free properties of the mag-
netic field inherited by the electromagnetic theory.
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Gaussian processes (Rasmussen and Williams, 2006) have previously been used
for modeling magnetic fields in an indoor environment to enable SLAM (Valli-
vaara et al., 2010, 2011). Their navigation platform is equipped with a three axis
magnetometer and the positioning is aided with odometry. However, in contrast
to our work, the model of the magnetic map does not incorporate knowledge
from Maxwell’s equations and is not able to estimate the location of the magnetic
sources. The same model has been investigated further by Kemppainen et al.
(2011). Gaussian processes have recently also been used for SLAM in a scalar po-
tential field (Murphy and Godsill, 2012). However, we consider multiple vector
fields rather than one scalar potential field in this work. Vissiéere et al. (2007) also
use the magnetic disturbances to improve IMU-based position estimation. That
work uses the restrictions induced by the electromagnetic theory, but does not
construct any magnetic map and does not localize the magnetic sources. (Chung
etal., 2011) uses only four tilt-compensated magnetometers to accomplish indoor
localization. The magnetic map is captured in advance consisting of a collection
of magnetic signatures. The localization is performed using magnetic map fin-
gerprints, where the performance is enhanced by the multiplicity of the magne-
tometers. Also fusion of magnetic field anomalies and laser has been investigated
(Zhang and Martin, 2011).

This work only addresses the modeling aspects of the magnetic field and the mag-
netic sources. The localization problem we consider separately (Kok et al., 2013),
but the model is also suitable for being used in the applications presented above.
The contributions of this work are:

* A Gaussian process model which in a novel manner exploits the divergence-
and curl-free properties of the magnetic field.

* The model enables the magnetic field and the magnetic sources to be esti-
mated jointly.

* Interference with both magnetic field measurements and spatial informa-
tion is possible.

* We validate the model using both simulations and real world experimental
data.

The divergence- and curl-free properties of a vector field have previously been
used for estimating fluid flows using Gaussian processes (Macédo and Castro,
2008). However, to the best authors’ knowledge this has previously not been
used in modeling magnetic fields.

2 Magnetic Fields

A magnetic field is a mathematical construction used for describing forces in-
duced by magnetic materials and electric currents. For each point in space the
magnetic field can be described using a vector and as such it is a vector field.
There are two different, but closely related ways to describe the magnetic field,
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denoted with the symbols B and H, where boldface denotes vector-valued quan-
tities.

These fields can not be any two arbitrary vector fields, but need to obey physical
laws, which in their most general form are known as Maxwell’s equations (Jack-
son, 1998). By assuming absence of free currents and time-dependent effects,
these equations will reduce to

V-B=0, (1a)
VxH=0, (1b)

which means that the B-field is divergence-free and the H-field is curl-free. Fur-
ther, these two fields are coupled as

M=_LB_H, (2)
Mo
where M is the magnetization describing our magnetic environment and p is
the vacuum permeability, which is a physical constant having the value py =
41t x1077Vs A"t m~!. These fields will be illustrated with the following example.
More details on the derivation can be found in Jackson (1998).

——1 Example: Uniformly magnetized sphere

Consider a sphere with a uniform permanent magnetization as depicted in Fig-
ure lc. By solving (1) and (2) for this special geometry we will end up in a dipole
field outside the sphere as depicted in Figure 1a and 1b. Note that the B- and the
H-field will be identical (up to the proportional constant ) outside the sphere,
which follows directly from (2) using M = 0. However, inside the sphere the B-
and the H-field will be aligned in opposite directions in order to ensure that the
B-field is divergence-free (no sources or sinks) and that the H-field is curl-free
(no swirls).

(b) H-field (c) M-field

Figure 1: The B-, H- and M-field of a uniformly magnetized sphere. The
B-field is here normalized with py.

By using (1)-(2) and prior knowledge of the magnetic environment, a number
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of things can be concluded, which will be used in Section 4 when modeling the
magnetic fields:

1. Additional information In all non-magnetic materials the magnetization is
equal to zero, M = 0. This is especially true in locations where we measure
the magnetic field, since air is non-magnetic. Due to physical constraints
the sensor cannot be inside a magnetic material and we know that M = 0 at
these positions. This additional information will be used in our framework
as an extra measurement. Sensor fusion with other sensors such as camera
and laser range sensor, providing even richer information of where M = 0,
is possible. However, this is not considered in this work.

2. External field Most environments of interest consist of an external homo-
geneous field By or Hy, usually the earth magnetic field or a slight defor-
mation of it. Due to the linearity of the field equations (1), this external
field can be superimposed throughout all space, where (2) gives the rela-
tion By = pugHy. We will therefore later model the B- and the H-field to
have a common, but unknown mean.

3. Smoothness If M(u) = 0 in a neighborhood of u, the field equations (1) will
ensure that B and H are infinitely continuously differentiable at u. This
gives the magnetic field a “smooth" character and the magnetic field at
u; will be very similar to the magnetic field at u, if u; and u, are close.
This property motivates us to employ Gaussian processes in modeling these
fields, as will be explained in the next section.

3 Gaussian Processes

A Gaussian process (GP) (Rasmussen and Williams, 2006) is a stochastic process
suitable for modeling spatially correlated measurements. GPs can be seen as a
distribution over functions

f(u) ~ QP(y(u),K(u, u’)), (3)

where the process is uniquely defined with its mean function y(u) and covariance
function K(u, u’).

