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Abstract. The spectral distribution function of random matrices is
an information-carrying object widely studied within Random matrix
theory. Random matrix theory is the main field placing its research
interest in the diverse properties of matrices, with a particular emphasis
placed on eigenvalue distribution. The aim of this article is to point
out some classes of matrices, which have closed form expressions for the
asymptotic spectral distribution function. We consider matrices, later
denoted by Q, which can be decomposed into the sum of asymptotically
free independent summands.

Let (Ω,F , P ) be a probability space. We consider the particular
example of a non-commutative space (RMp(C), τ), where RMp(C) de-
notes the set of all p× p random matrices, with entries which are com-
plex random variables with finite moments of any order and τ is tracial
functional. In particular, explicit calculations are performed in order to
generalize the theorem given in [15] and illustrate the use of asymptotic
free independence to obtain the asymptotic spectral distribution for a
particular form of matrix Q ∈ Q.

Finally, the main result is a new theorem pointing out classes of the
matrix Q which leads to a closed formula for the asymptotic spectral
distribution. Formulation of results for matrices with inverse Stieltjes
transforms, with respect to the composition, given by a ratio of 1st and
2nd degree polynomials, is provided.

1. Introduction

The motivation for considering problems regarding the behaviour of eigen-
values of large dimensional random matrices stems from e.g., theoretical
physics and wireless communication, where methods of Random matrix the-
ory are commonly used, see for example [21] and [5]. Particularly, Random
matrix theory started playing an important role in analyzing communica-
tions systems as multiple antennas became commonly used, which implies
an increase of the amount of nodes. Because of the frequent lack of closed
form solutions in applications, numerical methods are applied to obtain as-
ymptotic eigenvalue distributions, see e.g. [3]. The computation (for p × n
matrices) often demands solving a non-linear system of p+ n coupled func-
tional equations, whose solution has the same asymptotic behaviour as the
investigated spectral distribution function, see [9] and [11].

2010 Mathematics Subject Classification. 15A18, 46L54, 60B20.
Key words and phrases. closed form solutions, free probability, spectral distribution,

asymptotic, random matrices, free independence.

1



2 J. PIELASZKIEWICZ AND M. SINGULL

In general, there is a strong interest in finding information about the
spectral behaviour of the eigenvalues of random matrices. The smallest
eigenvalue, in particular, provides knowledge about both stability and in-
vertability for a random positive definite matrix. For example, let X be a
channel matrix for multi-dimensional designed communication systems, then
the eigenvalue distribution function of XX ′ determines channel capacity and
achievable transmission rate, where X ′ denotes the conjugate transpose of
a matrix X.

The theoretical part of the article consists of the introduction to Free
probability theory, which justifies the use of asymptotic freeness with respect
to particular matrices, as well as the use of Stieltjes and R-transform.

1.1. Problem formulation. The focus of this article is put on the asymp-
totic spectral distribution of Q ∈ Q, where Q is a class of positive definite,
real and Hermitian matrix, which can be written as a sum of asymptotically
free independent matrices with known distributions. The assumption about
the matrix being Hermitian is sufficient for the eigenvalues to be real. The
Hermitian property together with positive definiteness ensures that all the
eigenvalues are both real and positive. The aim is to obtain a closed form
expression for the asymptotic spectral distribution function for the random
matrix Q.

Definition 1.1 (The normalized spectral distribution function). Let λi, i =
1, 2, . . . , p be the eigenvalues of a p×p matrix W , with complex entries. The
normalized spectral distribution function of a matrix W is defined by

FWp (x) =
1

p

p∑
k=1

1{λk≤x}, x ≥ 0,

where 1{λk≤x} stands for the indicator function of the set {λk ≤ x}.

The concept of free independence, mentioned in the previous paragraph,
has been introduced within an operator-valued version of the Free proba-
bility theory by Voiculescu in [22] and allows us to think about sums of
asymptotically free independent matrices in a similar way as sums of inde-
pendent random variables.

There is a strong relation between Free probability theory and Classical
probability theory. To illustrate the correspondences between the theories,
the metaphor of two parallel lines is often used.

In this article an “infinite matrix” is realized by referring to a sequence
of p × n random matrices of increasing size, with the assumption that the

Kolmogorov condition, i.e. p(n)
n → c ∈ (0,∞) for n→∞, holds. The condi-

tion is motivated by the observation that the limiting spectral distribution
function of the random matrix is not affected by the increase in the num-
ber of rows and columns as long as the speed of increase is the same, i.e.
p = O(n).

1.2. Background. Let

Qn = AnA
′
n +

1

n
X1X

′
1 + · · ·+ 1

n
XkX

′
k, (1)
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where Xi follows a matrix normal distribution, Xi ∼ Np,n(0,Σi,Ψi), for
all i = 1, · · · , k, Xi and Xj are independent for all i 6= j and An is a
non-random p × n matrix. The mean of the matrix normal distribution
is a p × n zero matrix and the dispersion matrix of Xi has the Kronecker
product structure, i.e. D[Xi] = D[vecXi] = Ψi⊗Σi , where both Σi and Ψi

are positive definite matrices. The notation vecX denotes vectorization of
the matrix, where the vectorization is done by stacking the columns of the
matrix under each other.

Matrices Qn defined as above are distinguished elements from the class
of matrices Q. The milestone result was given by Marchenko and Pastur in
[15] for k = 1, An = 0 for all n and X ∼ Np,n(0, σ2Ip, In), where Ik is a
k × k identity matrix.

Theorem 1.1 (Marčenko-Pastur Law). Consider the matrix Qn defined by
(1), with k = 1, An = 0 and X ∼ Np,n(0, σ2Ip, In). Then the asymptotic
spectral distribution is given by:
If p

n → c ∈ (0, 1]

µ′(x) =

√
[σ2(1 +

√
c)2 − x][x− σ2(1−

√
c)2]

2πcσ2x
1((1−

√
c)2σ2,(1+

√
c)2σ2)(x).

