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Abstract—The extended Kalman filter (EKF) has been an
important tool for state estimation of nonlinear systems since
its introduction. However, the EKF does not possess the same
optimality properties as the Kalman filter, and may perform
poorly. By viewing the EKF as an optimization problem it
is possible to, in many cases, improve its performance and
robustness. The paper derives three variations of the EKF
by applying different optimisation algorithms to the EKF cost
function and relate these to the iterated EKF. The derived filters
are evaluated in two simulation studies which exemplify the
presented filters.

I. INTRODUCTION

The Kalman filter (KF, [1]) is a minimum variance estimator
if the involved models are linear and the noise is additive
Gaussian. A common situation is however that dynamic mod-
els and/or measurement models are nonlinear. The extended
Kalman filter (EKF, [2]) approximates these nonlinearities us-
ing a first-order Taylor expansion around the current estimate
and then the time and the measurement update formulas as in
the KF can be used. Higher-order terms can be included in
the Taylor expansions if the degree of nonlinearity is high and
thus not well approximated using only first-order information.
Many suggestions have been made to improve the EKF. In the
modified EKF [3] higher-order moments are included, [4, 5]
use sigma-point approximations which is related to including
second-order moments [6], while [7] proposes a robust EKF
using H, theory.

Another viewpoint is that the EKF is a special case
of Gauss-Newton (GN) optimization without iterations, see
e.g., [8, 9] for longer discussions. Thus, iterations may improve
the performance with just a little added effort. The idea
explored here is that it is not only linearisation errors that
causes filter inconsistencies but rather the non-iterative way
of including new information as it may not be sufficient for
staying close to the true state. There is of course nothing
that prevents the inclusion of higher-order terms when re-
linearising in the iterations. Notice that the Fisher scoring
algorithm is also known as Gauss-Newton when applied to
nonlinear least-squares see, e.g., [10].

An iterative version of EKF is the iterative extended Kalman
filter (IEKEF, [2]) which re-linearises the measurement Jacobian
at the updated state and applies the measurement update
repeatedly until some stopping criterion is met. It should
be noted that the iterations might not reduce the state error
or reduce the associated cost function. It is actually not

guaranteed even that a single update in the EKF improves the
estimate since the full step may be to long. In [11] a bistatic
ranging example illustrates when the IEKF converges to the
true state as measurements become more accurate whereas
the EKF is biased even though the state error covariance
converges.

Yet the EKF often works satisfactorily which can be under-
stood in the light of being a GN method in which the first
correction often gives a large improvement compared to the
following, often smaller, corrections. Furthermore, the cost is
often decreased for the full step.

Hence, both IEKF and EKF could easily be improved using
step control using e.g., backtracking line search. That is, with
step control, or at least checking for cost decrease, unnecessary
divergent behaviour of the EKF can be avoided.

This paper shows that line search can be used in EKF
and IEKF improve the overall performance. Furthermore, a
quasi-Newton approximation for EKF update with a Hessian
correction term is derived. This matrix can be successively
built during the iterations using a symmetric rank-2 update. A
slight modification of the Levenberg-Marquardt-IEKF (LM-
IEKF, [12]) is made to include a diagonal damping matrix
which could further speed up convergence.

The paper is organized as follows. In Sec. II the cost func-
tion for the measurement update of the EKF is derived. Sec. III
describes the EKF as an optimization problem via Gauss-
Newton and introduces line search as a way to improve the
convergence rate. The IEKF is further modified to include an
explicit step size. A quasi-Newton EKF is the introduced and
a slight modification of the LM-IEKF is then derived. Sec. IV
contains two simulations exemplifying the derived filters and
the papper ends with conclusions and future directions in
Sec. V.

II. THE MEASUREMENT UPDATE AND ITS COST
FUNCTION

Consider systems having linear dynamics and nonlinear
measurement models according to

(1a)
(1b)

Ty = Fry 1 +wy
yr = h(ze) + e

where z; is the state, y; the measurement, w; ~ N (0, Q)
and e; ~ N (0, R;) all at time ¢. In a Bayesian setting, the



Algorithm 1 Kalman Filter
Available measurements are Y = {y1,...,yn}. Require an
initial state, |0, and an initial state covariance, Fy|o, Q¢ and
R, are the covariance matrices of w; and e;, respectively.