The GP is a generalization of the multivariate Gaussian probability distribution
in the sense that the function values evaluated for a finite number of inputs
uy,...,uy are normally distributed

f(u;) p(uy) Kup,uy) - K(uj,uy)
~ N(u,K), where u= |, K= : :

f(uy) p(uy) K(uy,u) - K(uy,uy)
(4a)
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3.1 Mean Function

In this work we will consider a constant, but unknown mean function p(u) = g,
where we put a Gaussian prior on the mean

f(u) ~ QP(/S, K(u, u')), where B~ N(0, 0';1). (5a)
By integrating out the parameter f, this can be reformulated as a zero mean GP

f(u) ~ GP(0,K(u, w) + o71). (5b)

3.2 Vector-Valued Covariance Functions

The covariance function (a.k.a. kernel) is the crucial component when modeling
using a GP. This function encodes the assumptions we make on the functions to
be learned. For modeling smooth functions (as desired in Item 3 in Section 2)
with scalar output the most common choice is the squared exponential (SE) co-
variance function

_ v’y

K(u,u’) = k(u,u’) = ofe 2z, (6)

where oy is the expected amplitude and [ the expected length-scale of the func-
tion we want to learn. This covariance function can be extended for learning
functions with multiple outputs as presented below. Learning functions with
multiple outputs has recently attracted more attention. A review can be found in
Alvarez et al. (2012), which discusses different kernels for learning vector-valued
functions.

Diagonal Squared Exponential Covariance Function

The most obvious extension of (6) to multiple outputs is to model each compo-
nent f;(u) separately using a scalar SE covariance functions resulting in a diagonal
SE kernel

_llu—u’|2

K(u,u’):afze 212 -I,,y, (7)

where ny is the dimension of the output. The kernel (7) can be extended to have
different hyperparameters I and o for each output dimension. This kernel was
used by Vallivaara et al. (2010) and Vallivaara et al. (2011) in modeling the mag-
netic field of an indoor environment. However, this kernel does not allow for the
possibility of modeling correlations between the different components f;(u). Spe-
cially, it does not produce functions which necessarily obey the field equations
(1). This is made possible by the two covariance functions introduced below.

Divergence- and Curl-Free Covariance Functions

A kernel for learning divergence-free vector fields was first introduced by Nar-
cowich and Ward (1994). Based on the scalar SE kernel (6), this kernel reads

K N 2 _HU;Z’HZ u—u\(u-u'\ 1 llu —u'||? I 8
B(u,u)_ofe . ] — ) iy - T 'y (8)




120 Paper C Modeling Magnetic Fields using Gaussian Processes

which ensures that all functions sampled from a GP with such a kernel will be
divergence-free. Similarely, Fuselier Jr (2006) introduced a kernel for learning
curl-free vector fields, where the extension of (6) reads

| — —w\'
Kp(uw ) = o2¢ 2 [Iny—(Q)(¥) ] (9)

The interested reader can refer to Fuselier Jr (2006); Macédo and Castro (2008);
Baldassarre et al. (2010) for more analysis and discussion on these two kernels.

3.3 Regression

GPs are also capable of handling noisy measurements y; of the function f(uy).
We consider the measurement model

Vi = f(ug) + e, e ~N(0,X), (10)

where ey has the interpretation of being measurement noise. Our objective is
to use a set of measurements together with their corresponding inputs {uy, y,|k =
1,..., N} tolearn the function values for other test inputs f, = [f(u] )7 f(u*N*)T]T.
In the same manner as in (4) the joint distribution for the measurements y =

T 1" .
[yl .. yN] and the test output f, is
y] KU U)+IyeX KU,U,)]
[f*] N (0’ [ KU,U)  KU,U)|| (1)
where ® denote the Kronecker product,
K(up,uj) ... K(up,uy)]
K(U,U,) = : : (12)
K(uy,uj) ... K(uy,uy)]

and similarly for the other matrices K(U, U), K(U,, U) and K(U,, U,). From the
joint Gaussian distribution p(y, f,) in (11) the conditional distribution p(f,|y) can
easily be computed as

f*|Y ~ N(”f*l Ef,,)l (133)
ue = KKy, %¢, = K., - KIK'K,, (13b)
where K = K(U, U), K, = K(U, U,), K., =K(U,, U,) and K, = K(U,U) + Iy ® X.

3.4 Estimating Hyperparameters

The hyperparameters of the covariance function K(u, u’) and the measurement
noise covariance matrix ¥ can be estimated from the data {u;, y;lk = 1,...N,},
which makes the learning of the function values f, completely data driven in
the sense that no tuning parameters are needed. This will be accomplished by
maximizing the log marginal likelihood log p(y, |U, 8), where 6 denote the hyper-
parameters of K(u,u’) and ¥. From (11) we have that y|U, & ~ N(0,Ky), which
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gives
R, SR nyN
log p(ylU, 0) = =5y Ky'y - 5 log [Ky| - ——log 2. (14)
Following Rasmussen and Williams (2006), the gradient of the log marginal like-
lihood w.r.t. the hyperparameters can be computed as

K,

8_6]- ) (15)

J 1 T_ -l
B_Bj log p(y|U, 6) = Etr (aa’ —Ky')
where a = K;ly. This enables an efficient gradient based optimizing routine for
maximizing (14). In this work the BFGS method (Nocedal and Wright, 1999) has
been used.

