LinkOping University Electronic Press

Book Chapter

Mixture Kalman Filters and Beyond

Saikat Saha, Gustaf Hendeby and Fredrik Gustafsson

In Current Trends in Bayesian Methodology with Applications, Satyanshu K. Upadhyay,
Umesh Singh, Dipak K. Dey, Appaia Loganathan (eds), 2015, pp. 537-562
ISBN: 978-1-4822-3511-1 (print), 978-1-4822-3512-8 (ebook).
DOI: http://dx.doi.org/10.1201/b18502-27.

Chapman and Hall/CRC Press, Taylor & Frances
https://www.crcpress.com/product/isbn/9781482235111

Available at: Linképing University Electronic Press
http://urn.kb.se/resolve?urn=urn:nbn:se:liu:diva-118279



http://dx.doi.org/10.1201/b18502-27
https://www.crcpress.com/product/isbn/9781482235111
http://urn.kb.se/resolve?urn=urn:nbn:se:liu:diva-118279

Mixture Kalman Filters and Beyond

Saikat Saha
Dept. Electrical Engineering, Div. Automatic Control, Linkdping University,
SE-581 83 Linkdping, Sweden, e-mail: saha@isy.liu.se

Gustaf Hendeby

Dept. Electrical Engineering, Div. Automatic Control, Linkdping University,
SE-581 83 Linkdping, Sweden, e-mail: hendeby@isy.liu.se; and

Div. Sensor Informatics, Dept. Sensor € EW Systems, Swedish Defence Re-
search Agency (FOI), SE-581 11 Linkoping, Sweden

Fredrik Gustafsson
Dept. Electrical Engineering, Div. Automatic Control, Linkoping University,
SE-581 83 Linkdping, Sweden, e-mail: fredrik@isy.liu.se

CONTENTS
1 Introduction ......... ..o i 2
1.1 Problem background .......... ... ... 2
1.2 Organization ............oeoiioiiiiiii i, 3
2 Particle filtering ...........coiiiiiiiiii 4
3 Rao-Blackwellization ...............coiiiiiiiiiiiiiiiiii. 5
4 Models for mixture Kalman filter ..................... ... 7
4.1 Hierarchical conditionally linear Gaussian model ....... 7
4.2 Mixed linear /nonlinear Gaussian state-space model .... 8
5 Beyond mixture Kalman filter in practice ....................... 11
5.1 Hierarchical conditionally finite HMM .................. 11
5.2 Multiple switching nonlinear dynamic models .......... 11
5.2.1 A RBPF implementation ..................... 13
5.3 Partially observed Gaussian state-space models ........ 15
5.4 Partially observed finite HMM .......................... 16
5.5 Conditionally conjugate latent process model ........... 16

5.5.1 Rao-Blackwellized noise adaptive particle

filtering ..ot 17
6 Terrain navigational problems .............. ... i 20
7 Approximate Rao-Blackwellized nonlinear filtering ............. 21
8 Concluding remarks ..........oovoiiiiinii i 22
Acknowledgment, ..........o.iiii i 22



2 S. Saha, G. Hendeby, and F. Gustafsson

1 Introduction

The discrete time general state-space model is a flexible framework to deal
with the nonlinear and/or non-Gaussian time series problems. However, the
associated (Bayesian) inference problems are often intractable. Additionally,
for many applications of interest, the inference solutions are required to be
recursive over time. The particle filter (PF) is a popular class of Monte Carlo
based numerical methods to deal with such problems in real time. However,
PF is known to be computationally expensive and does not scale well with
the problem dimensions. If a part of the state space is analytically tractable
conditioned on the remaining part, the Monte Carlo based estimation is then
confined to a space of lower dimension, resulting in an estimation method
known as the Rao-Blackwellized particle filter (RBPF).

In this chapter, we present a brief review of Rao-Blackwellized particle fil-
tering. Especially, we outline a set of popular conditional tractable structures
admitting such Rao-Blackwellization in practice. For some special and/or rel-
atively new cases, we also provide reasonably detailed descriptions. We confine
our presentation mostly to the practitioners’ point of view.

1.1 Problem background

Let us start with the following discrete time general state-space model relating
the latent state z; € R™* at time step k, to the observation y, € R™ as

LE = f(xk—la wk)v (la)
Yk = h(zg, ex), (1b)

where f(xp_1,wg—1) describes how the state propagates driven by the process
noise wi_1, and h(xy, e;) describes how the measurements relates to the state
and how the measurement is affected by noise, ej. Note that the latent state xj
in (1) is follows a Markovian model and the observation y is conditionally
independent given xy. The model (1) can be equivalently characterized in
terms of known state transition density p(zy|zx—1) and observation likelihood
density p(y|zr). For this model, given the density for initial state (i.e., p(zg))
and a stream of observations yo.;, = {Y0,Y1,---, Yk} up to time k, carrying the
information about the state, one typical objective is to optimally estimate the
sequence of posterior densities p(zo.x|y1.x) and their marginals p(xg|y1.x). The
latter problem is generally referred to as the filtering problem. The filtering
problem appears naturally in many applications of interest in applied science,
econometrics, and engineering. Moreover, for certain applications (e.g., target
tracking), the above densities need to be propagated recursively in real time.
The exact posterior densities p(zg|y1.x) (also known as filter densities) can be
obtained analytically and recursively over time, only for a few special cases,
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including the linear Gaussian state-space model (LGSSM), where the exact
posterior is given by the celebrated Kalman filter (KF) [4, 48].

However, contrary to Kalman’s linear-Gaussian assumptions (i.e., f(-) and
h(-) are linear, wy, vk, and xo are Gaussian), many real world systems are
nonlinear-non-Gaussian in their nature. Optimal estimates for such models
can generally not be obtained in closed form and as a result, many approxi-
mative methods have been proposed. Most of these approaches are centered
around approximating the state-space models with a linear-Gaussian form
(e.g., the extended Kalman filter, Gaussian sum filters, and nonlinear Kalman
filters based on different numerical quadrature rules). Since the early 1990’s,
a class of sequential Monte Carlo simulation based filters, popularly known
as particle filters have appeared to dominate this field due to their flexibility
in adapting nonlinearity and/or non-Gaussianity without any ad hoc model
assumptions. Particle filtering methods were introduced in their modern forms
by the seminal contributions of Gordon et al. [20]. In this framework, the pos-
terior distribution is approximated by an empirical distribution formed by the
(weighted) random samples, called particles, and this empirical distribution
can be propagated over time recursively (see e.g., [8, 15, 18, 21] for details).

