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Abstract

This thesis consists of two papers which focuses on a particular diffusion type Dirichlet
form

&(F,G) = / (ADF, DG)y dv,

where A = .2 Ai(S;, -)mS;. Here S;, i € N, is the basis in the Cameron-Martin space,
HI, consisting of the Schauder functions, and v denotes the Wiener measure.

In Paper I, we let \;, ¢ € N, vary over the space of wiener trajectories in a way that
the diffusion operator A is almost everywhere an unbounded operator on the Cameron—
Martin space. In addition we put a weight function ¢ on the Wiener measure v and show
that under these changes of the reference measure, the Malliavin derivative and divergence
are closable operators with certain closable inverses. It is then shown that under certain
conditions on \;, ¢ € N, and these changes of reference measure, the Dirichlet form is
quasi-regular. This is done first in the classical Wiener space and then the results are
transferred to the Wiener space over a Riemannian manifold.

Paper II focuses on the case when \;, ¢ € N, is a sequence of non-decreasing real
numbers. The process X associated to (€, D(€)) is then an infinite dimensional Ornstein-
Uhlenbeck process. In this case we show that the distributions of a sequence of certain fi-
nite dimensional Ornstein-Uhlenbeck processes converge weakly to the distribution of the
infinite dimensional Ornstein-Uhlenbeck process. We also investigate the quadratic vari-
ation for this process, both in the classical sense and in the recent framework of stochastic
calculus via regularization. Since the process is Banach space valued, the tensor quadratic
variation is an appropriate tool to establish the Itd formula for the infinite dimensional
Ornstein-Uhlenbeck process X . Sufficient conditions are presented for the scalar as well
as the tensor quadratic variation to exist.






Popularvetenskaplig sammanfattning

En stokastisk process dr en matematisk representation av hur ett slumpmissigt system
utvecklas under tid. Exempelvis &r virdet pa en aktie en endimensionell process och po-
sitionen pa en partikel som ror sig slumpmissigt i rummet &r en tredimensionell process.
Det dr svarare att forestilla sig och analysera processer som tar virden i odndligdimen-
sionella rum men det finns olika sitt att behandla problemet matematiskt. Ett sitt &r att
studera sa kallade Dirichletformer. En Dirichletform &r ett matematiskt objekt inom om-
radet potentialteori. Genom att anvinda sig av en sadan framstillning far man tillgang till
de verktyg som finns inom potentialteorins imnesomrade vilket kan gora det matematiska
arbetet enklare.

Det visar sig att endast vissa Dirichletformer har en motsvarande stokastisk process.
I det forsta pappret i den hér avhandlingen behandlas en viss typ av Dirichletformer dir
den sa kallade diffusionen okar for varje dimension. Man kan siga att diffusionen ir
hastigheten pa slumprorelsen. Vi visar hur snabbt diffusionen far 6ka for att slutprocessen
ska vara vildefinierad. Pappret behandlar dven fallet da processen lever i ett krokt rum,
pa en mangfald, som exempel kan man ténka sig ytan av en ballong istéllet for ytan pa ett
papper.

I det andra pappret ligger fokus pa den associerade o#ndligdimensionella processen
som vi kallar X. Hér visas bland annat att man under vissa omstidndigheter kan approx-
imera X med dndligdimensionella processer. Vi berdknar ocksa processens kvadratiska
variation som dr ett matt pa hur mycket processens virde fluktuerar under tid. Genom
att visa att en speciell typ av kvadratisk variation existerar kan vi dven presentera en Ito
formel, ett hjdlpsamt verktyg for att bedriva analys pa processen.
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1 Outline 3

1 Outline

This thesis consists of two main parts. The first part is an introductory part containing
key concepts of the theory used in the second part. The second part contains two papers,
A class of infinite dimensional stochastic processes with unbounded diffusion and Infinite
dimensional Ornstein-Uhlenbeck processes with unbounded diffusion — Approximation,
quadratic variation, and Ito formula, written at LinkOping university during the years
2012-2015. Both papers are joint work with Jérg-Uwe Lobus. What follows below is a
short summary of the different topics in part one.

Malliavin calculus

The purpose of this section is to provide a brief introduction to some notions in Malliavin
calculus. Concepts such as the Malliavin derivative are essential for the definition of the
bilinear Dirichlet form which is the main object of this study. We also present the Wiener
chaos decomposition as we make use of it in Paper I.

Dirichlet forms

This section is devoted to the notion of Dirichlet forms. The section contains the ba-
sic definitions needed for understanding the theorem of Ma/Rockner which provides the
connection between Dirichlet forms and stochastic processes.

Stochastic integration via regularization

Here we present some main ideas of the recent theory of stochastic integration via reg-
ularization. These concepts are used in Paper II in order to obtain a corresponding It
formula to the stochastic process being studied.

Differential geometry

This is a presentation of basic notions in differential geometry. These concepts are then
used to define Brownian motion on a Riemannian manifold. This theory is used in Paper
I'in the final section which transfers results of the flat case to a geometric setting.

1.1 Motivation for the papers

The theory of Dirichlet forms is a subject showing that certain bilinear forms can serve
as a connection between analysis and probability. This connection to probability was
established by the fundamental work of Silverstein and Fukushima during the 1970s (see
[Meyer, 2009]). In particular, Fukushima showed that if a Dirichlet form on a locally
compact state space is regular, it is possible to construct an associated Markov process
with right continuous sample paths. By the 1980s, the demand for tools to study Markov
processes on infinite dimensional (not locally compact) spaces led to various extensions
of Fukushima’s result. In 1992, the general question was settled by the characterization
of Ma and Rockner to the extent that a Dirichlet form on a separable metric space is
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associated with a Markov process with decent sample paths if and only if the form is
quasi-regular. This result provides a method to construct Markov processes on separable
metric spaces.

The papers in the thesis are concerned with Dirichlet forms of type

&(F,G) = / (DF, ADG)y dv. (1)

Here the diffusion operator is given by
A= "N (S5, )y Si, )
i=1

S;, i € N are the Schauder functions, H is the Cameron-Martin space Cy([0, 1]; R%) and
v is the Wiener measure. In the paper [Driver and Réckner, 1992] the classical quasi-
regular Dirichlet form, i.e. A; = 1, ¢ € N, is studied and and associated with a diffusion
process on a compact Riemannian manifold. Similar results but in the case of unbounded
diffusion where studied in [Lobus, 2004].

1.2 Paper | specifics

In the first paper we investigate the case where the Wiener measure v is replaced with the
weighted Wiener measure pv. Here the weight functions ¢ is of the form

1 1

o) =exp{ [(b00). s — 5 [ o) ds

0 0

This particular choice of weight functions is motivated by the geometric setting in the pa-
pers [Wang and Wu, 2008, Wang and Wu, 2009] by F.-Y. Wang and B. Wu. These weight
functions are considered both in a geometric framework and in the flat case. We study the
form (1) on the set of smooth cylindrical functions of type

F.GeY ={F(v) = f(v(s1),...,7(sk)) : s; is a dyadic point},

and
F,GeZ={F(y)=f(y(s1),---,7(sk)) : 5; € [0,1]}.