If p
n → c ≥ 1 (

1− 1

c

)
δ0 + µ,

where the asymptotic spectral density function is given as above and δ0
denotes Dirac delta, i.e. δ0(x) = 1 if x = 0, δ0(x) = 0 otherwise.

In the 40 years following the work [15] in the late 60’s, similar research
questions were investigated, including [25], [19], [18], [9], [8], [14], [6] and
[10]. In these publications one can distinguish works including, or not,
assumptions about identical and independent distribution of entrances, as
well as about the form of the matrix mean.

The Qn in our problem formulation is a special case discussed in [11].
Under a set of assumptions it is proved in [11] that there exists a determin-
istic equivalent to the empirical Stieltjes transform of the distribution of the
eigenvalues of Qn. More precisely, there exists a deterministic p× p matrix
valued function Tn(z), analytic in C \ R+, such that

lim
n→∞, p

n
→c

(
1

p
Tr(Qn − zIp)−1 −

1

p
Tr(Tn(z))

)
= 0 a.s. and ∀c > 0.

The limit n → ∞, p
n → c indicates that the Kolmogorov condition holds

and 1
p Tr(Qn − zIp)−1 is a version of the Stieltjes transform, see Section 2,

of the spectral distribution of the matrix Qn. TrA denotes the trace of a
square matrix, i.e. TrA =

∑
iAii, where A = (Aij).

Moreover, the example given in [11] shows that generally the convergence
of the spectral density of Qn fails, despite the existence of variance profiles
in some limits and despite the convergence of the spectral distribution for
non-random AnA

′
n. The example points out that to ensure convergence of

the spectral measure we must consider assumptions concerning boundness
of norm for rows and columns of the matrix An, existence of at least four
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moments of each of the matrix elements and a variance profile. The question
which arises is whether we are able to distinguish classes of matrices such
that the obtained asymptotic spectral distribution function is given by a
closed form expression.

2. Stieltjes and R-transform

The Stieltjes transform is a commonly used tool when studying the spec-
tral measure of random matrices. Thanks to good algebraic properties it sim-
plifies calculations provided in order to obtain the limit distribution of eigen-
values. It appears among others in formulations of a number of results pub-
lished within the Random matrix theory, see for example [15, 8, 19, 11]. The
Stieltjes transform is also referred to as the Cauchy transform ([4, 13, 17])
or the Stieltjes-Cauchy transform ([12, 1]). In this article we are following
the work by [5] and [17].

Definition 2.1 (Stieltjes transform). Let µ be a non-negative, finite Borel
measure on R. Then we define the Stieltjes transform of µ by

Gµ(z) =

∫
R

1

z − x
dµ(x),

for all z ∈ {z : z ∈ C,=(z) > 0}, where =(z) denotes the imaginary part of
the complex z.

Definition 2.1 above can be extended to all z ∈ C \ support(µ). Never-
theless, as we require G(z) to be analytical, our consideration is going to
be restricted to the upper half plane of C as a domain. There exists the
Stieltjes inversion formula that allows us to use the knowledge about the
transformation Gµ to derive the measure µ.

Theorem 2.1 (Stieltjes inversion formula). For any open interval I = (a, b),
such that neither a nor b are atoms for the probability measure µ, the
inversion formula

µ(I) = − 1

π
lim
y→0

∫
I
=Gµ(x+ iy)dx

holds. Here convergence is, with respect to the weak topology, on the space
of all real probability measures.

Moreover, the following theorem holds.

Theorem 2.2. Let µn be a sequence of probability measures on R and let
Gµn denote the Stieltjes transform of µn. Then:

a) if µn → µ weakly, where µ is a measure on R, then Gµn(z)→ Gµ(z)
pointwise for any z ∈ {z : z ∈ C,=(z) > 0}.

b) if Gµn(z) → G(z) pointwise, for all z ∈ {z : z ∈ C,=(z) > 0}
then there exists a unique non-negative and finite measure such that
G = Gµ and µn → µ weakly.

Defined in such a way, the Stieltjes transform is related to the moment
generating function Mµ(z) =

∑∞
k=0mkz

k, where {mk}k=1,... a sequence of

moments (i.e. mk(µ) =
∫
R t

kdµ(t)) by

G(z) =
1

z
Mµ

(
1

z

)
.
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Now consider an element of the space of Hermitian random matrices over
the complex plane X and note that analyzing the Stieltjes transform is
actually simplified to consideration of diagonal elements of the matrix (zIp−
X)−1 as

Gµ(z) =

∫
R

1

z − x
dµ(x) =

1

p
Tr(zIp − Λ)−1 =

1

p
Tr(zIp −X)−1,

where µ and Λ denote the empirical spectral distribution and the diagonal
matrix of eigenvalues of the matrix X, respectively. In the case of the space
of p × n matrices, for X ∈ Mp×n(C) and z ∈ {z : z ∈ C=(z) > 0} we also
have the following relation between the Stieltjes transforms of distribution
of XX∗ and X∗X, where ∗ stands for conjugate transpose.

n

p
GµX∗X (z) = GµXX∗ (z)−

p− n
pz

.

Although the Stieltjes transform is a convenient tool, the R-transform is
even better suited for studying Qn given in (1). The relation between the R-
and Stieltjes transform Gµ, or more precisely G−1µ , which is the inverse with
respect to composition, is often considered as a definition of the R-transform.

Definition 2.2. Let µ be a probability measure with compact support and
Gµ(z) the related Stieltjes transform. Then,

Rµ(z) = G−1µ (z)− 1

z
or equivalently Rµ(Gµ(z)) = z − 1

Gµ(z)

defines R-transform Rµ(z) for the underlying measure µ. If µ denotes the
measure associated with the matrix X, we equivalently use the notation
RX(z) := Rµ(z).

The equivalent approach to define R-transform is by formulation given in
Theorem 3.3, where, for the measures with compact support, the transform
is given using the free cumulants.