Although the PF has been around for a while, it is computationally de-
manding and notably, it has severe limitations when scaling to higher dimen-
sions [14, 33, 44]. As many important practical problems are high-dimensional
in their nature, this poses a limitation on the general applicability of the PF.
However, for many practical applications, severe nonlinearity and/or non-
Gaussianity often affects only a small subset of the states. The rest of the
states are often mildly nonlinear and/or non-Gaussian. Then one practical
solution to the high dimensional problems can be given by first employing a
particle filter to the highly nonlinear /non-Gaussian part of the state space, and
conditioned on this, apply an (extended) Kalman filter (or variant thereof)
to the remaining state space. This technical enabler is often known as the
mizture Kalman filter (MKF) [10].

The mixture Kalman filter requires a special model structure, i.e., a part
of the state space is required to be conditionally linear-Gaussian. Then one
can conditionally apply KF, which is analytically tractable. The immediate
and foreseeable advantage is that solving part of the problem analytically
leaves only a part of the state vector to be solved approximately using par-
ticle techniques, hence requiring fewer particles. However, this conditional
tractability is not limited to only LGSSM (as in MKF) and it has greater
connotation in terms of efficiency improvement. When it is possible to exploit
such conditional tractability, the Monte Carlo based estimation is confined
to lower dimensional space. Consequently, the estimate obtained is often bet-
ter and never worse than the estimate provided by the PF targeting the full
state-space model. This efficiency arises as an implication of the so called Rao-
Blackwellization. For this reason, the resulting filtering problem is also known
as Rao-Blackwellized particle filtering [19].
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1.2 Organization

The rest of the chapter is organized as follows. In order to make the chapter
self containing, we start with brief but necessary backgrounds on PF and Rao-
Blackwellization, in Section 2 and Section 3 respectively. This is followed by a
detailed description on the models for mixture Kalman filter in Section 4. As
pointed out earlier, RBPF is not only confined to the MKF and therefore we
outline other popular RBPF approaches in Section 5. Next, we present a real
life application in Section 6, where such model frameworks are put in place.
For many practical applications, where conditional tractability is missing, the
marginalization step can be carried out approximately using Monte Carlo inte-
grations. This idea has led to the emergence of ‘approximated RBPF’; which
is briefly discussed in Section 7. Finally, this is followed by the concluding
remarks in Section 8.

2 Particle filtering

In PF, the posterior distribution associated with the density p(zo.x|y1:x) is
approximated by an empirical distribution represented by a set of N(>> 1)
weighted particles (samples) as

N
Py (dzorlyir) = @;(;)51& (dzox), (2)

=1

where § (1)( ) is a Dirac measure for a given ;z:g;C and a measurable
set A. The w,(f) is the weight associated with each particle 1:(()1:3@, such that

w,g) >0 and Zi:1 {IJ,(f) = 1. Given this representation, one can approximate
the marginal distribution associated with p(xk|y1.x) as

Py (delyre) = Zw,(c)fs @ (dxy), (3)
and expectations of the form
I(gk) = /gk(%:k)P(%:k\ym)dwo:k (4)
as
In(gr) = /gk (zo:x) Py (dwouk|y1r) Zwk gr(z (5)

Although the distribution 131\;(d:co:;€ |y1.%) does not admit a well defined density
with respect to the Lebesgue measure, the density p(zo.x|y1.x) is empirically
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represented as Py (Zo.x|y1.x) given by

P (o y1:k) Zw( "6(zon — x()), (6)

where 0(+) is the Dirac-delta function. The notation used in (6) is not math-
ematically rigorous; however, it is intuitively easier to follow than the more
rigorous measure theoretic notations. This is especially useful when we are
not concerned with theoretical convergence studies.

Now suppose at time k — 1, we have a weighted particle
approximation of the posterior p(xo.x—1|y1:k—1) as Pn(dzo.k—1|y1:6-1) =
valwk 10, @ 1(dx0;k,1). With the arrival of a new measurement y;, we

want to approxunate p(xo.x|y1.x). This is achieved by propagating the parti-
cles in time using importance sampling and resampling steps. First, the par-

ticles are propagated to time k by sampling a new state mg) from a proposal
kernel 71'(37“.%‘82671, y1.%) and then setting xg;c = (:cé?cil, 33,(;)). Since we have
the posterior recursion as

p($0:k|y1;k) X P(yk:\a?o;m yl:kfl)p($k|330:k717 y1;k71)p($0:k71\y1:k71) (7)

and using (1), the corresponding (normalized) weights of the particles are
updated as

(4)
~(i) Wy
Wy = N o) (8)
Z] 1wl(cj)

Now, to avoid carrying trajectories with small weights, and to focus on the
ones with large weights, the particles are resampled (with replacement), when-
ever necessary (see e.g., [17] for details). The resampled particles representing
the same posterior p(zg.x|y1.x) are equally weighted. The whole procedure is
repeated sequentially over time. For a more general introduction to PF, refer
to e.g., [18].

(i) _ ~() P(yk\fﬂz(f))P(l”;(f)lxgzl)_
'U}k X

k—1 i i
(@) el yi)

3 Rao-Blackwellization

The foundation of the Rao-Blackwellization technique used in many estima-
tion and filtering applications dates back to the 1940’s. In the 1940’s Rao [35]
and Blackwell [7] showed that an estimator can be improved by making use of
conditional expectations, if such structure exist in the problem formulation.
They further showed how an estimator based on this knowledge can be con-
structed as an expected value of a conditioned estimator. This practice has
over time become known as Rao-Blackwellization.
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The Rao-Blackwell theorem is often used to show how the knowledge of
a conditional expected value can improve the variance of an estimate, but
this is only a special case of a more general theorem which shows that any
convex cost-function is improved using this technique. For completeness, the
Rao-Blackwell theorem is given in Theorem 1, [28, p. 51].