Above, v is a Wiener trajectory. In the paper we formulate necessary and sufficient condi-
tions on A1 (7), A2(7), . .. that guarantee closability of (€,Y) and (€, Z) on L?(¢v). The
paper then shows locality, Dirichlet property, and quasi-regularity of the closure (&, Z)
on L?(pv). The final parts of the paper are devoted to transferring the results into a geo-
metric setting. In this case we consider Wiener trajectories on a stochastically complete
Riemannian manifold, a generalization of the results of [Driver and Réckner, 1992] and
[Lobus, 2004] where compact manifolds are studied.
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1.3 Paper Il specifics

The second paper focuses on the process associated with the Dirichlet form (1). In Pa-
per II the diffusion coefficients \; of the diffusion operator (2) are considered to be real
numbers. We show that the associated stochastic process has the representation

Xt = Z G,()\lt) . Si, t Z O,
=1

where, for ¢ > 0, the right-hand side converges in Cy (|0, 1]; Rd). Here G;, 1 € N, are
independent one-dimensional Ornstein-Uhlenbeck processes, i.e. dG;(t) = —G;(t)dt +
\/ﬁdWi(t), t > 0, for a sequence of independent one-dimensional Wiener processes
Wi, v+ € N. We show that the distributions of a sequence of certain finite dimensional
Ornstein-Uhlenbeck processes converge weakly to the distribution of the infinite dimen-
sional Ornstein-Uhlenbeck process, X, associated with the Dirichlet form (&€, D(&)). We
also investigate the quadratic variation for this process, both in the classical sense and in
the recent framework of stochastic calculus via regularization. Since the process is Ba-
nach space valued, the tensor quadratic variation is an appropriate tool to establish the It6
formula for the process X . Sufficient conditions are presented for the scalar as well as the
tensor quadratic variation to exist.

2 Malliavin calculus

The French mathematician Paul Malliavin developed a calculus that is extending the cal-
culus of variations, from functions to stochastic processes. Among other results it makes
it possible to calculate the derivative of random variables. The material in this section is
based on David Nualart’s monographs [Nualart, 2009] and [Nualart, 2006] and can also
be found in [Karlsson, 2013].

2.1 General framework

We let H be a real separable Hilbert space with inner product (-, -)py and corresponding
norm || - ||z. Unless otherwise stated, in this presentation we may consider the Hilbert
space H to be L?([0, 1]) with the Borel o-algebra B and Lebesgue measure .

Definition 2.1. A stochastic process W = {W (h), h € H} defined in a complete proba-
bility space ({2, F,P) is a Gaussian process on H, if W is a centered Gaussian family of
random variables and E[W (¢)W (h)] = (g, h)m for all g, h € H.

This can be illustrated by a simple example.

—— Example .1

Let H = L?(R+) and W; := W (1[0,¢]), t > 0. This is standard Brownian motion since
EWWi] = E[W (Lo, )W (L) = (Ljo,s), Ljo,¢)) 2 = min(s, t),

i.e. the covariance function for Brownian motion.
|
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2.2 Hermite polynomials

The Hermite polynomials will play an important role in the upcoming Wiener chaos de-
composition of a Gaussian random variable as it turns out they have certain orthogonality
properties. Here we define the Hermite polynomials H,, as the coefficients of the Taylor
expansion of F(z,t) = exp{tx — t2/2} in powers of ¢. In other words

Fla,t) = e % = > Hy(x) - t" 3)
n=0

We have the relations

Ho(z) =1, Hi(x)=z, Ho(x)= %(gﬂ ~1), Hux)= (’1.)”@% d (%)
and also

—H, () = Hy—1(2), (n+1)Hyy1(z) = 2Hy(x) — Hyp1 ()

0 if n odd,
Hn(o) =

—1)k .
(2,%), if n even.

as well as

2.3 Wiener Chaos

Assume that H (we may think of it as L?([0, 1])) is infinite dimensional and let {ey, e, . . . }
be an ON-basis in H. We let A denote the set of all finite multi-indices a = (a1, ag, ... ),
a; € Nfori = 1,2,...,ie. only finitely many a,:s are non-zero. For any a € A we
define

al = ﬁai!, la| := iai, D, = \/Jﬁ H,,(W(e;)).
i=1 i=1 i=1

Taking the Hermite polynomials of Gaussian variables we obtain an orthogonality relation
in the following way. For a two-dimensional Gaussian vector (X,Y) s.t. E[X] = E[Y] =
0 and V[X] = V[Y] = 1, we have that for all m,n € N

0 if m # n,

E[H,,(X)H,(Y)] = {1E[XY]" ifm=n.

Let ,, denote the closed subspace of L?(§2, F,P) spanned by {®,, : a € A, |a| = n}.
It can be shown that L?(2,F,P) = @, ,H,. We call 3, the nth Wiener Chaos.
Furthermore we let J,, denote the projection operator onto the nth Wiener Chaos. It
follows for F' € L?(£2,F,P) that

F= iJnF.

n=0
Remark 2.2. The nth Wiener chaos contains polynomials of Gaussian variables of degree
n.

While we defined nth Wiener chaos as an expression of ON-basis (e;)$2,, it turns out
that the nth Wiener chaos is independent of this choice of ON-basis.
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2.4 Multiple stochastic integrals

We will see that there is another representation for the nth Wiener chaos in the form
of iterated Itd integrals. We begin with introducing a type of elementary functions first
described by Norbert Wiener.

Definition 2.3. We define E,, as the set of all elementary functions of form

[t tn) = Z @iy Ly, xoxcq, (B1s - ), “

where a;, . ;, = 0 if two indices coincide and Ay, ..., A are pairwise
disjoint subsets of [0, 1] with finite Lebesgue measure.

€ Rand a;, . ;

n

We see that this is the usual simple functions in [0, 1]™ with the condition of being
0 on any diagonal described by two equal coordinates. It can be shown that this set has
measure 0 and thus the set of elementary functions E,, is dense in L?([0,1]"). We can
now define a stochastic integral for these elementary functions. For a function of the form
(4) we define

L(f(ty, ... ty)) = | > an WAL (A,

Remark 2.4. I,(f) can be expressed as an iterated It integral

In(f):n!/ / /ftl,..., AWy, ... dW;, .

n=0t,_1=0 t1=
The following proposition shows some of the properties of this stochastic integral.

Proposition 2.5. I,, has the following properties:
(i) L,(f) = I, (f), where f denotes the symmetrization of f, i.e.

~ 1
f(t17"‘7tn) = Ez.f(tﬂ(l)a7tﬂ(n))
I

where I runs over all permutations of {1, ...,n}.
(ii)

0 ifm#n
n!l(f,g) 2o,y ifm=n.

It follows that we get an isometry between L2([0,1]") := {f : f € L?([0,1]™)} and
H,,ie.

E[Ln(f), In(9)] =

Vol fllzzqomy = ()l p2(0,59)-

Since E,, is dense in L?([0, 1]") we can extend I,, to a linear continuous operator from
L2([0,1]") to L2(£2,F,P).
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Remark 2.6. The image of L2(]0, 1]") under I,, is the nth Wiener chaos H,, since I,(f)
is a polynomial of degree n in W (A;), ..., W(A,,) when f has the form (4), and Propo-
sition 2.5(ii) shows that stochastic integrals of different order are orthogonal. The claim
then follows from induction.