The R-transform will play an important role in this article so here we
recall some of its properties.
a) Non-linearity: RαX(z) = αRX(αz) for every element X of considered
space and scalar α;
b) For any two freely independent non-commutative random variables X,Y
from non-commutative space

RX+Y (z) = RX(z) +RY (z)

as formal power series;
c) Let X,Xn be elements of non-commutative space for n ∈ N. If

lim
n→∞

τ(Xk
n) = τ(Xk), k = 1, 2, . . . ,

then
lim
n→∞

RXn(y) = RX(y)

as formal power series (i.e., convergence of coefficients).
The first two mentioned properties in particular will be used frequently.
Thanks to the assumption about the asymptotical freeness of sumands of
matrix Q, the second property of R-transform can be used. That trans-
formation provides a way to obtain an analytical form of the asymptotic
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distribution of eigenvalues for the sums of certain random matrices and
plays the same role in the Free probability theory as the logarithm of the
Fourier transform in classical probability theory.

3. Free probability

Free probability theory, established in the middle of the 80’s by Voiculescu
in [22], together with the result published in [23] regarding asymptotic free-
ness of random matrices, have established a new branch of theories and tools
in the Random matrix theory such as the discussed R-transform. The free-
ness can be defined with the use of algebraic tools or given by equivalent
combinatorial definition based on ideas of non-crossing partitions.

The concept of freeness in a non-commutative space can be introduced
according to, among others, [17] and [24]. For further reading, see [13].
Definition 3.1 (Non-commutative ∗-probability space).
A non-commutative ∗-probability space is a pair (A, τ), where A is a unital
algebra over the field of complex numbers C with identity element 1A and
τ is a unital functional such that:

• τ : A → C is linear,
• τ(1A) = 1,
• τ(a∗a) ≥ 0 for all a ∈ A.

The algebra is equipped with a ∗-operation such that ∗ : A → A, (a∗)∗ = a
and (ab)∗ = b∗a∗ for all a, b ∈ A.

In this report we consider a particular example of a non-commutative
space (RMp(C), τ). Let (Ω,F , P ) be a probability space, then the RMp(C)
denotes the set of all p × p random matrices, where entries are complex
random variables in (Ω,F , P ) with finite moments of any order. Defined
in this way, RMp(C) is a ∗-algebra, with the classical matrix product as
multiplication and the conjugate transpose as ∗-operation. The ∗-algebra is
equipped with tracial functional τ defined as expectation of the normalized
trace Trp := 1

p Tr in the following way

τ(X) := E(Trp(X)) = E
(

1

p
Tr(X)

)
=

1

p
E(

p∑
i=1

λi) =
1

p

p∑
i=1

Eλi, (2)

where X = (Xij)
p
i,j=1 ∈ RMp(C).

The form of the chosen functional τ is determined by the fact that the
distribution of the eigenvalues is of particular interest to us. Notice that
for any normal matrix X ∈ (RMp(C), τ), the eigenvalue distribution µX is
the ∗-distribution with respect to a given functional τ defined uniquely on
compact support as ∫

znz̄kdµ(z) = τ(an(a∗)k).

Assume that support of ∗-distribution of a is real and compact, like in the
case of Qn. Then the real probability measure µ is related to the moments
by

τ(ak) =

∫
R
xkdµ(x)
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and is called a distribution of a. The distribution of a ∈ A on compact
support is characterized by its moments τ(a), τ(a2), . . ..

Keeping, for now, the general set up, we define freeness and asymptotic
freeness in non-commutative space.

Definition 3.2 (Freeness). Let C〈c1, . . . , cm〉 be a free algebra with generators
c1, . . . , cm, i.e. all polynomials in m non-commutative indeterminants.
The variables (a1, a2, . . . , am) and (b1, . . . , bn) are said to be free if and only
if for any (Pi, Qi)1≤i≤p ∈ (C〈a1, . . . , am〉 × C〈b1, . . . , bn〉)p such that

τ(Pi(a1, . . . , am)) = 0, τ(Qi(b1, . . . , bn)) = 0 ∀i = 1, . . . , p

the following equation holds

τ

( ∏
1≤i≤p

Pi(a1, . . . , am)Qi(b1, . . . , bn)

)
= 0.

One can prove that the freeness and commutativity can not take place
simultaneously.

The concept of asymptotic freeness was established by Voiculescu in [23],
where Gaussian random matrices with constant unitary matrices have been
discussed. The main result was given for the Gaussian Unitary Ensemble
(GUE), where an ensemble of random matrices is a family of random matri-
ces with a density function that expresses the probability density f of any
member of the family to be observed. There Hn → UHnU

−1 is a transfor-
mation which leaves f(Hn) invariant, U is a unitary matrix and matrices
Hn are complex Hermitian.

Theorem 3.1 (Voiculescu’s Asymptotic Freeness). Let Xp,1, Xp,2, . . . be in-
dependent (in the classical sense) p × p GUE. Then there exists functional
φ in some non-commutative polynomial algebra C〈X1, X2, . . .〉 such that

• (Xp,1, Xp,2, . . .) has a limit distribution φ as p→∞, i.e.,

φ(Xi1Xi2 · · ·Xik) = lim
p→∞

τp(Xp,i1Xp,i2 · · ·Xp,ik),

for all ij ∈ N, j ∈ N, where τp(X) = ETrpX .
• X1, X2, . . . are freely independent with respect to φ, see Definition

3.2.

The aforementioned work was followed by Dykema in [7] who replaced the
Gaussian entries of the matrices with more general non-Gaussian random
variables. Furthermore, the non-random diagonal matrices were general-
ized to some non-random block diagonal matrices, such that the block size
remained constant. In general, random matrices with independent entries
of size p × p tend to be asymptotically free while p → ∞ , under certain
conditions.