Theorem 1 (The Rao-Blackwell theorem [28]). Let x be a random observable
with the distribution Py € P = {Py € Q}, and let t be sufficient statistics
for PL. Let 6 be an estimator of an estimand g(0), and let the loss function
L(6,d) be a strictly convez function in d. Then zfé has finite expectation and
risk,

R(0,0) = E(L(0,0(x))) and if 0"(t) = E(B(a)]1)
the risk of the estimator %5 (t) satisfies
R(0,0%) < R(9,0),
unless 0(x) = 0™ (t) with probability 1, where A < B denotes that B — A is a
positive definite matriz.
Proof. See [28]. O

It is worth pointing out once more that the Rao-Blackwell theorem does
not only predict a reduced risk, it also shows how to construct the estimator
to obtain the gain as an expected value. This makes the theorem very useful,
as will be exemplified a number of times in the reminder of this chapter.

An important and often used special case of Theorem 1 describes the
variance properties of a Rao-Blackwell estimator.

Corollary 1. Let 0 be an unbiased estimator that fulfills the requirements in
Theorem 1 and 0™ the Rao-Blackwell estimator, then

cov(6™) < cov(f)
unless O(z) = 0% (t) with probability 1.
Proof. To prove the corollary, assume the cost function

L(6,6) = (0 —0)(0 — 6)T,

which is convex in both ¢ and 6, and apply Theorem 1. Finally note that
cov(9) = R(6,0) = E(L(6,0)), which concludes the proof. O

1The statistic ¢ is sufficient for @ if the conditional distribution of z given t does not
depend on 6.
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The covariance gain using Rao-Blackwellization is given by the separation
of covariance, [24], which states

cov(z) = cov((E(z|y)) + E(cov(z]y)),

where cov(x|y) denotes the covariance matrix of x conditioned on y. Assuming
that x is the state estimate, then E(z|y) is the improved estimate in the
Rao-Blackwell theorem. Hence, compared to the Rao-Blackwellized estimate,
the regular estimate has an additional covariance term, E(cov(x|y)), that by
definition is positive semi-definite. The covariance gain obtained with a Rao-
Blackwellized estimator comes from eliminating this term in the covariance
expression.

4 Models for mixture Kalman filter

The mixture Kalman filter was mentioned earlier as an enabling technique
for PF to reasonably high dimensional problems. Since MKF uses condi-
tional KF, it essentially requires a conditional linear Gaussian state-space
model (CLGSSM). This is an important class of models with many practi-
cal applications which has received extensive research attentions in the past
[3, 21, 22, 29]. In the sequel, we outline two different model structures con-
forming to this class: the hierarchical conditional linear Gaussian state-space
model and the mixed linear/nonlinear Gaussian state-space model.

4.1 Hierarchical conditionally linear Gaussian model

The hierarchical conditionally linear Gaussian model (HCLGM) is, as the
name suggests, a hierarchical model structure in two layers where a latent
process ¢ propagates according to a Markov kernel, independent of the second
part of the latent variable xy. Conditioned on ¢k, (xg,yx) follows a linear
Gaussian state-space model, parametrized in c;. Mathematically the HCLGM
can then be described by

Chg1 ~ P(Crylcr) (9a)
Tht1 = f(Ck) + F(ck)ack + G(ck)wk (9b)
yr = h(ck) + Hcp)zr + HE (cx)ex, (9¢)

where p(cg41|ck) indicates that ¢ is propagated using a Markov kernel; wy
and ey, are Gaussian process and measurement noises, respectively. A typical
example of an HCLGM is a linear system with a scaled mixture of Gaussian
noises (e.g., Student’s t noise distribution [30, 40]); here conditioned on cg.,
the noise can be suitably represented as Gaussian and consequently KF can
be applied on the conditionally linear-Gaussian part. A graphical illustration
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@Yo

(a) HCLGM (b) ML/NGSSM

FIGURE 1: Graphical representation of dependencies in hierarchical condi-
tionally linear Gaussian model (HCLGM) (9) and the mized linear/nonlinear
Gaussian state-space model (ML/NGSSM) (11).

of the hierarchical model structure is given in Figure 1(a). This class of models
is also known as the conditional dynamic linear model (CDLM)? [10]. For the
inference task, we can decompose the joint density p(co.x, k|y1:%),

ok, Zr|y1:k) = p(Cok|yi:r) P(@k|Cok, Y1:k), (10)

where we target the propagation of p(co.x|y1.x) using a PF and for each se-
quence cq., the propagation of p(z|co.k, y1.x) using a KF.

4.2 Mixed linear/nonlinear Gaussian state-space model

Another common model following a CGLSSM structure is the mized
linear/nonlinear Gaussian state-space model (ML/NGSSM) [43]. The
ML/NGSSM is a state-space model where it is possible to divide the state

. xy o
vector into two parts, xp = (mﬁ‘ ), such that conditioned on x}}, xi assumes a
k

linear-Gaussian state-space model,

iy = () + F (2 + wy (11a)
Thgr = f1(2}) + F'(2f) 2} + wp (11b)
ye = h(z}) + H(z})zp + ex, (11c)

where wy, wé, and e are mutually independent Gaussian noise processes
with variance Q%, Q%, and Ry, respectively. Furthermore, ) is assumed to
follow a Gaussian distribution. The distribution of xfj can be arbitrary, but is
assumed known. In [10], such a model is denoted a partial conditional dynamic

2 Although we restrict ¢, to be a continuous variable for CDLM, in [10] CDLM is defined
in a broader sense such that cg can be either a continuous or discrete variable. The above
model corresponding to a discrete ¢, is popularly known as switching linear Gaussian system
(or jump Markov linear system), which, according to our notations, is a special case of model
(5.2), discussed later.
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linear model (partial CDLM). However, there the authors did not consider the
influence of xﬁe in the evolution of z7. This influence was first considered in
[31] and was further popularized in [43]. This framework is extended to the
dependent noise processes in [37]. The interconnection between the two parts
of the state space, z} and xi is best illustrated in a graphical model as in
Figure 1(b).

