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One-sided interval edge-colorings of bipartite graphs

Carl Johan Casselgren* Bjarne Toft!
Department of Mathematics Department of Mathematics

Linkoping University University of Southern Denmark
SE-581 83 Linkoping, Sweden DK-5230 Odense, Denmark

Abstract. Let G be a bipartite graph with bipartition (X,Y). An X-interval coloring of
G is a proper edge-coloring of GG by integers such that the colors on the edges incident to
any vertex in X form an interval. Denote by x},,(G,X) the minimum k such that G has
an X-interval coloring with &k colors. In this paper we give various upper and lower bounds
on Xin (G, X) in terms of the vertex degrees of G. We also determine x},,(G, X) exactly for
some classes of bipartite graphs G. Furthermore, we present upper bounds on /. (G, X)
for classes of bipartite graphs G with maximum degree A(G) at most 9: in particular, if
A(G) = 4, then x} (G, X) < 6; if A(G) = 5, then x},,(G,X) < 15; if A(G) = 6, then
Xt (G, X)) < 33.

1 Introduction

An interval coloring of a graph G is a proper edge-coloring of G by integers such that the
colors on the edges incident to any vertex of G form an interval of integers. The notion of
interval coloring was introduced by Asratian and Kamalian [5] (available in English as [4]),
motivated by the problem of finding compact school timetables, that is, timetables such that
the lectures of each teacher and each class are scheduled at consecutive periods. Hansen
[11] suggested another scenario (first described by Jesper Bang-Jensen): a school wishes to
schedule parent-teacher conferences in time slots so that every person’s conferences occur in
consecutive slots. A solution exists if and only if the bipartite graph with vertices for the
people and edges for the required meetings has an interval coloring.

In the context of edge-colorings, and particularly edge-colorings of bipartite graphs, it is
common to consider the general model in which multiple edges are allowed. In this paper,
we adopt the convention that “graph” allows multiple edges, and we will explicitly exclude
multiple edges when necessary (a simple graph is a graph without loops or multiple edges).

All regular bipartite graphs have interval colorings, since they decompose into perfect
matchings. Not every graph has an interval coloring, since a graph G with an interval
coloring must have a proper A(G)-edge-coloring [5]. Furthermore, Sevastjanov [18] proved
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that determining whether a bipartite graph has an interval coloring is NP-complete; he also
gave the first example of a bipartite graph with no interval coloring. (A referee has informed
us that the first example of a bipartite graph with no interval coloring was constructed by
Mirumyan in 1989, but it was not published; so Sevastjanov’s paper [18] contains the first
published such example.) Nevertheless, trees [11, 4], regular and complete bipartite graphs
[11, 4], grids [10], and simple outerplanar bipartite graphs [9, 6] all have interval colorings.!

A well-known conjecture suggests that all (a, b)-biregular graphs have interval colorings
(see e.g. [11, 14, 19]), where a bipartite graph is (a, b)-bireqular if all vertices in one part have
degree a and all vertices in the other part have degree b. By results of [11] and [13], all (2, b)-
biregular graphs admit interval colorings (the latter result was also obtained independently
by Kostochka [16] and by Kamalian et al.?). Several sufficient conditions for a (3, 4)-biregular
graph G to admit an interval 6-coloring have been obtained [3, 17, 20]; however, it is still
open whether all (3,4)-biregular graphs have interval colorings. In [7] we proved that every
(3, 6)-biregular graph has an interval 7-coloring and in [8] it was proved that large families
of (3,5)-biregular graphs admit interval colorings.

In this paper we study the following relaxation of the problem of finding interval colorings
of bipartite graphs: for a bipartite graph G' with parts X and Y, an X -interval coloring (or
one-sided interval coloring) of G is a proper edge-coloring of G such that the colors on the
edges incident to any vertex of X form an interval of integers. This kind of edge-coloring
seems to have been first considered in [4, 5]. Note that a one-sided interval coloring of a
bipartite graph has a natural interpretation as a timetable where lectures are scheduled at
consecutive time slots for the teachers or for the classes. For the graph G in the scenario by
Hansen discussed above, a one-sided interval coloring of GG corresponds to a schedule where
the meetings are consecutive for the parents or for the teachers.

Trivially, every bipartite graph G with parts X and Y has an X-interval coloring with
|E(G)| colors. We denote by x4,.,(G, X) the smallest integer ¢ such that there is an X-interval
t-coloring of G. Note that, in general, the problem of computing x/,,(G, X) is N'P-hard; this
follows from the result of [2] where it is proved that determining whether a given (3,6)-
biregular graph has an interval 6-coloring is N/P-complete.

Asratian (see e.g. [1]) proved that if a bipartite graph G' with parts X and Y satisfies
dg(z) > dg(y) for all edges xy € E(G), where z € X and y € Y, and where dg(x) denotes
the degree of x in G, then G has an X-interval coloring such that each vertex = € X receives
colors 1,...,dg(x) on its incident edges. Moreover, in [4, 5] it is proved that for any t
satisfying x},,(G,X) < t < |E(G)|, there is an X-interval t-coloring of G such that for
i€ {l,...,t}, some edge of G is colored i.

For a bipartite graph G with parts X and Y, denote by 0(X) the minimum degree in
X, by A(X) the maximum degree in X, and by A(G) the maximum degree of G. In this
paper we obtain a number of results on one-sided interval colorings of bipartite graphs; in
particular we prove the following:

LA referee has informed us that the result for trees and complete bipartite graphs first appeared in [R.R.
Kamlian, Interval colorings of complete bipartite graphs and trees, preprint, Comp. Cen. of Acad. Sci. of
Armenian SSR, Yerevan, 1989 (in Russian).]