To give some additional examples, one can consider that two unitary p×p
matrices are asymptotically free and two i.i.d. p × p Gaussian distributed
random matrices are asymptotically free as p → ∞. We have asymptotic
freeness between i.i.d. Wigner matrices, defined as 1

2(X + X∗). This fact
will be explored in the following part of the article and has been proven by
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Dykema in [7]. The asymptotic free independence holds also for Gaussian
and Wishart random matrices and for Wigner and Wishart matrices, see [2].

Following [16] we want to point out that there exist matrices which are de-
pendent - in the classical sense - and asymptotically free, as well as matrices
with independent - in the classical sense - entries which are not asymptoti-
cally free.

Combinatorial interpretation of freeness, described using free cumulants
(see, Definition 3.4 given below), have been established by Speicher in [20]
and developed further in his and Nica’s book [17]. Using free cumulants, the
definition of R-transform equivalent to that of Section 2 can be given (see
Theorem 3.3 given below).

Definition 3.3 (Non-crossing partition. Recursive definition). The partition
V = {V1, . . . , Vp} is non-crossing if at least one of the Vi is a segment of
(1, . . . , r) i.e. it has the form Vi = (k, k + 1, . . . , k +m) and
{V1, . . . , Vi−1, Vi+1, . . . , Vp} is a non-crossing partition of {1, . . . , r} \ Vi.

Let the set of all non-crossing partitions over {1, . . . , r} be denoted by
NC(r). The free cumulants are defined according to Definition 3.4.

Definition 3.4 (Cumulant). Let (A, τ) be a non-commutative probability
space. Then, we define the cumulant functionals kk : Ak → C, for all i ∈ N
by the moment-cumulant relation

k1(a) = τ(a), τ(a1 · · · ak) =
∑

π∈NC(k)

kπ[a1, . . . , ak],

where the sum is taken over all non-crossing partitions of the set of elements
{a1, a2, . . . , ak}, where ai ∈ A for all i = 1, 2, . . . , k and

kπ[a1, . . . , ak] =

r∏
i=1

kV (i)[a1, . . . , ak] π = {V (1), . . . , V (r)},

kV [a1, . . . , ak] = ks(av(1), . . . , av(s)) V = (v(1), . . . , v(s)).

For X, which is an element of a non-commutative algebra (A, τ) we define
the cumulant of X as

kXn = kn(X, . . . ,X).

Note that the square brackets are used to denote the cumulants with respect
to the partitions, while the parentheses are used for the cumulants of some
sets of variables. To illustrate the difference, let us consider a two element
set {a1, a2}, such that a1, a2 belong to a non-commutative probability space
equipped with the tracial functional τ . Then, k1(ai) = τ(ai) for i = 1, 2.
The only non-crossing partitions of the two element set are segment {a1, a2}
or {a1}, {a2} so τ(a1a2) =

∑
π∈NC(2) kπ[a1, a2] = k2(a1, a2)+k1(a1)k1(a2) =

k2(a1, a2) + τ(a1)τ(a2). Hence k2(a1, a2) = τ(a1a2)− τ(a1)τ(a2) is a cumu-
lant of the 2-element set {a1, a2}, while kπ[a1, a2] denotes the cumulant of
partition π.

Such defined mixed free cumulants of free elements of ∗-algebra vanish
and the following theorem holds.
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Theorem 3.2. Let a, b ∈ A be free, then

ka+bn = kan + kbn,

for n ≥ 1.

Moreover, equivalently to the previously given definition, R-transform
could be defined through the free cumulants.

Theorem 3.3 (R-transform). Let µ be a probability measure with compact
support, with {ki}i=1,... as the sequence of cumulants (see Definition 3.4),
and Rµ(z) be an R-transform. Then

Rµ(z) =

∞∑
i=0

ki+1z
i

holds.

Note that the R-transform and the free cumulants {ki} essentially give us
the same information. Moreover, where it is not introducing confusion the
lower index can be skipped and the R-transform is simply denoted R(z).

4. Illustration of introduced notation on a 2× 2 matrix

Let us consider a non-commutative probability space (RM2, τ) of all 2×2
random matrices with the functional τ(A) = 1

2ETrA, where A ∈ RM2.

Then the matrix M = 1
2XX

′, where Xij ∼ N(0, 1) belongs to (RM2, τ). M
can be rewritten as

M =
1

2

(
X2

11 +X2
12 X11X21 +X12X22

X11X21 +X12X22 X2
22 +X2

21

)
.

Using the defined functional τ we can calculate the free moments of matrix
M .

τ(M) =
1

2
ETrM =

1

2
E

1

2
(X2

11 +X2
12 +X2

22 +X2
21) = 1

τ(M2) =
1

2
ETrM2

=
1

2
E

1

4
((X2

11 +X2
12)

2 + 2(X11X21 +X12X22)
2 + (X2

22 +X2
21)

2)

=
1

8
(3 + 2 + 3 + 2(1 + 1) + 3 + 2 + 3) =

20

8
=

5

2
= 2.5

τ(M3) = . . . = 9

τ(M4) = . . . = 41.5

The moments of the such defined p × p matrix M converge to the corre-
sponding moments of limiting matrix Mp→∞,

lim
p→∞

τ(Mk) = τ(Mk
p→∞).

Matrix W = pMp = XX ′ ∼ Wp(I, p). For Wishart matrix W the follow-
ing relation holds

E(TrW k+1) = kE(TrW k) +
∑

i+j=ki,j≥0
E(TrW i TrW j).
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Then,

τ(Mk+1
p ) =

1

pk+2
E(TrW k+1) =

k

pk+2
E(TrW k)+

1

pk+2

∑
i+j=k
i,j≥0

E(TrW i TrW j).