The nonlinear filtering problem can be decomposed into two sub-problems,

p(xiﬂ xg:k|y1:k) = p('rg:k|y1!k)p(m§c‘xg:k7 yl:k)a (12)

where the propagation of p(x(,|yi.k) is targeted using a PF and conditioned
on each sequence g, p(mi\x(}: v Y1:6) can be propagated analytically using
KF. The algorithm descriptions for this model are rather technical. The mix-
ture Kalman filter here, when a bit simplified, works the following way: The
nonlinear part of the problem is solved using a particle filter. Attached to each
particle is a Kalman filter, which estimates the (conditionally) linear part of
the state. To compensate for the interactions between the linear and nonlinear
part of the state vector, a virtual measurement update must be applied to the
Kalman filter each time the particle filter is propagated forward in time.

Later [25, 26], reformulated this RBPF scheme in terms of a stochastic
bank of Kalman filters, in that way highlighting the structural components
of the solution. In essence, this RBPF scheme becomes a Kalman filter bank
with stochastic pruning and weight computations provided by the particle
filter. The algorithmic summary of this approach is given in Algorithm 1.

The mixed linear/nonlinear Gaussian state-space model as in (11) is quite
common, especially in tracking and navigation applications, where the un-
known state vector typically consists of position, velocity, and sometimes ac-
celeration. When fitted into such a framework, the position typically ends up
in the nonlinear part of the state space, whereas the velocity and acceleration
in the linear part. These applications were considered in [23, 31] under the
name marginalized particle filter (MPF).?

This model structure is also extensively used in robotics to address the
simultaneous localization and mapping (SLAM) problem. Here one attempts
to localize oneself in an unknown environment and at the same time, build
a map of the surrounding environment. In essence, this yields a state-space
model with a state comprised of the kinematic state of one self, and the map,
which grows over time. Fortunately, conditioned on the state, the map fits in

3The reason behind that name is that the linear (or, more generally, analytical) part of
the state vector is ‘marginalized’ (or, integrated out) in closed form to obtain the posterior
distribution of the nonlinear (or, non-analytical) part.
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Algorithm 1 Rao-Blackwellized PF [26]
For the system (11).

Initialization: For i =1,..., N, let
i n k(i k(i
931(;|(—)1 ~ T, 0\( )1 = ag, Po|( )1 I, wol-1 = -
Iterations: For £k =0,... do
e Measurement update, for each particle 1 =1,..., N do
w(i) x N( S ) (%)
K|k yk’yk , Wilk—1
T = Ty G (= 91)
(@) (4) (@) ¢(@) ()T
Pk|lc Pk|k—1 — K S K
where
A1) _ n(i) n(i) 10
Oy = M@ymy) + H(@pp_ )%y
S, = Hiayy, JPéfi ﬂT(wZﬁ? )+ B
(1) _ ( ) T (2)
K" = k|k H ( k|k D(Sk )

e If necessary, resample the particles using standard techniques. When se-
lecting a particle x k‘(k) select the matching linear states xk(l ,3 and Pk?k), and

set w,i&c appropriately.

e Time update, for each particle i =1,..., N do
n(e n nys n(i 1(z
xk_(,_”k / (mk\k)+F (xkfk)) k(|]3
_l(2 7
xk(+)1|k = fl(ﬂfk\k;) + Fl($k|(k))xk(|/2
=n(% n, n(i 1(3 Fn n(i)\\1' n
P = Pl B (@) -+

k+1)k klk /5 k+1]k k\k
pri()  _ g ,n(i)y pl() l T
Pk+1|k =F (ka ) k+1|k(F k|k )

UG n(i n
Pk(+)1|k = Fl(xk|(k))PkE‘r)1|k(Fl(xld(k))) +Qp-

With £}, ~ N(0, P1) do
n(i) _n(1) (2)

Tyt = Tppape T Skt

6 _ ) prl() \T ( pr(i)
Thet1lk = xk+1|k+(Pk+1|k) ( k+1\k) gk+1

1(4) 1(4) 5nl(i) \T / pn(i) nl(i)
Py = Pk+1|k (Pk+1|k) (Pk+1\k:) Pk+1|k'
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a linear-Gaussian model which allows for Rao-Blackwellization. This fact is
utilized in the FastSLAM algorithm which is an MKF in disguise [29].

5 Beyond mixture Kalman filter in practice

Note that the key to efficient Rao-Blackwellization is a (conditionally)
tractable substructure, which is not necessarily limited to the conditionally
linear-Gaussian state-space model (CLGSS). In this section, we present some
other existing Rao-Blackwellization approaches that are popular in practice.

5.1 Hierarchical conditionally finite HMM

Similar to the LGSS model, when the latent state evolves according to a finite
state Markov chain, the posterior of the state given the observations, can
be obtained in closed form using the hidden Markov model (HMM) forward
algorithm [34]. This model structure is known as the finite state-space HMM.
Now if part of the state space follows such finite state-space HMM, it is then
possible to exploit an RBPF formulation.

One such RBPF framework appears when the state space follows a finite
state HMM, whose parameters are modulated by another Markovian process
[19]. This model structure is denoted the hierarchical conditionally finite HMM
(HCfHMM) and can be described as

P(Ck|0k—1), P(Tk|Ck-,Tk—1), p(yk\ck,m% (13)

where 7, is a finite state-space Markov chain, whose parameter at time k
depends on a Markov process c,. Both r, and c¢; are latent and are related
to the observation yi. Note that ¢ is at the top of the hierarchy and the
evolution of ¢; is independent of r,. The graphical representation is shown
in Figure 2(a). Now conditioned on ¢, 7 follows a finite state-space Markov
chain of known parameters. Therefore one can implement a Rao-Blackwellized
particle filter, where the PF targets only p(co.x|yo.x) and where p(rg|co.x, Yo:k)
is analytically tractable.

5.2 Multiple switching nonlinear dynamic models

In many practical applications of engineering and econometrics, one often
deals with nonlinear dynamic systems involving both a continuous value tar-
get state and a discrete value regime variable. Such descriptions imply that
the system can switch between different nonlinear dynamic regimes, where
the parameters of each regime is modulated by the corresponding regime vari-
able. The regime variable also evolves dynamically according to a finite state
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@ e —ATk—1—) Tk |—>
" " \ \

(a) HCHMM (b) MSNDM

FIGURE 2: Graphical representation of the hierarchical conditionally fi-
nite HMM (HCfHMM) and multiple switching nonlinear dynamics model
(MSNDM).