1) Time Update

i't|t71 = F-i‘tfl\tfl (3a)
Py = FPt—l\t—lFT+Qt (3b)
2) Measurement Update
K =Py H " (HP_1H" + Ry)™", (4a)
By = Ty + K(ye — Hypp—1), (4b)
Py =~ KH)Py;_1, (40)

nonlinear Gaussian filtering problem propagate the following
densities

pla—1]Yio1) N (w—1; &4—1j0—1, Pi—1jt—1) (2a)
p(a|Yi—1) = N (xt;i'ﬂt—l, Pt|t—1) (2b)
(V) = N ($t§ft|t7 Pt\t) (20)

where p(z;—1|Y;—1) is the initial prior density, p(z;|Y;—1) is
the prediction density, p(x:|Y;) is the posterior density and
Y; = {y;}_, are the measurements. The dynamic model (1b)
is linear which means that the prediction density is exactly
propagated in the KF time update equations as given in
Algorithm 1. The measurement update is however nonlinear
and is given as the maximum a posteriori (MAP) estimate
according to

Iy = argmax p(z¢|Yy). 4)

Tt

The posterior is proportional to the product of the likelihood
and the prior

p(x4|Y2) o p(ye|ze)p(ze|Yi-1)
o exp _% <(yt - h(xt))TRt_l(yt — h(xy))

+ (Lyp—1 — ft)TPtﬁl,l(imq - ft))»

where terms not depending on x; have been dropped. Since
the exponential function is monotone and increasing we can
minimise the negative log instead which gives

T

#j; = argmin % (ye = h(x))" Ry (ye — h(2))

1

+ Q(i’t\tfl - Jf)TPtﬁl,l(i“ﬂtfl — )

= arg min %T‘T(IL‘)T’(x)
= argmin V (z) (6)

where

r(z) = @)

2/ A
Pﬂt_l (xt|t71 - x)

R;V?(y — h()) ]

and we have dropped the time dependence on the variable z.
The first term in the objective function is corresponding to
the unknown sensor noise and the second term corresponds to
the importance of the prior to the estimate. Furthermore, the
optimization problem should return a covariance approxima-
tion pﬂt. We simply base it on the assumption that the Zy; is
optimal resulting in

Py = (I — K;H;)Py,_ 1, (8)

since it should reflect the state uncertainty when (5) has
converged. A general formulation for the MAP estimation
problem is then

{@t\t»pﬂt} = argmin V (z) 9

where Pt|t is computed using (8) while K; and H; depends
on the optimization method used.

III. EKF VIEWED AS AN OPTIMIZATION PROBLEM

There is no general method for solving (6) and the nonlinear
nature implies that iterative methods are needed to obtain an
approximate estimate [11]. The Newton step p is the solution
to the equation

V2V (2)p = —VV(z). (10)
Starting from an initial guess zg, Newton’s method iterates
the following equations
Tip1 =z — (V2V (@) VV (), (11)
where V2V (x;) and VV (z;) are the Hessian and the gradient
of the cost function, respectively. Note that if V() is quadratic
then (11) gives the minimum in a single step. Gauss-Newton
can be applied when the minimisation problem is on nonlinear
least-squares form as in (6). Then the gradient has a simple
form

VV(z) = J' (z)r(x) where J(z)= 5 , (12)
s S=x
and the Hessian is approximated as
V2V () ~ J(2)T J(z), (13)

avoiding the need for second-order derivatives. The GN step

then becomes
Tit1 = Tj — (JiTJi)ilJiTTi- (14)

where J; = J(z;) and r; = r(x;) are introduced to ease
notation. Furthermore, the Jacobian evaluates to

RY?H, Oh(s)
Ji=— 1" s Z] where H,; = . (15)
Pt|t71 9s S=Ti

is the measurement Jacobian.



A. Line Search

The EKF measurement update should ideally give a cost
decrease

V(xi+1) < V(IL‘Z), (16)
at each iteration. This will not always the case and this is why a
full step in the EKF, and consequently in the IEKF, may cause
problems. A remedy to this behaviour is to introduce a line
search such that the estimate actually results in cost decrease.
Without an explicit step-size rule the EKF should be expected
to have sub-linearly convergence [13] even though it should
be linear [9]. A step-size condition was proposed in [8] for
smoothing passes over the data batch 0 < 1 — (a;)" < ¢/t
where ¢ > 0 and («;)! is initially small but should approach
unity. There are many strategies for defining a sufficient
decrease for the iteration procedure. The general iteration for
Gauss-Newton with step-size parameter « is

Tit1 = Ly — Oél'(Jl-TJi)illeTh (17)
where each «; is chosen as to satisfy some criterion e.g., the
cost decrease condition (16). For the EKF update the GN step
with step-size (17) evaluates to