4 Modeling

The GP framework will now be combined with the electromagnetic theory to con-
struct a model for jointly estimating the B- and the M-field using a three-axis
magnetometer. We assume that the measurements of the magnetic field are cor-
rupted with Gaussian noise

ye,x = fB(ur) +ep epx ~ N(0,0713), (16a)

where yg ; is a three-axis magnetometer measurement transformed into world
coordinates and fg(uy) is a function being equal to the B/p-field (the B-field
normalized with ) at location ug. As discussed in Item 1 in Section 2 we also
know that the M-field is zero at location uy, where the measurement YB,kx Was col-
lected. This information is incorporated by considering a noise free measurement
Ymx = 0 with the following measurement equation

Yim = fm(ug) = fg(uy) — fu(uy), (16b)

where fy;(uy) and fyy(uy) are functions corresponding to the M- and the H-field
and where we have used the coupling given by (2). Note that this coupling is the
key equation for our model since it enables us to jointly estimate the B-field as
well as the M-field in contrast to prior work.

We put this into a statistical framework by considering fg and fy (and conse-
quently also fy; via (16b)) to be GPs . Following the discussion in Item 2 in Sec-
tion 2 we consider fg and fy to have a common constant mean function (corre-
sponding to the earth magnetic field) and we use the covariance functions given
in (8) and (9) to preserve the divergence- and curl-free properties of fg and fy
according to the field equations (1). This gives

fg ~ GP(B,Kp(w,u')), fu ~ GP(B Ku(u,u)), (16¢)
B~ N(0,0;13), (16d)

where we have used a Gaussian prior on the unknown mean .
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The model (16) can be reformulated into the standard model description outlined
in Section 3

yi = f(up) + e, (17a)
f(u) ~ GP(0,K(w,u)),  ex~N(0,3), (17b)
by augmenting the measurements and the noise covariance matrices
2
— YB.k and ¥ = O~nI3 03 17¢
Yk [YM,k] 05 03 (17¢)
as well as the outputs of the functions that we want to learn
fp(u)| _|Is 05 [|fp(u)
flu) =B | = ~ GP(0,K), 17d
) [fM(u>] [13 13 [fua(w) | ~ PO (7d)

where K = K(u,u’). The augmented function f : R®> — RR® will then have the
covariance function

2
K:|:KB+OﬁI3 KB :|, (176)

KB KB + KH

where the relation f(u) ~ GP(0,K) = Cf(u) ~ GP(0, CKC") has been used as well
as (5) to reformulate this as a zero mean GP. Finally, we encode

6 = [log af log 1% log O‘é log 02], where the logarithm ensures the positiveness

of o‘j%, 12 0/3 and 03.

5 Results

The ability of the proposed model to model magnetic fields will be evaluated by
using a simulated data set as well as a real world data set. The results will be
reported in this section.

5.1 Simulated Experiment

The setup with a uniformly magnetized sphere presented in Example 1 is used
to estimate the B-, H- and M-field given in Figure 1. Consider a sphere cen-
tered at the origin with radius 3 m having a uniform magnetization of M =

[0 1 O]TA m~!. In total N = 50 training inputs are chosen from a region out-
side the sphere and inside a square with dimension 10m x 10m aligned with
the xy-plane, which also is centered at the origin. For each training input the
corresponding training output is computed using the true field perturbed with
Gaussian noise having a standard deviation of o, = 0.01. The test inputs are
chosen from a grid xy-plane with an interval of 0.75 m. The estimated magnetic
field at these test inputs is then compared with the true magnetic fields. Both
the SE kernel (7) and the proposed kernel (17) are applied to the data, where the
hyperparameters for each kernel are estimated as described in Section 3.4. The
results are given in Figure 2.
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Both the SE kernel and the proposed kernel (17) are able to reproduce the charac-
ter of the true B-field as given in Figure l1a. By comparing the estimated B-field
with the true B-field, the proposed covariance function is only slightly better with
a root mean square error of 0.33 Am™!, whereas the corresponding number for
the SE covariance function is 0.38 Am~!. However, the great advantage with the
proposed covariance function is its ability to estimate the M-field as shown in
Figure 2c, which resembles the true M-field in Figure 1c. Both the location of the
magnetic source and the direction of its magnetization are correctly captured.

5 4 3 -2 -1 o 1 2 3 4

(a) Estimated B-field (b) Estimated H-field (c) Estimated M-field

Figure 2: Estimated fields induced by a uniformly magnetized sphere (see
Example 1) using our proposed kernel (17) (blue) and the SE kernel (6)
(green) together with the training data (red).