For example:

τ(Mp) =
1

p2
E(TrW 1) =

1

p2
E(TrW 0 TrW 0) =

p2

p2
= 1,

τ(M2
p ) =

1

p3
E(TrW 2) =

1

p3

(
E(TrW ) +

∑
i+j=1
i,j≥0

E(TrW i TrW j)

)

=
1

p3

(
p2 + 2E(TrW 0 TrW )

)
=

1

p3

(
p2 + 2pE(TrW )

)
=

1

p3

(
p2 + 2p3

)
= 2 +

1

p
−−−→
p→∞

2,

τ(M3
p ) =

1

p4
E(TrW 3) =

1

p4

(
2E(TrW 2) +

∑
i+j=2
i,j≥0

E(TrW i TrW j)

)

=
1

p4

(
2(p2 + 2p3) + 2E(TrW 0 TrW 2) + E(TrW TrW )

)
=

1

p4

(
2p2 + 4p3 + 2pE(TrW 2) + E(TrW )2

)
=

1

p4

(
2p2 + 4p3 + 2p(p2 + 2p3) + 3p2 + p2(p2 − 1)

)
=

4p2 + 6p3 + 5p4

p4
−−−→
p→∞

5,

τ(M4
p ) =

1

p5
E(TrW 4) =

1

p5

(
3E(TrW 3) +

∑
i+j=3
i,j≥0

E(TrW i TrW j)

)

=
1

p5

(
3(4p2 + 6p3 + 5p4) + 2E(TrW 0 TrW 3) + 2E(TrW TrW 2)

)
=

1

p5

(
3(4p2 + 6p3 + 5p4) + 2pE(TrW 3) + 2E(TrW TrW 2)

)
=

20p2 + 42p3 + 29p4 + 14p5

p5
−−−→
p→∞

14.

Some of the numerical results are presented in Table 1.
Then, using a recurrent formula for the cumulants, i.e. k1(M) = τ(M),

k2(M,M) = τ(M2)−τ(M)2, k3(M,M,M) = τ(M3)−3(τ(M2)−τ(M)2)τ(M)−
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Size τ(M) τ(M2) τ(M3) τ(M4) τ(M5) . . .
of matrix M

2× 2 1 2.5 9 41.5 232.5 . . .
3× 3 1 7

3 = 2.33 67
9 = 7.44 785

27 = 29.07 132.90 . . .
4× 4 1 9

4 = 2.25 27
4 = 6.75 387

16 = 24.19 99.14 . . .
. . . . . . . . . . . . . . . . . . . . .

p× p, p→∞ 1 2 5 14 42 . . .
Table 1. Values of moments for matrices of different sizes.

τ(M)3 = τ(M3)− 3τ(M2)τ(M) + 2τ(M)3, . . . we get the following free cu-
mulants for the 2× 2 matrix M :

k1(M) = τ(M) = 1,

k2(M,M) = τ(M2)− τ(M)2 = 2.5− 1 = 1.5,

k3(M,M,M) = τ(M3)− 3τ(M2)τ(M) + 2τ(M)3 = 3.5,

k4(M,M,M,M) = τ(M4)− 4k3(M,M,M)k1(M)− 2k2(M,M)2

− 6k2(M,M)k1(M)2 − k1(M)4 = 13.

and more generally for the p× p matrix Mp

k1(Mp) = τ(Mp) = 1,

k2(Mp,Mp) = τ(M2
p )− τ(Mp)

2 = 2 +
1

p
− 1 = 1 +

1

p
−−−→
p→∞

1,

k3(Mp,Mp,Mp) = τ(M3
p )− 3τ(M2

p )τ(Mp) + 2τ(Mp)
3

=
4p2 + 6p3 + 5p4

p4
− 3(2 +

1

p
) + 2

=
4p2 + 3p3 + p4

p4
−−−→
p→∞

1,

k4(Mp,Mp,Mp,Mp) = τ(M4
p )− 4k3(Mp,Mp,Mp)k1(Mp)− 2k2(Mp,Mp)

2

− 6k2(Mp,Mp)k1(Mp)
2 − k1(Mp)

4

=
20p2 + 42p3 + 29p4 + 14p5

p5
− 4

(
4p2 + 3p3 + p4

p4

)
− 2

(
1 +

1

p

)2

− 6

(
1 +

1

p

)
− 1

=
20p2 + 24p3 + 7p4 + p5

p5
−−−→
p→∞

1.

Reading the last row of Table 2 we obtain an asymptotic R-transform for
the desired matrices, i.e.

RM,p→∞(z) =
∞∑
j=0

kj+1z
j = 1 + z + z2 + z3 + . . . , (3)

Figure 1 illustrates the convergence of the R-transforms by presenting results
for 2×2, 3×3, 4×4, p×p, where p→∞ matrices obtained using the power
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Size of matrix M kM1 kM2 kM3 kM4 kM5 . . .

2× 2 1 1.5 3.5 13 67.75 . . .
3× 3 1 4

3 = 1.33 22
9 = 2.44 182

27 = 6.74 26.35 . . .
4× 4 1 5

4 = 1.25 2 73
16 = 4.5625 14.7025 . . .

. . . . . . . . . . . . . . . . . . . . .
p× p, p→∞ 1 1 1 1 1 . . .

Table 2. Values of cumulants for matrices of different sizes.

series extend up to the fourth degree cumulants.

Figure 1. R-transform (series up to the fourth power of
unknown variable) for the 2×2 matrix M (dotted blue line),
3×3 matrix (dashed blue line), 4×4 (dot-dashed black line)
and an asymptotic resultRM,p→∞(z) for the p×p dimensional
matrix when p→∞ (red solid line).

The Stieltjes transform can be calculated directly from the definition. Below
we show the calculation for the 2× 2 dimensional matrix M .