Tijp = Typp—1 + aiK<yt - h(i‘ﬂtfl)) (18)
= Tyi—1 + ap. (19)

The cost decrease condition is then
V(&1 +ap) < V(Z¢-1), (20)

and it is only needed to find a suitable o over 0 < o < 1
starting with o = 1. Furthermore, an exact line search where

o = argmin V (Zy,_1 + sp), (21)

0<s<1

is rather cheap since the search direction p is fixed. A simple
line search strategy can be to multiply the current step length
with some factor less than unity until sufficient decrease is
obtained. More advanced methods can of course also be used
such as the Wolfe conditions, see e.g., [14],

V(x; + ipi) < V(x) + craVV(x) pi,
VV (i + ;i) pi > e2VV (23) ' ps,

(22a)
(22b)

with 0 < ¢; < ¢c2 < 1, which also require that the slope has
been reduced sufficiently by «;. The backtracking line search,
see e.g., [15], is another effective inexact line search method
which simply reduces the step by a factor o := 3 until

V(z+ap) < V(z) +ayVV(z)p, (23)
is satisfied, starting with @ = 1, with 0 <y < 0.5 and
0<p <l

Algorithm 2 Iterated Extended Kalman Measurement Update
Require an initial state, i“0|0, and an initial state covariance,

Pyjo-
1. Measurement update iterations
m, = M) (24a)
0s |,
K; = Pyy_HI (H; Py, HI + Ry)™ (24b)

Tip1 = Type—1 + Ki(ye — h(xi) — Hi(@q—1 — x3)) (240)
2. Update the state and the covariance

(25a)
(25b)

i’t\t = Ti+1,
Pt\t = (I - KiHi)Pt\tfl-

B. Iterated EKF

The IEKF was derived in [9, 11, 16] and is summarised in
Algorithm 2. The iterated update for the IEKF from (24c) is

Tiy1 =T+ Ki(ye — h(xi) — Hi(% — 21))
=x; + (f — i+ K (ye — h(zs) — Hi(2 — ﬂfi))) (26)

where & = %4, and the iterations are initialized with zo =
2. With (17) the step parameter o can be introduced. The
modified measurement update of the IEKF is then on the form

= x; + a;p;, 27

where the step length 0 < o;; < 1 and the search direction p;
is chosen such that (16), or a more sophisticated convergence
criterion, is satisfied in each step. Note that for o; = 1, the
first iteration is exactly the same as for the EKF. This step-size
should always be attempted first since, if it is allowed, will
result in faster convergence. We will refer to this method as
IEKF-L.

As a special case, the standard EKF is obtained in the
first iteration of the measurement update (24). Note that the
state covariance is updated using the last Kalman gain and
measurement Jacobian when the iterations have finished (25)
as discussed in (8).

C. Quasi-Newton EKF

Quasi-Newton type methods try to avoid exact Hessian
and/or Jacobian computation for efficiency. The Hessian ap-
proximation described in (13) may be bad far from the opti-
mum resulting in e.g., slow convergence. A quite successful

approach to avoid this is to introduce a correction
V2V (2) ~ JFJ; + T, (28)

where 7; should mimic the dropped second-order terms. The
step p with Hessian correction is the solution to the problem

JTT+Typ=—-J"r (29)



which is iteratively solved by
Tit1 = Ti — (JlTJl + Ti)_lJiTTi. 30)

The state update for the quasi-Newton EKF (QN-EKF)
becomes

Tiyr =&+ K] ((ye — hi — HiTi) — S{Tis, (31a)

S =(HR'H,+ P +T;)7", (31b)

K =S{HR™, (3lc)

where P = P,;_y, h; = h(x;), & = & — x; have been

introduced. The derivation can be found in Appendix A.
The matrix 7; can be built during the iterations [17] using

T T T
T, =T 1+ wlvly;;lwl - (11)?;;2&1)?, (32)
where
v; = JiTri — ngri,l
=-HI'R Yy —h)+ H R (y — hi_1), (33a)

zi = (J; — Jio))Try = (Hi1 — H)TR Y (y — hi), (33b)
(33¢)
(33d)

Si = Tj — Ti—1,
w; = 2z; — Ti_15;.
Furthermore, the quasi-Newton relation T;s; = z; is satisfied

by construction. The iterations are initialized with Ty = 0
and 7T; should be replaced with 7;7; before the update where

T,.
T = min(L |l§];’;| >,
i 191

is a heuristic to ensure that 7; converges to zero when the
residual vanishes.

The covariance update with this approach can be updated
using (8) for the last iterate

Py = (I — K{H;)Pyjy_.