(a) Estimated shape of table (b) Real shape of table

Figure 3: Estimated magnetic content in a table turned upside down.
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5.2 Real World Experiment

A real world experiment was conducted in a magnetic environment consisting
of a table with metal frame turned upside down as displayed in Figure 3b. A
three axis magnetometer has been used to measure the magnetic field at various
locations around that table and the position and the orientation of the magne-
tometer unit was measured using an optical reference system (Vicon). The mag-
netometer measurements were then transformed into world coordinates using
the orientation provided by the reference. This data has been downsampled to
2 Hz to reduce the number of data points. Together with the position estimate
from the reference this comprises the training data as displayed in Figure 4. For
this dataset the hyperparameters have not been estimated but rather tuned to
o =03, I =0.15, 0, = 1 and o,, = 0.3 for reasons discussed below. In Figure 3a
the region of the M-field which exceeds 30% of the maximal estimated M-field
is displayed. This estimated magnetic map has visual similarities with the real
table in Figure 3b. All four table legs can be distinguished as well as the frame
on which the table top is attached.
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Figure 4: The training data in the real world experiment seen from above
together with the trajectory that the magnetometer has followed.

The proposed GP (as any other stationary GP) is restricted to using the same set
of hyperparameters for all data. This is problematic in environments which have
different characteristic length scales and signal amplitudes in different regions in
space. When estimating the hyperparameters in the proposed manner using data
collected in such environments, the result might not be sound. The hyperparam-
eters have therefore been considered as tuning parameters.



6 Conclusion and Future Work 125

6 Conclusion and Future Work

We have introduced a Bayesian nonparametric model for jointly estimating both
the magnetic field and the magnetic sources. The model is based on a vector-
valued stationary Gaussian process (GP) with a covariance function exploiting
the divergence- and curl-free properties of the magnetic field derived from the
electromagnetic theory. The model has been compared with a component-wise
GP proposed by Vallivaara et al. (2010) for modeling magnetic fields. In the com-
parison only a small improvement in estimation performance could be reported.
However, the great advantage of the proposed method is its ability to also model
the magnetic sources in a nonparametric manner, which has been illustrated us-
ing both simulated and real world data.

In future work we will extend our nonparametric model to handle more complex
environments. One promising idea is to use a multiplicity of GPs governed by a
hierarchical Dirichlet process (Teh et al., 2006). Our final target is a full SLAM
framework.
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Abstract

A male common swift Apus apus was equipped with a light logger
on August 5, 2010, and again captured in his nest 298 days later. The
data stored in the light logger enables analysis of the fascinating travel
he made in this time period.

The state of the art algorithm for geolocation based on light loggers
consists in computing first sunrise and sunset from the logged data,
which are then converted to midday (gives longitude) and day length
(gives latitude). This approach has singularities at the spring and fall
equinoxes, and gives a bias for fast day transitions in the east-west
direction.

We derive a flexible particle filter solution, where sunset and sunrise
are processed separately in two different measurement updates, and
where the motion model has two modes, one for migration and one for
stationary long time visits, which are designed to fit the flying pattern
of the swift. This approach circumvents the aforementioned problems
with singularity and bias, and provides realistic confidence bounds on
the geolocation as well as an estimate of the migration mode.

1 Introduction

Geolocation for learning migration behavior of animals is an important area for
ecologists and epidemiologists. With an ever lasting improvement in sensor tech-
nology and miniaturization of electronics, more and smaller species can be stud-
ied. More specifically, researchers are no longer limited to satellite based geoloca-
tion, which requires substantial battery capacity and in practice also radio trans-
mitters to communicate the geolocation data, which in turn requires even more
battery with the consequence that only larger birds can be studied. One such
enabling technology is light loggers permitting documentation of migration by
individual small songbirds, waders and swifts, which so far is not extensively
studied. Commercial versions include a light sensor, a battery, a memory and a
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Figure 1: A male common swift after his voyage to Africa and back. During
the journey a light logger mounted to his back recording the light intensity.

clock enclosed in a small housing that can be fit to the tarsus or mounted with a
harness to the back of the bird. As a rule of thumb, the sensor can weigh at most
5% of a bird’s weight. State of the art sensors weigh 2 grams, and thus as small
birds as a swift (40g) can be marked. The sensor unit cannot communicate, so
this approach hinges on that the birds are caught or found when they die, so the
memory can be read off.

The swift is an interesting bird, since it is believed to spend all of its life on the
wings, except for the nesting period. This makes the light data particular good,
since there is barely any surrounding vegetation that disturb the measurements.
Also the migration pattern of the swift is fascinating, since it travels long dis-
tances over the seasons, but always returns to basically the same place for mating
in the summer. This unique navigation ability is believed to be genetically in-
herited, and it might have persisted since the last ice age. The swift in Figure 1
is a young male and one of the first marked swift that has been found. The re-
searchers know very little about the migration pattern for swifts during the win-
ter time in Africa, since there are almost no reports from Africa on found species
with the classical ring.

The light logger samples light intensity every 5-10 minutes. It is quite a coarse
information suffering from saturation at both ends. Thus, it is only the transitions
between night and day and vice versa that contain information with the current
sensor. The theory of geolocation by light levels is described by Hill (1994) for
elephant seals, where sensitivity and geometrical relations are discussed in detail.
The accuracy of the geolocation is evaluated on different sharks by comparing to
a satellite navigation system, and the result is shown to be in the order of 1 degree
in longitude and latitude.
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If the animal is known to be at rest during the night, the two positions correspond-
ing to sunset and sunrise can be assumed the same, and the unknown longitude
and latitude can be solved from the two measurements uniquely. This is the ba-
sis for the geolocation software that comes with the sensor. There is an obvious
singularity for the two days of equinox when the sun is in the same plane as the
equator, and thus the two manifolds in Figure 2 are vertical lines. In praxis 15
days on each side of spring and autumn equinoxes are omitted from analyses
(Stutchbury et al., 2009). Another problem occurs if the bird is moving between
sunrise and sunset, in which case midday and daylength is shifted slightly caus-
ing a bias in the position. This is especially a problem during fast migration
flights, when a swift may cover up to 650 km/day (Akesson et al., 2012).