GM (z) =
1

2
ETr(zI −M)−1

= E

A︷ ︸︸ ︷
X2

11 +X2
12 +X2

21 +X2
22 − 4z

2X11X12X21X22 −X2
12(X2

21 − 2z)−X2
11(X2

22 − 2z) + 2(X2
21 +X2

12 − 2z)z︸ ︷︷ ︸
B

≈ EA
EB
− cov(A,B)

(EB)2
+

VarBEA
(EB)3

=
4− 4z

−(1− 2z)− (1− 2z) + 2(2− 2z)z
+

2(−6 + 11z − 18z2 + 12z3)

(1− 4z + 2z2)3

=
2(−5 + 8z − 26z2 + 40z3 − 20z4 + 4z5)

(2z2 − 4z + 1)3
.
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Asymptotically, for p × p matrices with p → ∞, such a matrix would have
the spectral distribution given by Marchenko-Pasur law with c = 1, i.e.
µ′p→∞(x) = 1

2πx

√
4x− x2, the corresponding Stieltjes transform

GM,p→∞(z) =
1

2π

∫ 4

0

√
4x− x2
x(z − x)

dx =
1

2
−
√

1

4
− 1

z

and R-transform

RM,p→∞(z) =
1

1− z
=

∞∑
j=0

zj = 1 + z + z2 + z3 + . . . ,

which of course agrees with the form obtained using free cumulants and
denoted as (3).

One can expect that the Stieltjes transform for the 2× 2 matrix will be a
sort of pure approximation of the asymptotic result. The relation between
GM (z) for a 2×2 dimensional matrix and GM,p→∞(z) is illustrated by Figure
2.

Figure 2. The Stieltjes transform GM (z) for the 2× 2 ma-
trix M (black dashed line) and asymptotic result GM,p→∞(z)
for the p×p dimensional matrix when p→∞ (red solid line).

We have calculated free moments and free cumulants for Mp→∞. Using the
free cumulants we calculate the R-transform as in formula (3), and then

the asymptotic spectral distribution is given by µ′p→∞(x) = 1
2πx

√
4x− x2.

The result was also obtained without using the Free probability theory by
Marchenko and Pasur. Due to knowledge about the asymptotical spectral
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measure, its classical moments and cumulants can be computed.

EX =

∫ 4

0
xµ′p→∞(x)dx =

∫ 4

0
x

1

2πx

√
4x− x2dx = 1,

EX2 =

∫ 4

0
x2µ′p→∞(x)dx =

∫ 4

0

x

2π

√
4x− x2dx = 2,

EX3 =

∫ 4

0
x3µ′p→∞(x)dx =

∫ 4

0

x2

2π

√
4x− x2dx = 5,

EX4 =

∫ 4

0
x4µ′p→∞(x)dx =

∫ 4

0

x3

2π

√
4x− x2dx = 14,

EX5 =

∫ 4

0
x5µ′p→∞(x)dx =

∫ 4

0

x4

2π

√
4x− x2dx = 42,

EX6 =

∫ 4

0
x6µ′p→∞(x)dx =

∫ 4

0

x5

2π

√
4x− x2dx = 132,

. . . .

As we see, the moments in the classical and free sense are the same. Let us
denote the ith moment by µi. The classical cumulants ck for that asymptotic
spectral measure are given by the moment-cumulant relation formula as

ck = µk −
k−1∑
m=1

(
k − 1

m− 1

)
cmµk−m.

Then

c1 = µ1 = 1,

c2 = µ2 − c1µ1 = µ2 − (µ1)
2 = 1,

c3 = µ3 − c1µ2 − 2c2µ1 = 1,

c4 = µ4 − c1µ3 − 3c2µ2 − 3c3µ1 = 0,

c5 = µ5 − c1µ4 − 4c2µ3 − 6c3µ2 − 4c4µ1 = −4,

c6 = µ6 − c1µ5 − 5c2µ4 − 10c3µ3 − 10c4µ2 − 5c5µ1 = −10,

. . . .

A set with 1,2 or 3 elements has no crossing partitions and that is why
the first three cumulants are the same in the free and classical sense. One
can already see from the fourth cumulant that those cumulants are different.
The mentioned difference comes from the fact that in the classical case we
consider all partitions, while in free probability, cumulants depend only on
non-crossing partitions. General calculations are provided for the fourth
cumulant. In the classical case we have

c4 = µ4 − c1µ3 − 3c2µ2 − 3c3µ1

= µ4 − µ1µ3 − 3(µ2 − (µ1)
2)µ2 − 3(µ3 − c1µ2 − 2c2µ1)µ1

= µ4 − 4µ1µ3 − 3µ22 + 12µ21µ2 − 6µ41,
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when the 4th free cumulant is given by

k4 = µ4 − 4k3k1 − 2k22 − 6k2k
2
1 − k41

= µ4 − 4(µ3 − 3µ2µ1 + 2µ31)µ1 − 2(µ2 − µ21)2 − 6(µ2 − µ21)µ21 − µ41
= µ4 − 4µ1µ3 − 2µ22 + 10µ21µ2 − 5µ41.

Then one can conclude that the difference between free and classical cumu-
lants is given by

k4 − c4 = µ4 − 4µ1µ3 − 2µ22 + 10µ21µ2 − 5µ41

−
(
µ4 − 4µ1µ3 − 3µ22 + 12µ21µ2 − 6µ41

)
= µ22 − 2µ21µ2 + µ41.

Then in the case of Marchenko-Pastur density the difference is k4 − c4 =
µ22 − 2µ21µ2 + µ41 = 1.

5. Analytical form of asymptotic spectral distribution

Due to the obtained asymptotic spectral distribution of the quadratic
form Qn in (1), asymptotic free independence of the sum of elements XiX

′
i is

used. Then the sum of the R-transforms for asymptotically free independent
elements leads us to the R-transform of Qn. The difficulty here is to be able
to analytically calculate the inverse Stieltjes transform. The general idea of
conducting calculations is given in Figure 3.

The distribution of each of the asymptotically free independent summands
leads to the corresponding Stieltjes transforms. Using Definition 2.2 we
obtain the R-transforms, which are then added. The form of the calculated
Stieltjes transform GX+Y+...+Z allows us, in some cases, to obtain a closed
form expression for the asymptotic spectral density function. The particular
class of matrices with the closed form solution is given by the Theorem 5.1.