Since we can express a random variable in its chaos expansion we note that for F' €
L?(£2,5,P), there exists f,, € L2([0,1]™), n € N such that

n=1

2.5 Derivative operator

To define the calculus on the Wiener space a natural way of proceeding is to first look at
a simple class of functions. Let Z denote the set of smooth cylindrical functions

Z ={F:F=f(Whi),...,W(hn)), h1,...,hy € H, f € CF}
where C° denotes smooth functions with polynomial growth.

Definition 2.7. The gradient of a smooth cylindrical function is defined by:

"9
DF = z_:l ai- (W(hy), .., W (k) - hs.

Remark 2.8. We have that DW (h) = h.

Clearly we have the product rule D(FG) = DF - G + F - DG and we also get
an integration by parts formula as will be shown shortly. We also define the directional
derivative in the following manner.

Definition 2.9. The directional derivative Dy, is defined by
DyF :=(DF,h) heH.
Proposition 2.10. Let F' € D2 and assume that F has representation

n=1
where f, € L%([0,1]™). Then
DiF = Ly a(fa(~t),  te[0,1].
n=1

Proof: Firstlet F' = I,,(f,) where

fn(tla'-'7tn) == Z ail...in]]-AilX-“XAln (t17"‘)t’ll)'
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Then

and ' € Z. We get
n k
DiF =) > ai i, W(Ay) o Ta, () W(A,) =l (f(1))
j=141,.0yin=1

by symmetry. The claim follows from the closedness of D2 O

2.6 Divergence operator

We introduce the divergence operator §. It turns out that § is the adjoint operator to D.
Let Dom & be the set of all u € L?(£2,F,P; H) such that there exists c(u) > 0 with

|[EADE, wu]| < c|Fl|z2 )

for all F' € D2, Then E[(DF,u)y] is a bounded linear functional from D2 to R. Now

since D12 is dense in L2({2, F,P) Riesz representation theorem states that there exists a
unique representing element §(u), bounded in L?(§2, F,P). That is

E[(DF,u)g] = E[Fé(u)], VF D" (6)

Just like for the derivative there is a connection between the Wiener chaos expansion

and the divergence operator. Recall that for u € L2([0,1] x £2), u has a Wiener chaos

expansion of form

oo

u(t) = Z In(fn(?t))v

n=0

where f,, € L*([0,1]™) and f,, is symmetric in the n first variables.

Proposition 2.11. We have uw € Dom § if and only if the series

Z In+1(fn)
n=0

converges in L*(£2,F,P). In this case we have

n=0
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Proof: Suppose G = I,,(g) where g € L2([0, 1]™). Now using Proposition 2.10 we get

E[<U7DG>H] = E[<u7 nIn—l(g('vt)»H] = E[<In—l(fn—1('7t)),nln—l(g('a t))>H]
- / Elln 1 (Far (- )T 1 (g )] dt

(0,1]

n(n —1)! /<fn717g>L2([0,1]"*1)dt

[0,1]

= 71!<fn—179>L2([0,1}n = n!<fn7179>L2([0,1]n)
E[In(fnfl)fn(g)] = E[In(fnfl)G]

where the third and last lines come from the isometry between L2([0,1])" and H,,. O

One can see from this that ¢ is an integral. d(u) is called the Skorokhod stochastic
integral of the process u and if the process is adapted then the Skorokhod integral will
coincide with the It0 integral, i.e.

1

o(u) = /ut dW;.

0

3 Dirichlet forms

The theory of Dirichlet forms was first introduced in the works by Beurling and Deny in
1958 and 1959. Dirichlet form theory can be used in the area of Markov processes giving a
different approach to problems. The usual tools for studying diffusion theory are methods
from partial differential equations, whereas Dirichlet forms are connected to potential
theory and energy methods. This section is based on the book [Ma and Rockner, 1992]
which contains a much more through treatment of the subject.

Let H be a Hilbert space with corresponding norm || - || and inner product (-, -)y.

Definition 3.1. A Dirichlet form is a densely defined positive symmetric bilinear form
on L?(E, p1) such that

(i) D(€&) is a real Hilbert space with inner product (u, v)e := (,)% + &(u,v)?,

(ii) For every u € D(&) itholds u™ A1 € D(€) and E(ut A1, u™ A1) < E(u,u).

Not all Dirichlet forms have an associated process. What follows are the different
notions needed for the formulation of Ma—R&ckner’s theorem.

Definition 3.2. Let H = L?(E,m). A bilinear form € on E is regular if D(&) N Cy(E)
is dense in D(€) w.r.t. £;-norm and dense in Cy(E) w.r.t. the uniform norm. Here Cy(E)
denotes all continuous functions on E with compact support.

Next we recall some basic definitions from the theory of stochastic processes.
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Definition 3.3. We say that a function is cadlag if it is right continuous with left limits,
i.e.

i —):=1 t ist

@) f(z—) lim f(@) exists,

@) f(z+) := th{f; f@) exists and is equal to f(x).

The corresponding term for left continuous functions is caglad.

Definition 3.4. Two stochastic processes X and Y with a common index set 7" are called
versions of one another if

teT,P{w: X(t,w) =Y (t,w)}) =1.
Such processes are also said to be stochastically equivalent.

If in addition the process X; is left or right continuous then for a version Y; we have
X =Y, almost surely.

Definition 3.5. (i) An increasing sequence (F})ren of closed subsets of E is called an
E-nestif Up>1D(E)F, isdensein D(E) w.rt. [|-||z , where D(€)F, denotes {u € D(E) :
u=0m-ae. on E\ Fj}.

(ii) A subset N C & is called E-exceptional if N C Ny>oFy for some E-nest (F)gen.
(iii) We say that a property holds E-quasi-everywhere if it holds everywhere outside
some E-exceptional set.

We can relate the definition of quasi-continuity to a similar notion on the £-nest.

Definition 3.6. An £-quasi-everywhere defined function f is called £-quasi-continuous
if there exists an E-nest (F};)xen such that f is continuous on (Fj)gen.

Definition 3.7. A Dirichlet form (&, D(€)) on L?(E,m) is called quasi-regular if:

(i) There exists an &-nest (F})gen consisting of compact sets,

(i) There exists an é}/ ®_dense subset of D(€&) whose elements have
&-quasi-continuous m-versions,

(iii) There exist u,, € D(€), n € N, having £-quasi-continuous m-versions ,,,
n € N, and an E-exeptional set N C E such that {@,, : n € N} separates the
points of '\ N.

Definition 3.8. A process M with state space E is called pu-tight if there exists an in-
creasing sequence (K, ),ecn of compact sets in F such that

P,( ILm inf{t >0: My e E\K,} <o0)=0
where inf & := oco.

We note that it simply means that for every € > 0 there exists a compact set K such
that P, (M, € K) > 1 —e.
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Definition 3.9. A cadlag Markov process M with state space E and transition semigroup
(pt)e>0 is said to be properly associated with (£, D(&)) and its corresponding semigroup
(T})¢>0 if p.f is an E-quasi continuous p-version of T3 f for all ¢ > 0 and all bounded
f € LX(E;p).

The following theorem is the main purpose of this section. It provides the connection
between Dirichlet forms and process theory.

Theorem 3.10. Let (€, D(€)) be a quasi-regular Dirichlet form on L*(E, ). Then there
exists a pair (M, M) of u-tight special standard processes which is properly associated
with (€, D(€)).