Figure 2: Binary day-light model for a particular time t. The shape of the
dark area depends on the time of the year, and the horizontal position of the
dark area depends on the time of the day.

We propose a nonlinear filtering framework, where the sunset and sunrise are
treated as separate measurement updates, and an irregularly sampled motion
model is used for the time update. This removes the bias problem and also a
noise correlation artifact. It also mitigates the singularity at the equinox, where
still useful positions can be computed. The motion model has two modes, corre-
sponding to stationary and migrating flight. The filter thus has adaptive sensitiv-
ity, giving higher position accuracy at the stationary mode.

Animal geolocation based on light levels can be traced back to at least 1986 (Smith
and Goodman, 1986). Other publications such as Wilson et al. (1992); Hill (1994);
Ekstrom (2004); Stutchbury et al. (2009) have also studied this problem. How-
ever, to the best of the authors knowledge, this is the first time that this applica-
tions has been put into a statistical filtering framework using separate measure-
ment updates for sunset and sunrise.

The paper outline is as follows: In Section 2 an appropriate sensor and motion
model for this application will be presented and the state estimation algorithm is
given in Section 3. The paper is concluded with the results on real world data in
Section 4 followed by the conclusions in Section 5.
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2 Models

The mathematical framework can be summarized in a state space model with
state xj, position dependent measurement y,, process noise wy, and measure-
ment noise ej:

Xip1 = f(xg) + Wy, (1a)
¥ = h(xg) + ;. (1b)

The state includes position (xg,yx) encoded as longitude x; and latitude yy, a
velocity (xk, yx) as well as a mode parameter 0.

2.1 Sunrise and Sunset Models

Figure 2 shows how the sunset and sunrise, respectively, at each time defines a
manifold on earth (Meeus, 1991). A sensor consisting of a light-logger and clock
can detect these two events. The bright part of the earth is limited by a great
circle orthogonal to the sun at each time as depicted in Figure 4.

The time of the sunrise and sunset can easily be derived when knowing the
daylength and the time of the midday. The midday will only depend on the
longitude of the observer. At longitude x; = 0° the midday occurs approximately
at 12.00 noon. When going x = 360°/24 = 15° east, the midday occurs one hour
earlier at 11.00 a.m (earlier, since the sun rises in the east). This gives the relation

, 1
pridday ) =12 - 5%k (2)

Further, the daylength will depend on the latitude of the observer as well as on
the time of the year. The relation can be derived by making use of the coordinate
transformation from the equatorial coordinate system to the horizontal coordi-
nate system. These coordinate systems are used for mapping positions on the
celestial sphere and can thus be utilized for describing the position of the sun.

The horizontal coordinate system uses the observer’s local horizon as the funda-
mental plane and the position of the sun is described with its altitude h above the
horizon and its azimuth A measured from the south increasing towards the west,
see Figure 3.

South

1
B L

Azimut\h\A - Sun

- Horizon

Figure 3: The horizontal coordinate system. The position of the sun is de-
fined with its altitude h and azimuth A.



2  Models 135

In the equatorial coordinate system the fundamental plane is defined by the
Earth’s equator. Here, the position of the sun is described with the local hour
angle of the sun H expressed in angular measurement from the solar noon, and
the declination of the sun 4.

All of these four angles are defined on the celestial sphere (Meeus, 1991; Mon-
tenbruck and Pfleger, 1991). However, in this work we are interested in describ-
ing the position of the observer on the earth rather than the position of the sun
on the celestial sphere. Therefore, in Figure 4, the corresponding angles on the
earth are depicted. Here, the altitude h has the interpretation of being the orthog-
onal distance (measured in degrees) to the great circle separating the bright and
dark part of the earth, the local hour angle H is the longitude relative to the solar
noon meridian and the declination d is the tilt of the earth’s axis towards the sun
as well as the latitude where the sun reaches its zenith.

Figure 4: The local hour angle H, declination d and altitude h depicted on
the earth, together with the observer’s latitude y. Sun’s position is the loca-
tion in the earth where the sun is at its zenith. The geometry of these angles
gives the relation (3a).

Following Meeus (1991), these two coordinate systems are related as

sin h = sinysind + cosy cos d cos H (3a)

in H
tan A = o , (3b)
cos Hsiny —tand cosy

where y is the latitude of the observer. The declination of the sun can also be seen
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as the angle between the Earth’s axis and a line perpendicular to the Earth’s orbit.
Thus, the declination will change over the year and is given by

360°
d(ty) = —23.439° —t), 4
() = —23.439 COS(365.25 k )

where t; is the number of days after the winter solstice. Since a day of 24 hours
corresponds to an local hour angle of H = 360°, (3a) gives us the relation for the
time from a sunrise to the next sunset

hdaylength (

(5)

24
tk, Yx) = 2—— arccos

sin hgy — sin yy sin d(ty)
360°

cos yi cos d(tx)

The altitude hg is here considered as a constant. It represents the geometrical
altitude of the sun at the time apparent rising and setting. Due to atmospheric
refraction, these events occur already when the sun geometrically is below the
horizon at an altitude of hy = —0°.83 (Meeus, 1991). Furthermore, the light in-
tensity starts increasing before the sunrise and is still increasing after the event.
Noticeable is that the most distinct transition between day and night occurs when
the sun is about 6° below the horizon (Hill, 1994). Thus, the altitude hy will in
practice depend on how the light intensity data is thresholded.