Markov chain. Both the target state and regime variable are latent and are re-
lated to the noisy observations. This type of model is referred to as (Markov)
regime switching nonlinear dynamic models or hybrid nonlinear state-space
models.

The probabilistic description of the above model can be given by

(rilri—1),  po,, (TklTe—1,7%),  po,, (Yklk:T8), (14)

where 7, € S £ {1,2,...,5}, is a (discrete) regime indicator variable with fi-
nite number of regimes (i.e., categorical variable), z;, € R"= is the (continuous)
state variable. As the system can switch between different dynamic regimes,
for a given regime variable [ € S, the corresponding dynamic regime can be
characterized by a set of parameters 6;. Both x; and r, are latent variables,
which are related to the measurement y; € R™. The evolution of the regime
variable ry, is commonly modeled by a homogeneous (time invariant) first order
Markov chain with transition probability matriz (TPM) II = [m;;];5,

mij = P(re = jlria =14) (i, € 5), (15a)

g Z O, Z;:l Tij = 1. (15b)

This model is represented graphically in Figure 2(b). Note that the above
model can easily be generalized to the cases involving time dependent dynam-
ics and exogenous inputs. For the model, given the densities for the initial
state {rg,xo} and the measurements up to a time k, our interest lies in esti-
mating P(ry|y1.x) and p(xg|y1.,) recursively. However, the above posteriors are
computationally intractable. In connection to this, we note from (14) that con-
ditioned on the sequence xg.r, 7 follows a finite state hidden Markov model.
As a result, P(rg|zo.x, y1.1) is analytically tractable [36]. Using this analyti-
cal substructure, it is possible to implement an efficient RBPF scheme?*. We
provide below a brief description of RBPF implementation for the same.

4Tt should be noted that the switching linear Gaussian system is a special case of this
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5.2.1 A RBPF implementation

The initial densities for the state and the regime variables are given by p(xq)
and P(rg) £ P(rg|zo), respectively, which can be arbitrary but is assumed to
be known. We further assume favorable mixing conditions as in [13].

Suppose that we are at time (k — 1). We consider the extended target
density p(rg—1,Zo.k—1|y1:.k—1) which can be decomposed as

P(re—1, Zok—11Y1:6—1) = P(Tk—1]T0:k—1, Y1:6—1) P(T0:k—1|Y1:6-1) (16)

The posterior propagation of the latent state x;_; can be targeted through
a PF, where p(xo.x—1|y1.5—1) is represented by a set of N weighted random
particles as

N
p(Tok—1ly1:6-1) = Zw,ilzl5($o:k—1 — ) _y). (17)
=1

Now conditioned on {zg.x—1,y1:k—1}, the regime variable r;_; follows a fi-
nite state-space HMM. Consequently, p(rg—1|To.x—1,%1:xk—1) is analytically
tractable®, which is represented as

0 (D) 2 Blrimy = ey ), (18)

for i € S and i = 1,...,N. Now using (17) and (18), the extended target
density in (16) can be represented as

. . . N
E VAR LN T () e

Now having observed ¥y, we want to propagate the extended target density
in (16) to time (k). This can be achieved in the following steps (a)—(d):

(19)

(a) Prediction step for conditional HMM filter: this is obtained as

G (D) 2P =1y yik—1) = Y m ay e (), (L) €S, (20)
j=1

(b) Prediction step for particle filter: at this stage, generate N new
) from an approp QR PAPS)
en set T, = 1To.5_1s%;. f, for ¢ = 1,..., N, representing the particle
Th ok = {obhop o} for i = 1. N ing the particl

trajectories up to time k.

samples x;’ from an appropriate proposal kernel as x

model structure, where the inference problem is popularly addressed using an alternative
RBPF scheme: the propagation of P(rg.x|y1.x) is targeted by a PF and conditioned on rq.x,
p(zk|r0.k, Y1:%) is obtained analytically using KF methods

5The ‘favorable’ mixing property ensures that p(xo.x_1|y1.x—1) can be well approx-
imated by p(zk—r:k—1|y1:k—1), for some lag L. Consequently, p(rix—1|To:k—1,¥Y1:k—1) ~
P(Th—1|Tk—L:k—1,Y1:k—1)-
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(c) Update step for conditional HMM filter: noting that
P(ry = lxo.k, y1:k) X p(Yk, Tk|rke = 1, Xo:k—1, Y1:6—1)
X P(ry = lzop—1,y1:6-1), (21)
we have
(i) (7 @) I @ 929
qk|k()o<p(yk,wk Iri = ka 1 Y1:k— 1)qk|k () (22a)
o po, (welzy me = Do, (@ |24 m = 1) a0 (22b)

Now defining

o (1) 2 po, (w21 = D po (1o e = Do, () (23)
we obtain
a0 = a(0) / 5 0, (24)

forle Sandi=1,..., V.

(d) Update step for particle filter: as the continuous state can be recur-
sively propagated using the following relation:
P(o:k|yi:k) X p(Yks Tk |Tok—1, Y1:k—1) P(To:k—1]Y1:8—-1), (25)
the corresponding weight update equation for the particle filtering is given by
(4)

(1)
) X ) X 9 ‘k— ~(1 ~(1
w}(j):P( k ykl Ok—10 Y1k 1)w1(€11; @l = (z)/Z ' w), (26)
Tk ( |$0k 1 YLk)

where {wk)}N , are the normalized weights. The numerator in (26) can be

obtained as
Tk = l "EEL 19 ]P) e = l gLL 19 (27)
Y1:k—1 ’

(%) (1)
Ty | o1 yk7
p k 0:k—1 Z p
Yk Yi:k—1 = xk Yi:k—1
which is basically given by the normalizing constant of (24). Note that the
marginal density p(ag|y1.x) can be obtained in the particle cloud form as

plaxlyir) ~ SN, @ 0(ay — z)))
variable can now be obtained as

N
P(ri = l|yo.x) = /P(Tk = l|zo:k, Yo:k )P(To:k|[Yo:k) dTok ~ qu)k(l)@;(;)-
i=1 (28)
For further details and algorithmic summary, please refer to [38, 42].