(34)

(35

An explicit line-search parameter can further be introduced

Tiyl = Tj + (5?1 + K ((ye — hi — Hyiy) — SfTii‘i) (36)
using the same argumentation as in Section III-B.

D. Levenberg-Marquardt Iterated EKF

Trust region methods for GN are similar to the Hessian
correction above in the way that the Newton step is computed.
The main difference being that only a single parameter is
adapted at runtime. The well-known Levenberg-Marquardt
method introduced by [18, 19] is such a method and it is
obtained by adding a damping parameter p to the GN problem

(J'T +pul)p=—J"r. (37)
Applying this to (14) results in
Tit1 = C% + Ki((yt — hl — Hifl) — /IJZ(I — KlHl)Pa?l,(B'Sa)
. 1 -1
P <I— P(P—i— —I) )P,
Hi

K; = PHI' (H,PHI + R)™1,

(38b)

(38¢)

which is referred to as Levenberg-Marquardt IEKF
(LM-IEKF). The damping parameter works as an interpolation
between GN and steepest-descent when i is small, and large,
respectively. The parameter also affects the step-size, where
large © means shorter steps reflecting the size of the trust-
region and it should be adapted at each iteration. The relations
in (38) were derived in [12] but, just as in [20], it was never
indicated how p is selected, in fact, they never seem to
perform any iterations. Therefore their solution rather works
as Tikhonov regularization for the linearized problem with
fixed p. In [12, Example 2] the damping have to be selected
as 4 = cond(JTJ) ~ 10% in order to obtain roughly the
same update. The update, counterintuitively, has a larger cost,
V, than the EKF update but a lower RMSE. This example
is extremely ill-conditioned and the Hessian approximation
is thus not very useful. Furthermore, the condition number
can serve as a simple heuristic for selecting the damping
automatically resulting in cond(J7J + p2I) ~ 1. Another
option, due to [19], is to start with some initial © = g
(typically po = 0.01) and factor v > 1. The factor is used
to either increase or decrease the damping if the cost is
increased or decrease, respectively.

The LM-IEKF can be improved by replacing the diagonal
damping with p diag(J7.J) in (37) as suggested by [19]. By
doing so, larger steps are made in directions where the gra-
dient is small, further speeding up convergence. The resulting
equations for the problem (6) then becomes

Tiy1 =&+ Ki((ye — hi — HiZy)

- 1 -1
p— (I_P(P+B;1) )P, (39b)
\ 3 123
K; = PH'(H;PH' + R)™!, (39¢)
B; = diag(J}'J;) = diag(H R"'H; + P™'),  (39d)

which is shown in Appendix B.

IV. RESULTS

The filters are evaluated in two simulations highlighting
the effect of line search and the overall better performance
obtained with the derived optimisation based methods in a
bearings only tracking problem.

A. Line Search

To illustrate the effect of using line search in EKF and IEKF,
consider the measurement function

h(z) = —2?. (40)

This result in a cost function with two minima in :I:\/m and
a local maximum at = 0 which makes the problem difficult.

Fig. 1 shows the estimates obtained with the EKF and IEKF
initialized with zo = 0.1, R = 0.1 and P = 1 where V (zo) =
4.90, while the true state is £* = 1, and a perfect measurement
y = —1 is given. In the IEKF the step length is reduced to
a = 0.5 for the first iteration resulting in zF*F = 0.807,
V(2¥%") = 0.860 while the EKF (equivalent to the IEKF



10F[- - EKF 2EKH
- — |EKF - 1 iteration 1
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Fig. 1. EKF with full step increases the cost while half the step-size results

in a reduced cost. Remember that EKF and IEKF are identical in the first
step. Three IEKF iterations with line search significantly reduces the cost and
further improves the estimate.

without step-length adaption) yields %" = 1.51, V(2}*") =
9.36. Another two iterations in the IEKF results in o5 =
0.978, V(z*F) = 0.395. Two things can be noted from this
simple example. First, the adaptive step-length improves the
EKF noticeably at a relatively low cost. Second, the iterations
in the IEKF further improves the estimate.

Furthermore, with a smaller measurement covariance e.g.,
R = 0.01 the EKF performance degrades even more giving
Z5*F = 4.01 (not shown in Fig. 1), while the IEKF performs
well. This illustrates that EKF struggles with large residuals
as the linearisation point differs much from its optimal value.