Figure 3. Graphical illustration of the procedure of cal-
culating the asymptotic spectral distribution function using
the knowledge about asymptotic spectral distribution of its
asymptotically free independent summands.
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In the next subsection we consider a particular form of the matrix qua-
dratic form Qn, when Xi ∼ Np,n(0, I, I), i = 1, . . . , k, for which the above
proceeding allows us to obtain the asymptotic spectral distribution.

5.1. Asymptotic spectral distribution of the matrix Qn when Σ = I
and Ψ = I. If we consider Qn, the sum of matrices as in (1) with covariance
matrices Σ = I, Ψ = I and constant c = 1, then by the Marčenko-Pastur
Law the spectral density for Bi = 1

nXiX
′
i is given by

µ′(x) =
1

2πx

√
4x− x2.

Hence,

GBi(z) =
1

2π

∫ 4

0

√
4x− x2
x(z − x)

dx =
1

2
−
√

1

4
− 1

z
,

GBi
−1(z) =

1

(1− z)z
,

RBi(z) =
1

(1− z)z
− 1

z
=

1

1− z
.

Then as Bi and Bj are asymptotically free for i 6= j (∗), see [7], we obtain
the R-transform of Qn as

RQn(z) = RB1+···+Bk
(z)

(∗)
= kRBi(z) =

k

1− z
.

Hence,

GQn
−1(z) =

k

1− z
+

1

z
=
z(k − 1) + 1

(1− z)z
and

GQn(z) =
1

2

[
1 +

1− k
z
−
√

1− 2(k + 1)

z
+

(k − 1)2

z2

]
. (4)

To make notation more compact, denote

M := i

(
2(1 + k)y

x2 + y2
− 2(k − 1)2xy

(x2 + y2)2

)
+

(
1 +

(k − 1)2(x2 − y2)

(x2 + y2)2
− 2(k + 1)x

x2 + y2

)
.

Then from the Stieltjes transform given by

GQn(x+ iy) =
1

2
+

x(1− k)

2(x2 + y2)
−
√
|M |+ <M

2
√

2
− i

(
y(1− k)

2(x2 + y2)
+

1

2
√

2

√
|M | − <M

)
.

using the formula for the inverse of the Stieltjes transform, we obtain a
closed form expression for the asymptotic spectral density function:

µ′(x) =
1

2π
√

2

√√√√√(
1 +

(k − 1)2x2

x4
− 2(k + 1)x

x2

)2

−
(

1 +
(k − 1)2x2

x4
− 2(k + 1)x

x2

)

=

√
[k + 1 + 2

√
k − x][x− k − 1 + 2

√
k]

2πx
1(k+1−2

√
k,k+1+2

√
k)(x).

For c 6= 1 the matrix Qn has a spectral density function given by

µ′(x) =

√
[(
√
k +
√
c)2 − x][x− (

√
k −
√
c)2]

2πcx
1((
√
k−
√
c)2,(
√
k+
√
c)2)(x).

Now the result is stated for Σ = σ2I and Ψ = I.
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Theorem 5.1. Let Qn be a p× p dimensional matrix defined as

Qn =
1

n
X1X

′
1 + · · ·+ 1

n
XkX

′
k,

where Xi ∼ Np,n(0, σ2I, I), i.e., Xi is a p×n matrix following a matrix nor-
mal distribution. Then, an asymptotic spectral distribution of Qn, denoted
by µ, is determined by the spectral density function

µ′(x) =

√
[σ2(
√
k +
√
c)2 − x][x− σ2(

√
k −
√
c)2]

2πcxσ2
1M (x), (5)

where M = (σ2(
√
k −
√
c)2, σ2(

√
k +
√
c)2), n → ∞ and the Kolmogorov

condition, p(n)
n = c, holds.

The spectral density function obtained using formula (5) in Theorem 5.1
and the empirical spectral density function in the form of a histogram for
the generated random matrices are presented in Figure 4.

5 10 15 20

0.02

0.04

0.06

0.08

0.10

(a) a

5 10 15 20

0.02

0.04

0.06

0.08

0.10

(b) b

160 180 200 220 240

0.005

0.010

0.015

(c) c

160 180 200 220 240

0.005

0.010

0.015

(d) d

Figure 4. Comparison of the empirical spectral density
function for 20 in [a,c] and 200 in [b,d] realizations (his-
togram) and theoretical asymptotic spectral density function
(dashed line), given in (5) with k = 5 in [a,b], k = 100 in
[c,d]. In all cases σ = 1.4 and c = p

n , where p = 200 and
n = 200.

Figures 4[a,b] are for the sum of k = 5 p × p matrices, while for Figures
4[c,d] the number of k summands has been increased 20 times. Together
with the increase of k, the increase of the values of the eigenvalues and of
the length of the support for the asymptotic spectral distribution is observed.
Figure 5 illustrates the described behaviour with respect to k.
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500 1000 1500 2000 2500

0.005

0.010

0.015

0.020

0.025

0.030

0.035

Figure 5. Theoretical asymptotic spectral density functions
for increasing amount of summands, given in (5). Figures,
from the left to right, are for k = 20, 50, 100, 200, . . . , 1200.
In all cases σ = 1.4 and c = p

n , where p = n = 200.

5.2. Class of matrices with closed formula for asymptotic spectral
distribution function. In this section we point out classes of matrices
for which it is possible to obtain a closed form of the asymptotic spectral
distribution. Class is characterized by a general form of inverse with respect
to the composition of the Stieltjes transform (Theorem 5.2) or of the R-
transform as it is presented later in Example 5.1.

Theorem 5.2. For any p × p dimensional matrix Q ∈ Q with inverse with
respect to the composition of the Stieltjes transform of the form

G−1(z) =
az + b

cz2 + dz + e
, (6)

where a, b, c, d, e ∈ R, c 6= 0, d2 − 4ce 6= 0 has the asymptotic spectral
distribution

µ′(x) =
1

2πx

√
(−d2 + 4ce)x2 − a2 − 2(2bc− ad)x1D(x),

when the Kolmogorov condition holds, i.e. p(n)
n → c ∈ (0,∞) for n → ∞

and

D :=

{
x :

ad− 2bc− 2
√
b2c2 − abcd+ a2ce

d2 − 4ce
< x <

ad− 2bc+ 2
√
b2c2 − abcd+ a2ce

d2 − 4ce

}
.