. The posterior probability of the regime
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(a) POGSSM (b) POfHMM

FIGURE 3: Graphical representation of a partially observed Gaussian state-
space model (POGSSM) and a partially observed finite HMM (POfHMM).

5.3 Partially observed Gaussian state-space models

Consider the following partially observed Gaussian state-space models

(POGSSM) [2]

rr = Frrp_1 + Grog, (29&)
yr = Hypxy + Hiey, (29b)
zi ~ P(2k|yr), (29¢)

where z is a latent (Markov) state process with initial density given by a
Gaussian with mean 2o and variance Py as p(z9) = N (2o, Py); yx and 2 are
latent data process and observed data process, respectively. The processes xj
and yi together define a standard linear Gaussian state-space model. Com-
pared to standard LGSS model, however, one observes zj instead of yg. zx
is typically a quantized or censored version of yi. For example, in a dynamic

probit model, we have
1 0
a={ W (30)
0, yr <0,

whereas for a dynamic tobit model,
2, = max(yg, 0). (31)

The graphical representation of the model is shown in Figure 3(a).
For inference purpose, the joint density can be decomposed as

P(Z0:ks Yo:k| 20:6) = P(T0:k|Yo:k> 20:k) D(Yo:k| 20:1)- (32)

Then the density p(yo.x|20.x) can be targeted using a PF in the form of N
weighted particles as p(yo.x|z0:x) = Zil w,(:)é(y@k — y((f;c) Now for each se-
quence y((ﬁc, the conditional density p(x0:k|y(()3€, 2o:k) is analytically tractable
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using a KF. Finally, p(x.x|20.x) can be obtained by marginalizing over yo.; as

N
P(xo:k|20:k) = /p($0:k|yo:k,Zo:k)p(yo:k\zo;k) dyo:x = ng)p(ﬂfo:k\y&;ﬁze:k)-
=1

(33)
Thus p(zo.x|20.k) is obtained as random weighted mixture of Gaussians. For
algorithmic details, model extensions and applications, please refer to the
original article [2].

5.4 Partially observed finite HMM
Consider the following model described probabilistically as

i ~ H(rglre—1), Yk ~ p(Yrlr), 2k ~ pzrlyr), (34)

where the dynamics of 75 is given by a homogeneous first order finite state
Markov chain. Here 7 and y together describe a partially observed finite
HMM (POfHMM). However instead of yy, zi is actually observed. The graph-
ical representation of the model is shown in Figure 3(b).

Similar to (5.3), the joint density can be decomposed as

(T, Yo:k| 20:6) = P(Tk|Y0:k5 20:k) P(Yo:ke | 20:8) - (35)

Again, the density p(yo.x|20.x) can be targeted using a PF in the form of N
weighted particles as p(yo.x|z0.x) = Zfil w,(cz)é(y():k — y(()l)) Then for each
sequence Yo.x, P(7k|Yo:k, 20:x) can be obtained analytically using the property

of finite HMM. For details, see [2].

5.5 Conditionally conjugate latent process model

The key enabler here is the concept of Bayesian conjugacy. For a latent vari-
able with known observation likelihood, if we can choose a suitable prior (rep-
resented with a parametric distribution) such that the prior and posterior
belong to the same parametric family, then it is said to be conjugate to the
observation likelihood. As a result, the posterior can be obtained in closed
form by updating the parameters of the prior distributions. Such conjugate
priors are known to exist for the members of the exponential family distri-
butions [6]. Using this conjugacy, one can define a latent process in such a
way that both the filtering and prediction distributions are conjugate to the
observation distribution in each time step. The latent process so defined is
called the conjugate latent process [47].

Now if the state space can be decomposed such that part of the state space
follows a conjugate latent process conditioned on the other part, one can then
marginalize this part analytically. In the particle filtering framework, this
leads to another Rao-Blackwellization approach. One typical application of
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the resulting RBPF is a noise adaptive particle filtering for a general state-
space model [32, 37, 39]. A brief description of the general approach is given
below.

5.5.1 Rao-Blackwellized noise adaptive particle filtering

For many practical applications, complete knowledge of the noise processes
in the state-space models is unavailable. Typically for such cases, noises are
assumed to be generated from a known parametric family of distributions
with unspecified parameters. In such setting, one needs to estimate the noise
parameters along with the latent state using the available noisy observations.
This problem is known as noise adaptive filtering. Moreover, the noise may
be non-stationary or state dependent, which prevents off-line tuning. For the
above reasons, one needs a sequential method to learn the noise parameters
using streamed sensor data.

When the noise distribution is a member of the exponential family, we can
model the unknown noise parameter as conjugate latent process. To describe
the resulting filtering problem, we first start with a description of the model
(including the noise model), which is followed by the problem definition and
implementation details.

Model description: consider the following general state-space model relating
a (Markovian) latent state xj to the observation yj at time step k as

T = fe(Tr—1,uk—1) + gr(Tp—1, Up—1)Vr, (36a)
Yk = hk(l‘k, uk) + dk(:vk,uk)wk. (36b)

Here, fi(-), hr(-), di(-) and gx(-) are nonlinear functions of the state vector
zr and the deterministic input uy at time k. Here di(-) is assumed to be
invertible whereas g () is not, as most motion models in practice, including
those with integrators, lead to non-invertible g (-).
Noise model: We define the noise vector e, = [v , wi]T
a distribution belonging to the exponential family as

er ~ plex|fr) = plex) exp(n(0r) - 7(ex) — ¢(6k)), (37)

where 6, is the vector of unknown parameters, () and ¢(0y) are vector and
scalar valued functions of the parameters, respectively; p(er) and 7(ey) are
scalar and vector valued functions of the realization ep; and the symbol ‘-’
denotes scalar product of two vectors. Further, following [32], assume that the
unknown noise parameters 6y, are slowly varying in time. This slowly varying
nature can arise, e.g., due to model misspecification [48].