Proof: The proof is omitted but can be found in [Ma and Rockner, 1992]. O

Remark 3.11. It is known that if I is locally compact, i.e. finite dimensional, then
there exists an associated process to every regular Dirichlet form on L?(E,u). See
[Fukushima et al., 2011].

4 Stochastic integration via regularization

This section contains some notions in the area of stochastic integration via regulariza-
tion. Stochastic integration via regularization is a recently developed theory using tech-
niques from integration. The different objects in this theory are presented first for finite
dimensional stochastic processes, before considering the corresponding objects in the in-
finite dimensional case. This section is based on material in [Russo and Vallois, 2007],
[Di Girolami and Russo, 2014] and [Di Girolami et al., 2014].

4.1 One dimensional case

In this section let X (¢), t > 0, be a real-valued continuous process and Y (¢), ¢ > 0, be
a real-valued locally integrable process. Below we introduce the key concept of uniform
convergence in probability, abbreviated ucp.

Definition 4.1. A sequence of real-valued processes (X )tefo,7] is said to converge to
(Xt)teo,m) in the ucp sense as § — 0, if for all ¢ > 0

lim P | sup |XP — X, >¢|=0.
6—0 te[0,7T]
We may now introduce the following integral and covariation.

Definition 4.2. Provided that the following limits exist in the ucp sense we define the
forward integral

t
/Yd—X = lim/YsM ds
5—0 4
0
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and the covariation

¢
[X,Y]: := }im/ (Xats = XS()s(YSM — %) ds.

—0
0

We also denote [X]; := [X, X]; and call it the quadratic variation of X.

Remark 4.3. In e.g. the case of Y being continuous with bounded variation then the
forward integral coincides with the usual Itd integral, see [Russo and Vallois, 2007].

In the one dimensional case we have the following Itd formula from [Russo and Vallois, 2007]
Proposition 12.

Proposition 4.4. Suppose that [X|, t > 0 exists and f € C*(R). Then [ f'(X,)d™ X,
exists and

f(Xy) = +jf’ dX—l—/f"
0

4.2 Infinite dimensional case

We now consider the corresponding notions in the infinite dimensional case. We now
consider X to be a process taking values in a Banach space B. Ucp convergence is
defined in a similar way as above.

Definition 4.5. A sequence of B valued processes (X )telo,7) is said to converge to
(Xt)ee[o,r) in the ucp sense as § — 0, if for all € > 0

lim P | sup | X] — Xi||p>¢e]|=0.
6—0 te[0,7T]

In [Di Girolami and Russo, 2014] Definition 5.1 the authors introduce the following
definition.

Definition 4.6. Let X be a B valued process and Y be a B* valued process such that

X is continuous and fOT |Ys]| B~ ds < oo a.s.. Provided that the following limit exist in
probability for every ¢ € [0, T] we define the forward integral

t t
Xs *Xs
/B»«<Yg,d Xs)p := lim <YS,+5> ds
6—0J) B+ ) B
0

if the process

B* <Y37d7Xs>B

o

t€[0,T]

admits a continuous version.
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In e.g. the case of B = L!([0, 1]), the duality pairing 5~ (g*, f)p has the integral
representation

1
(9" flp= [ f-gdx
/

for f € B = L'([0,1]), g* € B* and some representing element g € L>°([0,1]) =& B*.
In the case of F € B ®,B = L'([0,1%;RY), G* € (B ®,B)* and some representing
element G € L*([0, 1]%; ]Rdz) & (B &, B)* the pairing duality becomes

Ba.5) G F)pa. p = /F(u,v)-G(u,v) dudv,

where the symbol - to denotes the scalar product in R,
The paper [Di Girolami and Russo, 2014] also defines the following notions of co-
variation.

Definition 4.7. Let X and Y be a B; respectively By valued processes. We define the

scalar covariation as the ucp limit

Ye _Ys' 2
:;H w5 — YslB ds,

t
(X, Y], o= tim [ 1 Ksrs = Xslls
L §—0
0

provided it exists. We also denote [X]; := [X, X]: and call it the scalar quadratic variation
of X.

Definition 4.8. Let X and Y be Bj respectively By valued processes. We define the
tensor covariation as the ucp limit

[X,Y]? = lim

6—0

ds,

t
/ (X5+5 - XG) ® (Y€+(5 - Ye)
§
0

provided it exists. We also denote [X]? := [X, X]? and call it the tensor quadratic
variation of X.

It is worth mentioning that quadratic variation in the sense above is essentially only
suitable for semimartingale processes, see [Di Girolami et al., 2014]. However in the sit-
uation where a process admits having both scalar and tensor quadratic variation we get
the 1t6 formula in the form of [Di Girolami and Russo, 2014] Theorem 5.2.

Proposition 4.9. Suppose that X is a B valued continuous process admitting a scalar
quadratic variation and a tensor quadratic variation. Furthermore let F' be a mapping
F :[0,T] x B — R such that F is one time continuously Fréchet differentiable and
two times continuously Fréchet differentiable in the second argument. That is, denoting
the Fréchet derivative with respect to the second variable by D, for every t € [0,T] we
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have DF(t,) : B — B* and D*F\(t,-) : B — (B ®,B)* continuously. Under these
conditions for every t € [0, T the forward integral

t
/B*<DF(S,XS),d_XS>B exists
0

and

t t
F(t, Xy) :F(O,Xo)Jr/atF(s,Xs)dsqL/B*(DF(S,XS),de‘QB
0

0

t
1 2
+ 5/(3 @,\.B)* <D F(57Xs);d[X]s>(B @ﬂB)** .

0

Remark 4.10. The above proposition makes use of the existence of scalar quadratic vari-
ation and a tensor quadratic variation. The statement then follows as a direct conse-
quence of [Di Girolami et al., 2014] Remark 5.7 applied to the mentioned Theorem 5.2
of [Di Girolami and Russo, 2014].

5 The geometric Cameron—-Martin formula

This chapter serves to introduce the concepts needed for construction of Brownian mo-
tion on a manifold M. The main part of section is based on the series of lecture notes
[Lobus, 1995]. Much of the material can also be found in [Rogers and Williams, 2000].
We first recall some basic definitions to introduce the notation used.

5.1 Manifolds

Definition 5.1. A subset M C RY is called a d-dimensional C'*°-manifold in R" if for
each x € M there is an open (in the relative topology) set G C M with z € G and there
exist ' € C°°(R? — RY~9) such that (if necessary, after a permutation of coordinates)

G={(y, Fy) :y € A},
for an open set A C R

Definition 5.2. We say that y(t), ¢t € [0, 1] is a smooth curve in R? if

y(t) = Zy%t)ei, t€[0,1],

where ¢; = (0,...,0,1,0,...,0),y* € C>([0,1]),i = 1,...,d, such that

Do W? A0, tel0]
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With the notation used in the previous definition, (x(t),¢ € [0, 1]) defined as

2(t) = (y(0), F(y(®)),  teo,1,
is called a smooth curve on M.
We recall the definition of tangents and tangent space.