B. Bearings Only Tracking

The next example, a bearings-only tracking problem involv-
ing several sensors, which is also studied in [21, Ch. 5] and
[22, Ch. 4], is used to illustrate IEKF-L, QN-EKF and LM-
IEKF. In a first stage the target with state z = [X,Y]T is
stationary, i.e., w; = 0, at the true position z* = [1.5,1.5]%.
The bearing measurement function from the j-th sensor S’ at
time ¢ is

y{ = hj(z;) + e, = arctan2(Y; — Si, X — S)J() + e, (41)

where arctan2() is the two argument arctangent function, Sy
and Sx denotes the Y and the X coordinates of the sensors,
respectively. The noise is e; ~ A (0, R;). The Jacobians of
the dynamics and measurements are

- 1 [—(Y - 5\]})} .

B X — S

F=1 - -
(X =S5 + (Y = 59

(42)

With the two sensors having positions S* = [0,0]7 and 5% =
[1.5,0]”. The filters are initialised with &g = [0.5,0.1]7,
Pyjp = 0.113, R = 7?107°I; and Q = 0.1/5. Fig. 2 shows
the four filters posteriors with 2 — o covariances after a single

—EKF
— EKF-L
19F &% e LM-IEKF ]
i QN-EKF
18 i ]
1.7F .
> 16} ! J
15F ]
] S .
13f " g
12 : : : :
1 2 3 4 5 6
X

Fig. 2. All filters except for the EKF are iterated 5 times with line search and
come closer to the true state with a covariance that captures the uncertainty.

TABLE I
MONTE CARLO SIMULATION RESULTS FOR THE FOUR FILTERS.
Method EKF IEKF-L LM-IEKF  QN-EKF
Mean-RMSE  0.45 0.19 0.19 0.24

perfect measurement and 5 iterations. All filters, except for
the EKF, result in acceptable estimates of the true target state
and its uncertainty. After 10 iterations IEKF-L, LM-IEKF and
QN-EKF produce nearly identical results.

For the final example 10 iterations are used to ensure the
all filters have converged (less would have sufficed) and the
result are clearly improved estimates compared to the EKF. A
small Monte Carlo study is done with 10 trajectories generated
by wy ~ N(0,0.112), e; ~ N (0,72107°15) for 20 time
steps. The filters are initialized with the true position Zg)o =
[1.5,1.5]7 with Pyjo = 0.115. The results are summarized in
Table I where it can be seen again that all filters perform
better than EKF with IEKF-L and LM-IEKF being slightly
better than QN-EKF.

V. CONCLUSIONS

The cost function used in the extended Kalman filter (EKF)
has been studied from an optimisation point of view. Applying
optimisation techniques to the cost function motivates using
an adaptive step length in the EKF and three iterated EKF
variations are derived. In simulations it is shown that these
filters outperform the standard EKF providing more accurate
and consistent results. It remains to investigate the convergence
rates obtained this way, as well as how to incorporate other
EKF improvements such as the higher order EKF, square-root



implementations for improved numerical stability, and how to
deal with colored noise.
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APPENDIX A
DERIVATION OF THE QUASI-NEWTON EKF

Using (7), (15) gives a simplified notation

_[RV2(y - k)
Ty = |:P1/2(.’% _ xz):| ) (43)
—1/277.
Ji=— [RPI /f] (44)

The right-hand side of (30) evaluates to

z;— (JE T+ T) gl =
=2+ (H'R'H; + P +T;) " 'x
(H'R Yy — hy) + P73 — x)
=&+ (H'R'H; + P +T;)"'x
(HI'R Yy — hy — Hi(2 — 2;)) — T;(& — ;)
=&+ SIH'R 'y — h; — Hi(& — z;)) — SIT;(2 — ;)
=3+ K (ys — hy — Hiz;) — SITi#;, (45)

which is the expression in (31) with z; = 2 — z;.

APPENDIX B
DERIVATION OF THE MODIFIED LM-IEKF

The LM-IEKF with modified
ing (37), (14), (43) and (44) as

step is evaluated us-

v — (I Ji + i By) " I =
=x;+ (H'R'H;+ P! + u;B;) ' x
(H'R™ My — hi) + P~ (& — x;))
=&+ (H'R'H; + P + u;B;) ' x
(HR™'(y — hi — Hi¥;) — piBids)
= &+ Ki(ys — hi — Hi¥y) — pi(I — K;H;) PBi;, - (46)
which is the expression in (39). Where we have used the
relations

K;=(HFR'H;+ P )" 'HI'R™!

= PH](H;PH] + R)™", 47)
(H'R™'H; + P7')~' = (I - K;H;)P, (48)
and
P= (P +p;B)""
_ <IP(P+ ?B{1>_1)P. (49)
i
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