Now for a given realization of the noise e, (37) provides the likelihood
function for the unknown noise parameter 6. Accordingly, we can select a
conjugate prior on 6 as

p(Oklere—1) =7 (Vigk—1, Vjp—1) X exp(n(0x) Vije—1 — vir—16(0k)), (38)

as a realization from
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where Vj;_1 is a vector of sufficient statistics and vy,_; is a scalar counter
of the effective number of samples in the statistics. The normalization factor
Y(Vik—1, Vk|k—1) is uniquely determined by the statistics Vjjp—1 and vgp_1.
Then, the posterior density p(f|e1.x) is also of the form (38) with statistics

Vil = Vie—1 + 7(ex), Vklk = Vijk—1 + 1. (39)

This is a convenient result for recursive evaluation of sufficient statistics start-
ing from a prior defined by Vj and vy. Further, the predictive distribution of
e is then given by

¥ (Vilks Vk|k:)
(Vilk—1, Vi|k—1)

plexlern—1) = /P(ek\9k)p(9k|€1:k71)d9k = 5 ex). (40)

Now as 6 is assumed to be slowly varying in time, to complete the state-
space model, an evolution model for 8 (i.e., p(6x|fk—1)) is required. Given
this evolution model, the predictive density of the parameter 6 is obtained
as

P(Oks1lern) = /p(9k+1|9k)p(9k|61;k)d9k- (41)

If this predictive density conforms to the specification (38), then the noise
parameter vector follows a conjugate latent process. However, typically the
transition model p(6x41|0)) is unknown. In [32], the evolution is defined im-
plicitly as a Kullback-Leibler norm constraint on the time variability which
leads to an exponential forgetting mechanism operating on the sufficient statis-
tics. This keeps the predictive density p(fxt1/e1.r) in the same class as in (38)
with statistics updated from (39) as

Vk+1|k = )\Vk|k + (1 — )\)I/u, (42&)
Vk+1|k = )\Vk\k + (1 — )\)Vu, (42b)
where A € (0, 1] is a forgetting factor and the invariant measure is assumed

to be also in the exponential form (38) with statistics v, V,,. The details can
be found in [32].

Problem definition: We are concerned with the evaluation of the joint pos-
terior density p(x, Ok|y1.x) sequentially over time. Suppose at time k — 1 we
have the posterior p(zg_1,0k—1|y1.5—1). With the arrival of a new observation
Yk, we want to update the posterior recursively to p(xg, Ok|y1.k)-

Joint estimation of state and noise parameters: The joint posterior
density at time k£ can be decomposed as follows:

P(Z0:k, Ok |yo:k) = P(Ok|To:k, Yo:r) P(To:k|Yo:ke)- (43)

The posterior propagation of the latent state x; is targeted through a
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PF as p(zoxlyor) = Doy w,(:)é(:cok — xé L) Now for a given (:cégc,yo:k),
p(9k|z(()2€, Yo:k) can be considered as the posterior density of the latent param-
eter 0, and can be propagated analytically using a conjugate latent process
as discussed earlier. To see this, note that for a known x(z) (36a)—(36b) can
be transformed into

(@) (4) (4)
i i Ty U Ty, Up—
egc):e(xgc),yk): gk(dk 1 (Zk; Dlzy” = fi( k 1 k—1)] ’ (44)
i (ack s uk) [k hk(xk ,ug)]

where g,t(x,(fll,uk,l) stands for the Moore-Penrose pseudo-inverse of

gk(x,(jll,uk_l). Consequently, p(9k|xéf3€,y0;k) = p(9k|e((f:3€). So the parameter
posterior follows a conditional conjugate process and the analytical propaga-
tion of this posterior can be obtained easily using (37)—(41).

The joint density (43) can be represented as

P(z0, O lyouk) ~ Zw“) amv,jr,z,u,iﬁz)a(zo.k i), (45)

1
where the statistics w), ), Vk(‘ Z , I(c|3w and xo k are evaluated as follows. First,

( ) are sampled from a proposal density q(xk\xogC 1> Yo:k—1). Second, for the

known value x,(c , p(9k|x0 k, Yok ) is updated using the mapping (44) to e(l) nd

the statistics Vk( and Vk are updated using (39). Finally, using the recursive

relation p(zo:x|yo:x) o< P(Yk, Tk |To:k—1, Yo:k—1) P(To:k—1|Y0:k—1), Weights can be
updated as

w(l) ~ p(yk7 xk\xo:k—h Z/O:k—l) ’U)(’L)

k i k—1°
Q(ﬂfk\m((ﬁc,l, Yo:k—1)
where

P(Yk, Tk|To:k—1, Yo:k—1) = /p(ykakamxo:kfl;yO:kfl)p(ek‘xO:kflayO:kfl)dgk»

is the marginal predictive distribution of x; and y;. This marginal distribution
can be computed by integrating out the unknown parameters, leading to the
predictive distribution of zj and y;, and consequently ej via (44). Note that
the predictive distribution p(eg|ep.x—1) is readily available in the form of (40)
for the exponential family. The predictor (46) can then be obtained using the
transformation of variables in the probability density functions:

Pk TRl o1, Yok—1) = | (@r, y) | ple(mr, yn) Ve vih_y)- (46)

where J(xy,yx) is the Jacobian of the transformation (44) and p(ey|-) is given
by (40). For further details and an algorithmic summary, we refer to [32].

Remark 1. If the noise vector e follows a multivariate Normal distribu-
tion, with unknown mean g and covariance Xy, a Normal-inverse- Wishart
distribution defines a conjugate prior.

Remark 2. This approach is closely related to the works on stationary param-
eter estimation using RBPF by [9, 16, 45]. Note that the estimation of station-
ary parameters is a special case of the above approach with A\ = 1, which re-
duces the sufficient statistics update in (39) to the form of [45]. For the station-
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ary parameter, however, this approach is known to suffer from error accumu-
lations as pointed out by [12]. Here, we note that for a sequence of A\, < 1,Vk,
the posterior density p(Ok|T1.k, y1.x) and thus p(yk, Tr|To.k—1, Yo.k—1) satisfies
the exponential forgetting property that is well known to mitigate the path
degeneracy problem [13].