Definition 5.3. We say that v(t) = ¢(t) is a tangent to (y(s),s € [0,1]) (at t). Let I4
denote the d x d identity matrix and J(y) denote the Jacobian matrix

(Jir(y)>i,r=1,...,d - (88};:)1rzld

We use the notation (14, J)” for the matrix

1 0
0 o 1
art . 9r!
YT ay?
OF" 8F.‘"
L oyt oy
We call T
u(t) = i(t) = (10, (y(1) ) o(t) (M)

a tangent to (z(s), s € [0,1]) at ¢.

Definition 5.4. For a fixed y € R? and the corresponding point z = (y, F(y)) € M.
We define T, := {z+t:x € M,t = (14, J(y))" v for some v € R?} which we identify
with all the tangents to M at the point = and call it the tangentspace to M at x.

We may induce a metric on the tangent space from the Euclidean metric in RY. Let
uy,uz € T, where x = (y, F(y)), y € R%, and vy, vo € RY where uy = (14, J(y)) vy,
us = (Iq, J(y)) T vs. Then

(ur, ug)pn = vf (Ia, J())(Ta, J(y)) " va. ®)
We introduce the notation
9(y) == Ta, J()(1a, J ()" =Ta+J ()] ()" )

and write (8) as
(u1,ug)T, = U1T9(1/)U2 =: g(v1,v2).

Remark 5.5. The length of a smooth curve (z(t),t € [0,1]) on M is calculated by
1
o RS Y
[ (07 stwenit)  at
0
[0,1]

where z(t) = (y(t),F(y(t))),t €
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We now recall the notion of parallel transport along a curve.

Definition 5.6. For a smooth curve (y(s), s € [0, 1]) in R and the corresponding smooth
curve (z(s),s € [0,1]) on M, i.e. x(s) = (y(s),F(y(s))), s €[0,1], let ty,ty € [0,1]

and u(ty) € Ty(,). Assume 0 < ¢ < t5 < 1 and let v(t) € Ty such that w(t) € RY,
te [tl,tg] and

T
u(t) = (Id,J(y(t))) w(t),  tE [t ta].

Let 0(t) € RN denote the rate of change of v(t) and let Py )(-) denote the orthogonal
projection onto the tangent space T, ;). We say that v(t) moves parallel int € [t1,12],
along x(s), if for all t € [t1, 2] we have P, yo(t) = 0.

Remark 5.7. In this case we have
Py () = (IdJ(y(t)))Tg_l(y(t))(Id,J(y(t)))(%

T
since for all w € T, and all z € RY we have for w = (Id7 J(y(t))) q

(Pepz ), = {(a )™ 10z, O 1)7a) = (97 00, )2) (g0
= (= 00 ))Ta)_ = (2w

It follows that v(t) moves parallel if

T
0= Puni(t) = (10, T (y(1) ) 97" (v(®) (L, T (u(8) )i®), € [tr,82]. (10)

Definition 5.8. Let 9(t), ¢ € [0, 1] be the unique solution to the ODE (10) with boundary
conditions ¥(t1) = u(t1) € Ty,). We say that u(tz) := 0(t2) € Ty, is the parallel
transport of the vector u(t1) along (z(s), s € [0, 1]).

For notational clarity the rest of this section uses the Einstein summation convention.

Remark 5.9. Take v(t) and w(t),t € [t1,t2], as above and denote (¢7); j—1, . a:=g ..
We say that w(t) is the induced parallel transport along (y(s), s € [0,1]). That is w(t)
solves the equation

0=g~"(y(®) (1a, J (y(1)) [(La, J (y () "w(®)]"
=w(t) + g7 (y(t)) (T, J(y (1)) [(Ta, T (y(t))] "w(?)

=0 +{ (" S0 ) )Pt 0

i=1,....d

Using the notation
=g > JIDiIy =g" > JID;DeF", i ke{l,....d}, (11
the above equation turns into

0= () + {Th (o) ot )] (12)
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5.2 Riemannian connection

In this section we use a different definition of I" and instead consider it in the following
way.

Definition 5.10. A function
I'= ( ?k(y))i,j,kzl,‘..,d y R,

I' € C®°(R? x {1,...,d}> — R) is called a connection i.e. I is a collection of d*
smooth functions on R%. Let M = {(y, F(y)) : y € R?} be a C*°-manifold of R"V and
g(v) = (g, J(¥))(La, J(v))T, y € R The pair (R?, g) is called a Riemannian space
and the pair (M, g) is called a Riemannian manifold.

Definition 5.11. Let I" be a connection on (R¢, g) and let (w(s), s € [0,1]) € C*([0,1] —
R?) be a vector field along a smooth curve (y(s), s € [0, 1]). If equation (12) holds i.e.

0 =)+ {CH(@)F Our 0] telhtl, (13)

i=1,...,d
we say that w(¢) is parallel transported along (y(s), s € [0,1]) under I, for t € [t1,t2].

Remark 5.12. The objects ka, i,5,k € {1,...,d} are called Christoffel symbols.

Definition 5.13. A connection I" on a Riemannian space (R?, g) is called Riemannian if
the following holds.

(i) Foralli e {1,...,d}wehavefj?k:F,ij,j,ke{1,...,d}.

(ii) For vector fields (w(s), s € [0,1]), (v(s), s € [0, 1]) parallel transported along a smooth
curve (y(s), s € [0,1]), it holds that

g<w(t1)av(t1)> = g<w(t2)’v<t2)>’ 11,12 € [07 1]'

If the parallel transport under I preserves inner products in the above sense we say
that I" is compatible with g.

The following theorem explains why we defined I" by (11).

Theorem 5.14. There is exactly one Riemannian connection on (R%, g). This connection
is given by

]?k = igll(nglk +Dk}gl] - Dlgjk)a Z7.77k € {17 s 7d}

Proof: Step 1: (Existence) Let M = {(y, F(y)) : y € R?} be a d-dimensional C>-
manifold in R”, .J the corresponding Jacobian matrix

. OF"
J = (Ji (y))izl ,,,,, dir=1,...n (3yi ) gl
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and g(y) = (1o, () (10, J(y)) ", y € R Set

Il = ¢S JID;DYFT, gk € {1, d),

i.e. (11). Under this assumption the symmetry condition (i) is satisfied. Let (w(s), s € [0, 1])
and (v(s), s € [0, 1]) be vector fields along a smooth curve (y(s), s € [0,1]) in R%, which
are parallel transported along this curve under I". Furthermore define

q(s) :== (Id,J(s))Tw(s)7 p(s) :== (Id,J(s))Tu(s), s €[0,1].
We have

and

(9(w(s),v(5))) = d(s)"p(s) +a(s)p(s)", s€[0,1].
Due to (12) and (10), g(s) € Ty(s) as well as p(s) € Ty, are parallel transported along
z(s) = (y(s), F(y(s))) then per definition ¢(s) L Ty and p(s) L T, (). It follows

that .
(g(w(s),v(s))) =0,
i.e. the isometry condition (ii) is satisfied.
Step 2: (Uniqueness) Let I" be a connection and (y(s), s € [0, 1]), (v(s),s € [0,1]) and
(w(s), s € [0,1]) be as above. Then from (ii) it holds

(w'()gij ()07 (s)) " = 0.

Using (12) i.e. w(s) = f{F;k(y(s))yj(s)wk(s)}i:17.__,d as well as a similar relation for
0(s), s € [0, 1] we get

0= —I}yw'gijv? + w'y* Digijv? — w'gi; I y*o*

( — I}19i5 + Digij — gliF]ij)wlkaj.