Note that if the argument of arccosine in (5) is larger than 1 in absolute value, the
sun will remain either above or below the horizon the whole day.

With this information we can define a measurement model for sunrise and sunset
respectively

YI(t) = HC (g, xp, i) + €5, (6a)
v¥ () = Bt x y) + € (6b)
where
. . jdaylength 4 ,
hrlse(tk,Xk,Yk) _ hmldday(xk) _ : (tkr i) (6¢)
. jdaylength (4 ,
hset(tl;Xl;_YZ) — hmldday(xl) + 5 ( 1 .VI) (6d)

2.2 Sensor Error Model

The errors e"*¢(t;) and e%!(t;) for sunrise and sunset, respectively, consist of dif-
ferent kinds of errors:

1. Detection errors from the light logger data. The data in Figure 8 indicates
that this error is Gaussian with a standard deviation of slightly more than
four minutes. Note that four minutes corresponds to 1 degree, which is 120
km in north-south direction and 120 times cosine of latitude in east-west
direction.

2. Position dependent variations. For instance, the days are longer over sea
than land (Hill, 1994). We will neglect this error, since the bird appears to
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be over land most of the time. It would be no problem to cover this in our
framework, though.

3. Also the latitude and time of year may affect the error. This is a subject for
future studies.

4. Weather dependent variations, where sunny days are longer than cloudy
ones. This can be incorporated by using data from historic weather data
bases in our framework, but this is also a subject for future studies.

Note that the errors in sunset and sunrise can be seen as independent, and thus
the error in day length and midday are actually correlated.

2.3 Kinematic Model

The kinematic model of migrating birds is characterized by two modes consist-
ing of a stationary mode on their breeding, wintering or moulting sites, as well
as a migration mode (Newton, 2008). In order to describe the transition from
the stationary mode to the migration mode a transition mode is used. The mode
parameter 9y € {stationary mode, transition mode, migration mode} is here mod-
eled as a hidden Markov state with a specified transition probability ITj resulting
in

) Ske1sd
p(orlsy) = T, 7)
In Figure 5 the corresponding Markov chain is drawn.

In the stationary mode it is sufficient to model the dynamics of the swift with a
constant position model, which uses a two dimensional position

_ (X)L (W)
x(t) = (y(t))’ x(t) = (wy(t)) (8a)
The corresponding discrete time model is given by
e =fo (o 7)) o

where the input wy, is considered as random process noise. In the migration mode
the velocity of the bird will be of great importance when predicting the next
position. This can be captured by using a constant velocity model. This is still a
fairly simple motion model, yet one of the most common ones in target tracking
applications where no inertial measurements are available.

x(t) «(t)
x( =% | %0 =| 2 (92)
1) w(1)
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The corresponding discrete time model is given by

1 0T 0 T2/2 0
o1 0T 0 T%2|(w}
=10 0 1 o™ T 0 (w({) (90)
00 0 1 0 T
————— ————
=Fcy =Gev

In a similar manner the constant position model (8b) can be redefined to include
the velocity, ever though it is not used in the position update

1 0 0 O T 0
01 0 O 0 T|{w}
X110 0 1 o™ "1 o (w%) (10)
0 0 0 1 0 1
| ~—_———
=Fcp =Gcp

In order to initialize the velocity correctly during the transition from stationary
to migration mode, a third transition mode is used to enlarge the covariance of
the position. This mode also uses a constant position model but with a much
larger process noise as for the stationary mode.

By modeling the process noise w; ~ A(0, Q%) to be white Gaussian for the all
modes, the transition density for x; and 0y can be described as

(Ok+1,9k)
1_Ik

P(Xks1, Ofs1 Xk, O) = P (Xg41 Xk, Ok) (11)

where

p(Xk+1lXk, O) =
N (Fcpxy, GepQ®Glp), 8k = stationary mode
N (Fcpxi, GepQ!GLp), O = transition mode
N(Feyx, GevQ™Gly), Ok = migration mode
where Q%, Q' and Q™ is the process noise covariance for the three modes. Note

that we will will choose Q' > Q° in order to capture the character of the transi-
tion mentioned above.

3 State estimation

The nonlinear filtering problem (1) will here be solved using a marginalized par-
ticle filter. For this application (including future extensions) this is a sound ap-
proach due to many reasons:

* Like any filter, it can handle partial information of the position, so it can
process sunrises and sunsets separately.
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1-pst dO=s o=m I = Pms
Pms

Figure 5: The Markov chain for the mode parameter 6. The mode 6 = s
is a the stationary mode, where X constant position model is used, 6 = m
corresponds to the migration mode using a constant velocity model, 6 =t
corresponds to a transition state from 6 = s to 6 = m where a faster constant
position model is used.