Proof. Let the inverse, with respect to the composition, of the Stieltjes trans-
form be as in (6). Then,

z(cG2(z) + dG(z) + e) = aG(z) + b,

G(z) =
1

2

[
− d

c
+

a

cz
−
√
d2 − 4ce+

2(2bc− ad)

z
+
a2

z2

]
,

which in particular for a = k − 1, b = 1, c = −1, d = 1 and e = 0 leads
to (4). To compute the asymptotic spectral density function we put up the
Stieltjes transform with respect to the complex variable

G(x+ iy) =

= − d

2c
+

xa

2c(x2 + y2)
− 1

2
cos

(
1

2
φ

)
r − i

(
ya

2c(x2 + y2)
+

1

2
sin

(
1

2
φ

)
r

)
,
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where

φ = Arg

(
d2 − 4ce+

2(2bc− ad)

z
+
a2

z2

)
,

r = 4

√(
−2(2bc− ad)y

x2 + y2
− 2a2xy

(x2 + y2)2

)2

+

(
d2 − 4ce+

a2(x2 − y2)

(x2 + y2)2
+

2(2bc− ad)x

x2 + y2

)2

.

After calculations which in a special case were carried out in Subsection 5.1
we obtain

G(x+ iy) = − d

2c
+

xa

2c(x2 + y2)

− 1

2
√

2

√
r2 + d2 − 4ce+

a2(x2 − y2)

(x2 + y2)2
+

2(2bc− ad)x

x2 + y2

− i

(
ya

2c(x2 + y2)
+

1

2
√

2

√
r2 −

(
d2 − 4ce+

a2(x2 − y2)

(x2 + y2)2
+

2(2bc− ad)x

x2 + y2

))
,

µ′(x) =
1

π
lim
y→0

[
ya

2c(x2 + y2)
+

1

2
√

2

√
r2 − d2 + 4ce− a2(x2 − y2)

(x2 + y2)2
− 2(2bc− ad)x

x2 + y2

]
=

1

2πx

√
(−d2 + 4ce)x2 − a2 − 2(2bc− ad)x1D(x),

whereD :=

{
x ∈ R : x ∈

(
ad−2bc−2

√
b2c2−abcd+a2ce
d2−4ce , ad−2bc+2

√
b2c2−abcd+a2ce
d2−4ce

)}
.

Hence we have obtained an analytical solution for the whole class of matrices
with

G−1(z) =
az + b

cz2 + dz + e
.

�

Remark 5.1. The class of the matrices with inverse, with respect to the
composition, of the Stieltjes transform given by Theorem 5.2 is equivalent
to the class of matrices with R-transform given by the formula:

R(z) =
(a− c)z2 + (b− d)z − e

z(cz2 + dz + e)
.

Theorem 5.2 applied to the formulation discussed in Subsection 5.1 di-
rectly gives the asymptotic spectral distribution given by formula (5).

Let us consider the p× p dimensional matrix Q ∈ Q with R-transform of
the form

R(z) =
az2 + bz + c

dz + e
.

Then the sum of a Wigner and a Wishart matrix can be given as an example
in which the asymptotic spectral distribution can be obtained by analytic
tools.

Example 5.1 (Asymptotic spectral distribution for Q=Wigner+Wishart).
The density for the Wigner matrix is given by

µ′(x) =
1

2π

√
4− x2,
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GWigner(z) =
1

2π

∫ 2

−2

√
4− x2
z − x

dx =
z

2
−
√
z2 − 4

2
,

RWigner(z) = z,

where for the Wishart matrix RWishart(z) = 1
1−z . Then,

RWigner+Wishart = z +
1

1− z
=
z − z2 + 1

1− z
.

G−1Wigner+Wishart(z) =
z − z2 + 1

1− z
+

1

z
=
z2 − z3 + 1

z(1− z)

Hence the Stieltjes transform can be computed and then also the spectral
density of a sum of Wigner and Wishart matrices. The comparison of the
empirical spectral density function and the theoretical asymptotic spectral
density function for sum of the Wigner and Wishart matrices with c = 2 is
given by Figure 6.

0 2 4 6

0.05

0.10

0.15

0.20

0.25

Figure 6. Comparison of the empirical spectral density
function for a Wigner plus Wishart matrix for 100 realiza-
tions (histogram) and its theoretical asymptotic spectral den-
sity function (dashed line) with c = p

n = 220
110 = 2.

If one considers c as an argument of the distribution function, the 3-
dimensional illustration is given by Figure 7[a]. Then the 3D figure has been
projected to 2D for each of c = 2, 4, 8 in the Figures 7[b,c,d], respectively.
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(a)
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Figure 7. Asymptotic spectral density function for the
sums of Wigner and Wishart matrices. [a] 3D plot of dis-
tribution c = p

n ∈ [2, 100], z ∈ [−3, 7]. [b, c, d] 2D plot of
distribution for c = p

n = 2, 4, 8, respectively, and z ∈ [−3, 7]

6. Conclusions

In this paper we introduce the reader to a number of concepts of Free
Probability theory such as free moments, free cumulants and non-crossing
partitions. A number of results regarding the Stieltjes and R-transform
have been provided. A comparison between the free and classical spaces
was made. We put theorems that give a sufficient condition for the sum of
free independent matrix quadratic forms to have closed form of asymptotic
spectral distribution. All results are given with proof, and examples are
illustrated with figures.
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LINKÖPING UNIVERSITY, 581 83 LINKÖPING, SWEDEN
E-mail address: JOLANTA.PIELASZKIEWICZ@LIU.SE
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