Thus it holds ‘ ‘
Igi; + Iij91 = Drgiy-
We swap cyclically k — [ — j7 — k to obtain
— (I 9i + Tipgsi) = —Digjr,
and
I}gi + Tigri = Digh.

Adding these last three equations together, using the symmetry (i) and the symmetry of
(gi5) we get _
2090 = (Djgr + Drgij — Digji).-

The statement follows. O

Remark 5.15. The matrix ¢ defined by (9) uniquely defines I ;k in Theorem 5.14. Thus g
gives a complete description of the geometry of the smooth Riemannian manifold (M, g).
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5.3 The orthonormal bundle
Having defined parallel transport it is natural to define the concept of moving bases.

Definition 5.16. Let (y(s), s € [0,1]) be a smooth curve in R? and (z(s),s € [0,1]) a
smooth curve on M = {(y, F(y)) : y € R4} with 2(s) = (y(s), F(y(s))), s € [0, 1]
Let E = {ejy,...,eq} be an orthonormal basis (or short ON-basis) in T (0) and let
fis.-os fq € R? where ¢; = (Id, J(y(O)))Tfl,l =1,...,d. Alsolet (fi(s),s € [0,1])
be vector fields along (y(s), s € [0, 1]) satisfying the differential equation

{fs(s){F.?k@(s))yj<s>f/“<s>}i_1,...,d ey e ae

f(o) = fl7
We define -
el(s) = (Ida J(y(S))) fl(s)a S [07 1]al =1,..., d.
We have that {e;(s),...,eq(s)} is an orthonormal basis in T, ,), s € [0, 1] and say that
{e1(s),...,eq(s)} is a moving basis along x(s).

These final notions describe how curves behave on a manifold.
Definition 5.17. The family
{(z,e1,...,eq):x € M,{e1,...,eq} is an ON-basis on T, },
is called the orthonormal bundle and is denoted O(M).

Definition 5.18. We say that a curve (u(s), s € [0,1]) in O(M) is horizontal if u(s) =
(z(s), E(s),s € ]0,1]), where E(s) is a moving basis along (x(s), s € [0, 1]). The curve
(u(s),s € [0,1]), is called the horizontal lift of (x(s), s € [0, 1]).

Proposition 5.19. Let (w(s),s € [0,1]) be a smooth curve in R%. Then there is a hori-
zontal curve u(s) on O(M) satisfying

w(s) = (rl(s), e ,7‘Ul(s))T7
i(s) = E(s)r(s),
(s) = (y(s), F(y(s))),
s € [0,1]. For given initial condition ug = (xg,e1,...,eq) € O(M) the horizontal curve

u(s) = ((z(s), E(s)), s € [0,1]), with u(0) = uyg is the unique solution to the system of
differential equations

{fxs) {5 ()P () fFs)}_, =0, 1=1,....d, s

9(s) =r'(s)fi(s), s €[0,1].
We call the map w(s) — u(s) the development map.

Remark 5.20. As a motivation for (15) consider a curve (w(s), s € [0,1]), in R%. Now
let r(s) be the velocity along w(s) i.e. 7(s) = w(s). Solving (15) gives y(s), a curve
in RY, and fi(s), ! = 1,...,d, basis vectors in R%. These objects provide an equivalent
description of the curve z(s) on M, with basis vectors e;(s), [ = 1,...,d, on Ty).
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5.4 Brownian motion on a smooth Riemannian manifold

In order to construct Brownian motion on smooth Riemannian manifolds we first remind
of the following relation between the Itd and Stratonovich integral. Below the multiplica-
tions are made in the sense of scalar products in R™.

Definition 5.21. Let X,Y be continuous semimartingales in R”*. The Stratonovich in-
tegral [Y 0X is defined by

t
1
5 = /Ysaxs = /stXs + 51V X,

where t € T'(= [0,1],[0,00),...), [ Y dX is the usual Itd integral and |-, -], denotes the
covariation. We may write

1 1
08 =YX =dS =YdX + 7d(Y.X) = YdX + 5dYdX

using differential notation.

Remark 5.22. The Stratonovich calculus is compatible with the classical non-stochastic
differential calculus. For example for a smooth function, F' € C*°(R™), we have

() O(F(X)) = F'(X)0X,
(ii) (XY) = YOX + X0Y.

We consider the system of differential equations (15)

{'()—fm<)'m<>

{ =T ) )}y (), 1=1,...,d,s €[0,1],
with initial conditions

(y(o)’ f1(0>7 LR} fd(o)) = (yOa f107 LR} fdo) (1621)

T

2o = (4, F(y0)), e = (10, (90)) fro, 1=1,....d, (16b)

such that
(0, €14y -5 €dy) € O(M). (16¢)
Form = 1,...,d use the notation
@m:%@m(y(s)afl(s)w--afd ) { ( )fl( )}zl 1,..,d°
Note that ¢,,,, m = 1,...,d, is a d*-dimensional vector whose entries corresponds to the
d different d-dimensional parallel transports of the basis vectors f;,7 =1,...,d. Let
a ]
oo fa

D(y(s), fi(s),..., fals)) == |—— —— ——
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With this notation (15) takes the form

(9(5)s 1)+ fals) T = B(y(s), fr(s), ... fals)) W (s),s € [0,1].

The main idea for constructing Brownian motion on a manifold is to first get a description
on how to transfer smooth curves to a manifold via differential calculus. We then wish to
replace these smooth curves with the jagged curves of Brownian motion. This is done by
replacing the usual differentials with Stratonovich ones. Work has to be done to ensure
that this procedure yields a well defined result. We consider the Stratonovich SDE

{(8yaaf17"'7afd):gp(yafh"')fd)af)/v (17)

deterministic initial condition (16),

where (vs,F7,s € [0,1]) is a d-dimensional Brownian motion on a probability space
(£2,7,P) equipped with the filtration (F)c(o,1)- Let

7
W= ( Dq’ﬂ') .
gé; 4 g1, d(d4 1)

Since there exist K > 0 such that for all £,y € RHd+1)

12(5) = ()| + [[@(€) = ¥(n)|| < K|[€ =l

and
[P + 12 (&)]1> < K1+ [1€]%)

we may formulate the following theorem.

Theorem 5.23. The It6 SDE

{d(y7f1a"'7fd) :gp(yvf17>fd)d7+ %!p(ymflw'wfd)dt?

(16), {19

has a unique strong solution. This implies that the Stratonovich SDE (17) has a unique
strong solution namely the solution to the It6 SDE (18).

Definition 5.24. (a) Let (((y(s), F1(5), - fa(s)), 5 € [0, 1]), (3"3)56[071],?) be a so-
lution to (17). Furthermore let

A(s) = (y(s)vF(y(S)Dv ei(s) == (IdaJ(y(S)))Tfl(8)7 l=1,...,d,s€][0,1].

The process (%, E) = ((’y(s), e1(s),...,eq(s)),s €[0,1], (Fs)seo.1], P) is called hori-
zontal Brownian motion.
(b) We call 4 := ((4(s), s € [0,1]), (F5)se[o,1], P) Brownian motion on M.

(¢)Let 0 < s1,s2 < 1and v = v'e;(s1) € Ts(s,). The quantity

(s1

le —>SQIU = UTei(SQ)ﬂ
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is called stochastic parallel transport from T,y to Tx,,) along 4.