* Also like any filter, it can handle multiple modes by running two or more
filters in parallel, and fusing their states according to their performance.

* In contrast to other filters, it can handle multiple modes by augmenting the
state vector with the mode parameter. This approach will be used in this
work.

* The particle filter can handle multi-modal position distributions better than
any other filter, which is useful for robust filtering where a lot of outliers in
data occur (false and missed detections from the logged light data).

* It can handle position dependent noise, like ground vegetation type and
local weather dependent noise distributions.

* It can easily include state constraints, such as maximum speed.

The time update of the position in the particle filter consists here of the following
steps:

1. Simulate N noise vectors w;'( ~ N(0,Q0%).
2. Propagate the set of particles according to (10) or (9b) depending on .

We will here make use of the fact that the sensor model (6) depends on the posi-
tion and the time only,

Yi = h(te, xi, yi) + ex. (12)

Since the motion models (10) and (9b) are linear in the state and noise, the
marginalized particle filter applies, so the velocity component can be handled
in a numerically very efficient way.
Let rp = (X, yx)" and v = (%, yx)". Then, constant velocity model (9b) and the
sensormodel (12) can be rewritten as
2
Ty =T+ T + - Wk (13a)
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Y = h(te, 1i) +ep, (13b)
Viil = Vi + Twy, (13¢c)
TZ
Tiy1 — T = TVk + TWk. (13d)

We here use the particle filter for (13ab) and the Kalman filter for (13cd). Note
that (13ad) are the same two equations, interpreted in two different ways. The
time update in the particle filter becomes

wi ~ N(0,Qx), (14a)
. . S
1, =1, +Tv + 7w;( (14b)

Conversely, we use the position as a measurement in the Kalman filter. For this
particular structure, the general result given in Theorem 2.1 in Schon et al. (2005)
simplifies a lot, and we get a combined update
A ri -1l
. kt1 ~ Tk
Ve =~ (14c)

TZ2 -1
Priijk = Prpe—1 — Pklk—l(Pklk—l + TQk) Pik-1- (144d)

Note that each particle has an individual velocity estimate \‘I}(l 41 but a common
covariance Py_;. Further, for a time-invariant Q; = Q, the covariance matrix
converges quite quickly to Py_; = 0, and the Kalman filter is in fact not needed
and can be replaced with a deterministic update of the velocity.

In a similar manner we get the same velocity update (14c) when using the con-
stant position model (9b). Note that this velocity update is not needed affect
the position if the particle is in 05 ="stationary mode". However, in the mode
Or ="transition mode" it is crucial since that velocity will be used in the time
update in the next time instance when being in o; ="migration mode". The esti-
mation framework is presented in Algorithm 1.

4 Results from Real World Data

The proposed tracking framework has been validated on real world data. This
section presents this data as well as the tracking results.

4.1 The data

A light logger was mounted on a swift which was released from the very south
of Sweden. Ten months later it was captured again at its own nest and the light
logger was removed from the bird. The recorded data consists of light intensity
measurements during a period of 298 days from 5th of August 2010 to 29th of
May 2011. From this data the universal time of sunrise and sunset has been
extracted by thresholding the data on a light level corresponding to a sun altitude
of —3.7°, see Fox (2010) for further details on how this has been done. Thus, the
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Algorithm 1 Migrating bird tracking using particle filter

Choose number of particles N.
Initialization: Generate ri ~ Ty, vi ~ Ty, and 6% ~Ts), i=1,---,N, encode the
augmented state as )‘(’i = [xi, éi] = [ri,v’i, 51], let wyg = 1/N and k = 1.
Iteration over the days:
Fort=1,2,---

Iteration over sunrise and sunset:

For m = {sunrise, sunset}

1. Measurement update:
Fori=1:N

) wb  p"(y, XL, t
C‘)]l(: k1P (Ykl k k) (15)

1 @k P (yelR )
where y, = p"(t) is the time of sunrise/sunset at day ¢, measured in
hours, and t; =t + y,/24 is the time, measured in days.
2. Estimation: The state and covariance is estimated by

N

X, = Z‘w;{x;c (16)
io1
N . . .

Py = Zw;{(xi — %) (xp — %p)" (17)

i=1
3. Resample: Take N samples with replacement from the set {i;{}f\il where
the probability to take sample i is w}; and let w}’; =1/N.
4. Time update:
Compute the sampling interval:
Ty =ty -ty
Fori=1:N . S
For each part of the state vector x; = [r}, v}, 6;] do the following:
(a) Generate predictions of the position depending on the mode
wi ~ N(0,Q%)
If 5]’; ="stationary mode" or 5;’( ="transition mode"
e o
elseif 0; ="migration mode"
. . . T2 .
T =T+ Y?kv;c + 5 W
(b) Generate predictions of the mode
Ore1 ~ P(Oks1lo}) .
(c) Generate predictions of the velocity
V;C+l = rk+71"k_rk
5. Setk:=k+1

preprocessed data consists of the universal time of 298 sunrises and 298 sunsets
as depicted in Figure 6.
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The data
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Figure 6: Universal time of the sunrise and the sunset during the 10 months
journey of the swift

From this information the daylength and midday can easily be extracted as pre-
sented in Figure 7. The state of the art algorithm is to use this information to
convert to longitude and latitude using (2) and (5). However, with Algorithm 1
we propose to use time of sunrise and sunset to prevent the bias that would occur
in fast day transitions.