6 Terrain navigational problems

In this section, we outline the problem of positioning an aircraft without the
aid of global positioning systems (GPS). GPS is vulnerable to jamming, we
therefore consider the positioning by using the measurements from alternative
sensors. Specifically, one can position the aircraft using only altitude measure-
ments, measurements of the distance down to the ground, measurements of
the aircraft’s acceleration, and an elevation map of the visited area.

The navigation problem results in an estimation problem with linear dy-
namics, where the aircraft is assumed to follow a constant velocity model, and
a nonlinear measurement equation in the position,

Iy TI 0
Th+1 = [02 122] Tk + [Ti} (wy + ax) (47a)
Y = hmap(mk) + eg, (47b)

where T is the sampling period, wy and e are the independent Gaussian
process and the measurement noise, respectively. The first two components
of the state are the position and the next two are the velocity in two dimen-
sional Cartesian coordinates (representing north and east). The altitude is
well decoupled from these two directions, and is best handled separately. The
aircraft’s body accelerations ay, are measured and enter into the system as
input. The inertial sensors in an aircraft are generally good enough to pro-
vide very accurate information about accelerations. The function h™2P relates
the terrain altitude to position in the form of a digital terrain database and
is highly nonlinear. The measurements are obtained by deducting the height
measurement of the ground looking (on board) radar from the known altitude
of the aircraft (obtained using an altimeter). Furthermore, the level of the
ground can be expected to be similar in many local regions of the map, hence
the position estimate tends to be a multi-modal distribution, especially after
leaving the relatively uninformative planar areas. This makes the PF a natural
choice when implementing this type of application (as the alternatives such as
extended KF struggles with dealing multimodal distributions). However, ter-
rain navigation is often used in systems with limited computational resources
and a straightforward PF implementation is often not feasible.
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Fortunately, the model that describes this navigation problem, can easily
be identified as an ML/NGSSM; the Rao-Blackwellization conditioned on the
position, 2", the remaining state-space model describing the velocity, z!, be-
comes linear-Gaussian. Applying a RBPF to this problem using Algorithm 1, is
then straightforward. The following model components are identified from (11)

T = ap F*(a}) =TI, h(z}) = W™ P(zy)  (48a)
Flap) =000 Flap) =1 H(z}) =0, (48b)

where h™?P(z;), depends only on the position component of the state, i.e.,
the nonlinear part of the model. Furthermore, w}! = 0 (i.e., no process noise
enters directly on the nonlinear part), wé = wg, and eg, is the same as in the
original problem formulation.

A more accurate measurement noise model would also consider secondary
reflections (e.g., from the tree canopies), resulting in a bi-modal Gaussian
mixture representation. This could provide further structure to the problem.
This application has been studied extensively in [5, 31].

7 Approximate Rao-Blackwellized nonlinear filtering

The implementation of RBPF requires that a subset of the state vector is
analytically tractable conditioned on the rest of the state vector. Then one
can marginalize the tractable part to obtain the posterior distribution of the
non-tractable part using PF. However, for many applications, this tractability
requirement is very restrictive. For example, consider the noise adaptive fil-
tering where the noise class is not from the exponential family. For this case,
the unknown noise parameters, in general, do not admit Bayesian conjugate
priors. Consequently one cannot implement an RBPF for this case. For such
cases, in recent times, different approximations of the RBPF schemes have
been envisaged in the literature (see e.g., [1, 11, 27, 41, 46]). The basic idea
again is to decompose the whole state space into two (interacting) parts® and
split the filtering problem into two nested sub-problems.

To illustrate the idea, suppose that the state vector at time k is given by
(xk,zk)T. The state vector is assumed to follow a Markovian model. Now
given the sequence of observations {yo,y1,...,yr}, we target to evaluate
p(T0.k, 20:k Yok ) recursively over k. The target distribution can be decomposed
as

(201, 20:k|Yo:k) = P(To:k|Yo:x) P(20:k|T0:k Youk) (49)

We now propose to handle each sub-problem using PFs. First using a single
PF, with N, particles, we approximate p(xo.x|yo.x). Then we run N, condi-

61n principle, the state space can be decomposed into more than two parts to implement
an approximate RBPF.
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tional PFs, each with N, particles, to estimate p(20.x|Zo0.x, Yo.x). This is in
essence an approximated RBPF, where we use local Monte Carlo approxima-
tions instead of analytical solutions. This idea was proposed in [27, 46] and
also in [41] in the context of noise adaptive PF. A related but slightly different
formulation is considered in [1, 11]. It is important to here emphasize that the
resampling steps for the second sub-problem is local in the state space and
thus can be parallelized. This is a very generic and promising approach for
high dimensional online inference problems. On the one hand it increases the
parallelism in PF, on the other hand, it provides flexibility in implementing
specialized PFs with different tailored solutions for individual sub-problems.

8 Concluding remarks

The online (real time) inference problems for general state-space models do not
usually, admit closed form solutions. However, thanks to the modern Monte
Carlo methods, the inference aim can be achieved to an arbitrary accuracy us-
ing particle filtering (PF). Although, PF is a very flexible class of methods for
such inference problems, it is known to suffer from the curse of dimensionality.
For some models, part of the state space admits conditionally tractable struc-
tures. The possibility to exploit such conditional tractability, leaves only a
part of the state vector to be targeted using a PF. Consequently, Monte Carlo
based estimation is confined to a space of lower dimension. This in term,
also leads to an efficiency improvement of the (filtering) estimator due to the
implications of the Rao-Blackwell theorem. The resulting filtering problem is
popularly known as Rao-Blackwellized particle filtering (RBPF).

In this chapter, we presented a brief review of such RBPF. In particular,
we have outlined a range of existing RBPF models that are popular in practice
and also presented some recent developments in this context. This is written
mainly from the practitioners’ point of view and as such, we have not included
any theoretical analysis here. Our coverage is primarily aimed at providing the
model structures admitting such conditional tractabilities. Nonetheless, the
coverage is by no means exhaustive and partially biased towards our interest.
Many other such RBPF may possibly be constructed, e.g., using the exact
filtering sublayer as provided in Benes and Daum [36].
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