(d) Let 49 € M. The set of curves Ps, (M) := {¥ € C([0,1]; M), 5(0) = Ao} is called
the path space over M.

(e) The mapping 4 := I(7y)

C([0,1;RY) 5 v(-,w) = 4(-,w) € Pyoy(M),P-ace. w € 2

is called the It6 map.

(f) Let v denote the Wiener measure on {¢ € C([0,1];R?) : ¢(0) = 0}. The image
measure U := I,v under I, is called Wiener measure on Ps, (M).

() The mapping v — (¥, E) is called the stochastic development map and the mapping
H : 4 — (4, E) is called stochastic horizontal lift.

The stochastic parallel transport has the following properties.

Proposition 5.25. Let 0 < 51,592,583 < 1, v; = vie;(s1) € T (s,), and vy = vhei(s1) €

Ts(s,). Then P-a.s.
T;;_)&dTgl_val =T, 4,1, 19)
and
(vi,v2)15 ., = <T;—>52U17T;—>szv2>Ta(sg>' (20)

Proof: Step I: From Definition 5.24, (19) is clear for fixed 0 < sy, s9, s3 < 1, P-a.s. The
P-a.s. continuity of ey, ..., eq implies P-a.s. continuity in the left hand side of (19) in
S1, 82, s3 as well as for the right hand side of (19) for s, s3. Therefore (19) holds P-a.s.
forall 0 < s1, 82,53 < land vy € Ty(5,).

Step 2: Since ey, ..., eq is P-a.s. continuous it follows that vie;, v5e; is continuous as
well. It is therefore sufficient to prove (20) for fixed 0 < s1, 55 < 1. We note

i
(v1,v2)T Tigey) = g v1v2 ei(s1),e;(s1)) Ti) = E vivd,
and
v o — (ie. J i
<Tsl—>52v1’Tsl—>32U2>Ta,(32) = (viei(s2), vze;(s2)) Ty(s0) E U1U27
i.e. the left and right hand sides of (20) coincide. O

5.5 Analysis on the path space

This section contains a brief overview of the calculus on the path space of Brownian
motion on a Riemannian manifold. Detailed calculations and more results can be found
in [Driver and Rockner, 1992], [Hsu, 1995], [Hsu, 2002]. Let ({2, F,P) be a probability
space and y(w) be a d-dimensional Brownian motion on ({2, F,P) with filtration Fj,
s € [0,1] and corresponding measure v. In addition let O(d) denote the space of d x d
orthogonal matrices.
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Proposition 5.26. Let A = ((A(s), s €[0,1]), (5"5)56[071],]P’) be an O(d)-valued pro-

cess and o = ((a(s),s € [o, 1]), (3’5)56[0,1]71[”) be an R%-valued process such that
E[[|al*ds] < oo, and E[ [ ||A||*> ds] < co. Introduce

W(s) = /A(r) dry(r) —l—/a(r) dr, se€l0,1].
0 0

We let v := W, v denote the image measure under the map v — W. We have

%(7) - </1a(r)A(r) dy(r) — ;/la(r)P dr).
d 0

Proof: The process 7/ (s) = [, A(r)dv(r), s € [0,1] is a Brownian motion with respect
to (F5)seqo,1]- since 7/ is a continuous local martingale with quadratic variation

/Adv,/Ad'y :/ATAd[%ﬂr:Ids, s €[0,1].
0 0 0

S

Thatis v('(w) : w € £2) = 1and W =+’ + [ adr. The statement then follows from
the Girsanov formula. O

We use the notation
H := {h € Cy([0,1]; R?) : h absolutely continuous /|h'(s)|2 ds < 0o}

to denote the d-dimensional Cameron—Martin space.

Theorem 5.27. Let h € H. There exist families (A(t,-))ter, (a(t,-))ter of processes
such that the following holds.

(i) The conditions of Proposition 5.26 are satisfied for every t € R.
(ii) I holds that a(-,s) € C*(R;R?), A(-,5) € CH(R;0(d)), s € [0,1], P-a.s. as well
asRY > a(-,0) = 0and O(d) > A(-,0) = 0.

(iii) Let

S S

W(t,s) = / At ) dy(r) + / ot r) dr,
0 0
and define

E(t,s) :=I(W(t,s)), wul(t,s):=H((ts)), teR,se]0,1],
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where I and H are the It6 mapping respectively horizontal lift from Definition 5.24.
Then £ has the representation

€(t5) = 4(s) + / u(r, $)h(s) dr, @
0

and is a solution to the geometric flow equation

G&(t,s) = u(t,s)h(s) = H(&(t, 8))h(s),
£(0,8) =4(s), se€]0,1],teR.

is satisfied with the solution

Here ¥ is a Brownian motion on M.

In (21) u(r, s) is to be understood by the mapping R* — T¢(,. ), u(r, s)k := kie;(W(r,s))
where e;(W (r,s)) denotes the walking basis vector e; along W (r, s).

Proof: The proof is omitted but can be found in the papers [Hsu, 1995] and [Hsu, 2002].
O

We denote
vy =W(t, )P, teR,

where 19 = v. Furthermore we let 7/(t) = ((7’(t7s)7s € [0,1]), (S"S)SE[O,”,]P’) given
by

v'(t,s) == /A(t,r) dy(r), teR.
0

According to the proof of Proposition 5.26 +/(t, -) is a Brownian motion with respect to
the filtration 5, s € [0, 1]. The map y(w) — +/(¢)(w) induces an injective map b : 2 —
0.

The flow equation is used to calculate the directional derivative on the manifold, see
(25) below.

Theorem 5.28. (a) (Quasi invariance) The measures vy, t € R are equivalent and we
have for P-a.e. w € (2

Hoe)=enf [atnatnam - [laenpaleo. e

(b) Almost surely the Radon—Nikodym derivative % () belongs to C*(R) and

i [
o dv VT

g a(t,r)dy(r), teR. (23)

t=0
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Proof: (a) Let

The Girsanov formula yields

‘fi”;( —exp{/la ) dy —7/\0ztr ))%zr}

On the other hand we have vy, = b,y, t € R. Taking into account that v and ~' are
Brownian motions it follows v(dy(w)) = v(dvy'(t)(w)) and

dy o)) = Vt(d’7<W)> _ ﬂt(d'y’(t)(w)) _ D(dv’(t)(w)) _ din .
b)) = v(dy(w)) v(dyw))  v(dy ()W)  dv (W’( )>>

—ew{ [attn@ a0 - 5 [latrwPar

—ew{ [attn@atn@de - [l

(b) Using the stochastic version of dominated convergence theorem, see [Protter, 2005],
and taking under consideration «(0) = 0, A(0) = I, we obtain (23) by differentiating
(22). O

S O~ _

Corollary 5.29. (a) (Quasi invariance) The measures Uy := Ly, t € R are equivalent
and we have for P-a.e. w € (2

T (3) = T ().

(b) Almost surely the Radon-Nikodym derivative %2t (%) € C1(R) and we have

d
dt

th d

dl/t
o dv () = dt

t:OE ()

Definition 5.30. A vector field on an open set N C M is a smooth map S : N —
Ty = U,cn Tz where S(z) € Ty, x € N. Let Ny be an open subset of M and let
N C Njp. If S is a vector field on Ny then S|y is a vector field on N. In particular if
N is a smooth curve, N := (z(s),s € [0,1]) on M, we say that S is a vector field along

(z(s),s €]0,1]).