From the data in Figure 6 the variance of the measurement noise can be estimated.
During the period from the 10th of December to the 25th of April the data is fairly
constant. (As we later will see in Figure 9 this corresponds to when the swift is
at its wintering site in Africa.) This data has been detrended and is visualized as
a histograms in Figure 8 for sunrise and sunset, respectively. From this data the
standard deviation of the measurement noise can be estimated to approximately
5 minutes for both sunrise and sunset.

4.2 Results

Algorithm 1 using N = 500 particles has been implemented and evaluated on
the data presented in Figure 6. For the mode parameter oy the Markov chain in
Figure 5 has been used with the transition probabilities
Pst = p(O,1 = stat. m.|8; = trans. m.) = 0.2 (18a)
Pms = P(0k41 = mig. m.|d; = stat. m.) = 0.05 (18b)
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Midday and daylength
18 T T T
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Figure 7: The daylength and the time of the midday during the 10 months
journey of the swift.
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Figure 8: Histograms for the detrended sunrise and sunset measurements
from the 10th of December to the 25th of April together with a Gaussian
approximation.
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and
Qék:stat. mode _ 12, I (19a)
Q(Sk:trans. mode _ 102 I (19b)
Q(Sk:mig. mode _ 52 I (19¢)

Furthermore, according to Figure 8, the measurement noise has a standard devia-
tion of approximately 5 minutes. However, in order to compensate for modeling
errors, a standard deviation of 10 minutes has been used in the filter

et ~ N(0,(10/60)%), €™ ~ A(0,(10/60)?). (20)

Finally, a sun altutude of iy = —3.7° has been chosen in accordance with how the
light intensity data has been thresholded, see Section 4.1.

The tracking performance is presented in Figure 9. The tracking result will also
be compared with a non-filtering solution where we assume that the bird has
not moved during the period from sunset to sunrise. Then, by using (6) and
assuming (xx, yx) = (x;,y;) the longitude and latitude can be solved uniquely each
day separately. By using inverse mapping we also get a corresponding covariance

x =h7'(y,)
Covix;) = (VA" (x;)R ™ Vh(xy))

where

hsunrise sunrise ¢ X
h = (hsunset )' Y = (};sunset((t:))) and xj = (yi)

In Figure 10 the estimated position for the two methods is presented with a 90%
confidence interval together with the estimated mode parameter from the parti-
cle filter implementation.

In Figure 11 two periods are zoomed in order to point out the differences between
the two methods. According to Figure 11a, the particle filter implementation
manages to mitigate the singularity due to the September equinox. The variance
is still increasing for the particle filter implementation, however not as much as
for the inverse mapping method. This is mainly due to the fact that we use a
motion model.

As explained earlier, fast transitions in east-west direction will give rise to shorter
or longer measured daylength. This will lead to a bias in the latitude estimation
using the inverse mapping method since it wrongly assumes that the light log-
ger measures the sunrise and sunset at the same position. In Figure 11b such
a bias for the latitude can be seen during a period around May where the swift
is making a fast transition from Africa back to Europe. The movement in west
direction will make the measured daylength longer than the actual daylength at
the corresponding latitude. For the inverse mapping method this will give a bias
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The tracked trajectory of the swift

60 N

45" N

30'N

Jo. ?
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0’ 15 W
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Figure 9: The trajectory of the swift during a period of 298 days. The posi-
tions are estimated at each sunrise and sunset.
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Latitude
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Figure 10: The estimated position and mode of the swift during a period
of 298 days. The presented particle filter implementation is here compared
with using inverse mapping. The estimates are presented with a 90% confi-
dence interval.
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towards north since the daylength is longer on the northern hemisphere during
the summer.

Finally in Figure 12 the trajectories for the particle filter implementation is pre-
sented together with covariance ellipses representing the estimation uncertainty.
Here also the position of the start and end point of the journey is depicted.

5 Conclusion and Future Work

In this paper, a particle filter solution has been presented estimating the trajec-
tory of a migrating bird using light logger data. A sensor model has been pre-
sented based on astronomical formulas consisting of a measurement update at
sunrise and sunset respectively, and a suitable motion describing the flying pat-
tern of migrating birds. The implementation has been validated on real data and
compared with the state of the art algorithm based on a purely deterministic ap-
proach. The proposed solution outperforms the existing method in reliability
during the equinoxes and removes problem with bias due to fast day transitions.
In addition, the proposed method provides an estimate of the migration mode
suitable for further analysis of the flying pattern of the bird. In the future, the
framework will be extended to process the light intensity data directly as well as
including position and weather dependent noise and bias.
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Figure 11: The estimated position of the swift during a month around the
fall equinox when the swift is migrating from Europe to the east of Africa
as well as two weeks in the middle of May. The presented particle filter
implementation (blue) is here compared with using inverse mapping (green).
The estimates are presented with a 90% confidence interval.
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A Voyage to Africa by Mr Swift
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Figure 12: The trajectory of the swift during a period of 298 days. The posi-
tions are estimated at each sunrise and sunset. At every 5th day, the accuracy
of position estimate is visualized together with a 90% confidence interval.
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