Remark 5.31. Let S be a vector fieldon N € M. If z = F(y), y € R% and S(z) =
(I,J(y))V (y), we can identify S with the first order differential operator v* 8%"
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5.6 Directional derivative, gradient, divergence and integration
by parts

In this section we introduce the geometrical objects corresponding to the usual differential
notions. This is done by means of specifying the objects on a class of smooth functions.

Definition 5.32. Let 4y € M. We define
2 ={@(3) = (3(51), - A1), 5 € Py (M) :
0< 81 < .. < sp = 1,¢€C§°(Mk),keN},
to be the set of smooth cylindrical functions on M.
For f € Cp°(M) we define the gradient on the tangent space
Vfi=(a,J) g7 'VfoF,

here recall that I denotes the function describing the manifold embedding in RY. With
this definition and for 1) € C(R; M) it follows that

d d —1 _ d -1
= (fov) = = (FoFoF oy(t) = (Vfo F, ZF (1) |
= o{g7VI o B S F ) = (V1) o),
Definition 5.33. Let & € Z where $(3) = p(3(s1), ..., 9(sx)). We define
k
D.8(3) = 3 X0 (T o (Vi) o). 5 (s0)) | s € 0.1,

to be the gradient of ¢. Here V; denotes the operator v corresponding to the ¢th variable

Remark 5.34. We mention that the difference between DS in Definition 5.33 and Section
6 in Paper I, is a parallel transport from 77,5y to T’ (q).

Recall that H denotes the d-dimensional Cameron—Martin space.
Definition 5.35. Let (5, E) = <((’y(8),61(s), . ea(s)),s €[0,1)), (?s)se[o,l],P>
be the process constructed from the solution of the system of equations (15) for fixed

initial conditions (9(0), e1(0),...,eq(0)) € O(M). For h € H and ¢ € Z we define the
directional derivative in the direction of h as

1
. o d
Dad(3) = / (B.2(3), £h§ej(s)>’r’( s
J S

Note that Dy, &(%) is independent of (3(0), e1(0), ..., eq(0)).
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We obtain

0
= Z X[O,Si](s) : %hj< S; %sv 9076]( )> ds

Ty(s)

X[O,Sq‘,](s).%hg<T:i*>O@igo7ej(0)>T ds

k()

{
= i hgq, . <6i<,0,€j(si)> (24)

as another representation of Dhsﬁ(’}). Finally for the solution ¢ of (21) we have P-a.s.

k
—| Dot = <v ,— h(t, >
il 2ot = (Vo] €ts)
k
- ; (Ve,u(o, si)h(si)>T&(s = D) (25)
Remark 5.36. The limit
lim - (#oc" —2(3)),
existin L? = L?(P5, (M), D). Therefore,
Jim - (gzs ogh — (@)) = Dy®(3) in L. (26)
Let & denote the Wiener measure on P,Y(J (M), %9 € M. We study 4 — &"(t) trajecto-
rywise as a mapping C5, ([0, 1]; ) Cs,([0,1]; M). For & as before and ¥ € Z such
that ¥ (%) = ¥(3(s1), - -, (sk)), ¥ (M) ¢ € Cp°(M) we have
A _/d h B 1
(it 0)1 = | _ poc av> = lim 1 [0 €' (0). )2 — (@),
O
—tin ;| [ @0 000G an) - (@.9):0]
r
—lin 7| [ 0o (-0 0(aE (-06) - (2.)12]
17 o (deh(—) (3
H / o0 0 €4 (—1)(3) i(( dﬁ)) D) ja5) - 0.0) } @7
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We use the abbreviations

deh(—t),0  di_, ho_
@ ap M=y

d

di_,

=0 AV

From (26) and (27) we obtain the integration by parts formula

. f/(dé’f(—f)(ﬁ))

i s NS

<l/\)h437 Lp>LQ = <¢? %

] > = (0, —-Dpw+2"w) .
t=0 L2

Let g € L%([0,1] — R%) and h := fo. gs ds. We note that h € H. Furthermore let ¢
and ¥ be cylindrical functions. We have

1 1
//<DS<P,LZ/gjej(s)>T.( )dsdﬁ://<Dsq§,gjej(s)>T_( )dstl/dﬁ: (D, W),
0 0

+ zhw> ,

Totsp) L2

= <§Z5, —bhw + ZhLD>L2 = <@, — zi: h (Sz)<ﬁzwa €; (Sz)>

where for the second last equality we have used the above integration by parts formula.

Definition 5.37. We define
~ . k d . ~
0(Pg’e;) == —ZZhJ(si)<Viw,ej(si)> + 2hw

and call it the divergence of Wg'e;.

Remark 5.38. The divergence is the adjoint operator to the gradient. This is true also for
the non-geometric Malliavin gradient and divergence. That is one of the most important
relations in Malliavin calculus.

5.7 Tensors and Ricci curvature
This presentation of the theory is based on the book [Kiihnel, 2002].

Definition 5.39. An (r, s)-tensor, A, at a point z € M, is a multilinear map

(Ty)" x...x (Ty)" x(Tg) x...x (Tz) > R

T S
Here (T,,)* denotes the dual space to the tangent space at .

Let us a consider a vector field S on M. Letx = F(y), y = (y1,...,y4) € RY, and
S(z) = (I; J(y))V (y). We can then identify S with the first order differential operator

)
S)= Y vy,

i=1

T
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Using the Christoffel symbols of (11) we may introduce the Riemann curvature tensor R
in coordinate form as the object

s a‘l—‘zsk 8FZSJ T 1S T S
ik 0z, Oz + I L7 — 15515, (28)

We define

0
R <8x] 5sck> ox; ZR”’“

s=1

Thus for vector fields, X = (&1,...,84), Y = (1,...,n4),and Z = ((1,...,{q) on M,
we get the curvature tensor

I
NE
o
3
I
=
=
VS
S|
[@))
N———
E

Il
(]~
oy
3
o~
>
oy
>
S
Q
Q

Note that the Riemann curvature tensor is a (1, 3)-tensor. Using the Riemann curvature
tensor we now define the Ricci tensor.

Definition 5.40. The Ricci tensor is a (0, 2)-tensor given by the trace of the curvature
tensor. That is for an ON-basis (E1, ..., Fy)

d
Ric(Y, Z)(z) := Ric(X = R(X,Y)Z) = > (R(Ei(x),Y (2))Z(z), Ei(x))r,.
i=1
Remark 5.41. We recall that ..., =2 is a basis for T, at z. In the same way

ay ’ > 0ya
dy, ..., dyq is a basis for the dual space (T,)* with

< 0 ) 1, i=3y
- =0y = .,
v \Oyj la 0, i#j.
In the same way

P 1, i=kj=1
. i, Oy @ al 0, otherwise.

Remark 5.42. Taking into account (29) and Remark 5.41 we note that the Ricci tensor
has representation

dy;

0

(dyi . & 873]1

Ric = R;;dy; ® dy;.
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It follows that the Ricci tensor is given by the matrix described by

d
Rjx =Y Rij. (29)
=1

This gives an intuitive access to Ricci curvature in the form of a matrix.
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