2A referee has informed us that the fact that (2,b)-biregular graphs have interval colorings was also
obtained by Kamalian and Mirumyan in [Kamalian, Mirumyan, Interval edge-colorings of bipartite graphs
of some class, Dokl. NAN RA, 97 (1997), pp. 3-5 (in Russian)].



e If M is a maximum matching in G, then

[%w 0(X) < Xi(G, X) < [%W A(X).

A slightly weaker form of the second inequality was first obtained by Kamalian [15].

o If A(G) =D and 6(X) = D —1, then x},,(G,X) <2D—2;if G is (D — 1, D)-biregular
with A(X) = D — 1, then x},,(G,X) =2D — 2.

e If A(G) = D and the vertex degrees in X are in {1,dy,...,dy, D — 1, D}, where
l<di<---<dpy<D-—1,

then

k
Xint(G, X) < 2D +dj =3+ ((5) — (D +d; - 1)) d;.
i=1 i

o If A(X) =3 and A(Y) = 5, then x},,(G,X) < 7;if A(X) =3 and A(Y) = 6, then

o If dg(z) = 3 for each x € X and A(Y') <9, then x},,(G, X) < 17; if dg(x) = 4 for each
x € X and A(Y) <8, then x},,(G, X) < 10.

o If A(G) = 4, then x},(G,X) < 6; if A(G) = 5, then X}, (G, X) < 15; if A(G) = 6,
then x4, (G, X) < 33.

All our proofs of upper bounds on x},,(G, X) are constructive and yield polynomial algo-
rithms for constructing the corresponding colorings.

2 General results

We first introduce some terminology and notation and also state some preliminary results.
Throughout the paper, we let an X, Y -bigraph be a bipartite graph with bipartition (X,Y),
and we use E(G) for the edge set of a graph G. When considering vertices x and y in a X, Y-
bigraph, we shall always assume that z € X and y € Y, unless otherwise stated. Moreover,
we use the convention that if an X, Y-bigraph G is (a, b)-biregular, then the vertices in X
have degree a.

If S C V(G), then G[S] denotes the subgraph of G induced by S; and if E' C E(G), then
G[FE'] is the subgraph of G induced by F’, i.e., the subgraph induced by all vertices which
are endpoints of edges in F'.

For an edge-coloring ¢ of a graph G, let M(p,i) = {e € E(G) : p(e) = i}. We define
Gu(i,7) = G[M(p,i)UM(p,j)]. If e € M(p,1), then e is colored i under . If ¢ is a proper t-
edge-coloring of G and 1 <4, j < t, then a path (cycle) in G,(¢, j) is called a ¢ — (i, j)-colored
path (cycle) in G. We also say that such a path or cycle is p-bicolored. By switching colors
i and j on a connected component of G, (i, ), we obtain another proper t-edge-coloring of



G. We call this operation a -interchange (or just an interchange or a Kempe change if the
coloring is clear from the context).

For a vertex v € V(G), we say that a color i appears at v under o if there is an edge e
incident to v with p(e) = i, and we set

p(v) ={p(e) : e € E(G) and e is incident to v}.

If ¢ ¢ ¢(v), then ¢ is missing at v. Moreover, if p(v) = {c}, that is, ¢(v) is singleton, then
¢(v) usually denotes the color ¢ rather than the set {c}. In the above definitions, we often
leave out the explicit reference to the coloring ¢, if the coloring is clear from the context. We
shall say that a proper edge-coloring ¢ of a graph G is interval at a vertex v € V(QG) if the
set ¢(v) is an interval of integers.

We shall use the following results [11, 13] quite frequently.

Theorem 2.1. Let G be a bipartite graph.

(i) If G is (2, 2k)-biregular for some positive integer k, then G has an interval 2k-coloring
where for each vertex x of degree 2 there is a positive integer j such that the edges
incident to x are colored 2j — 1 and 2j (i.e. the smaller color is odd).

(ii) If G is (2,2k +1)-biregular for some positive integer k, then G has an interval (2k+2)-
coloring.

For future reference let us also state the following proposition due to Asratian (see e.g.
[1])-

Proposition 2.2. If G is an X,Y -bigraph such that dg(z) > dg(y) for each xy € E(G),
where x € X and y € Y, then G has an X-interval A(X)-coloring.

Our first result yields general lower and upper bounds on x},,(G, X). Denote by o/(G)
the size of a maximum matching in G.

Theorem 2.3. If G is an X,Y -bigraph, then

| 900 < Xl6.3) < | 55| A @)

Proof. Let f be an X-interval t-coloring of GG. For the first inequality, let ¢ be the maxi-
mum integer such that some edge in G is colored ¢d(X). Consider the edges colored 6(X),
26(X),...,q0(X) under f. A vertex in X is incident to at least one of these edges. Hence,

X[ <Y D IM(f,i6(X)| < qM],

1=1

which implies that ¢ > [ X —‘ Since t > ¢d(X ), we have

¥(e)
0> | | A0
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Now we prove the second inequality. Partition X into sets Xi, Xs,... of size at most
%
H; of G that has maximum degree at most A(X). Also, dy,(z) > dp,(y) for each zy € E(H;).
Thus, by Proposition 2.2, each H; can be properly edge colored with at most A(X) colors in
such a way that each vertex in X; gets an interval of colors on its incident edges. By using
different colors for one-sided interval colorings of each of the subgraphs Hi, Hs, ..., we get

an X-interval coloring of GG. Hence,

0(X). The minimum number of sets is W For each 1, the set X; UY spans a subgraph

Xt (G, X) < [%—‘ A(X).

O

The second inequality in (2.1) was obtained by Kamalian [15] for the case when 6(X) =
A(X), using essentially the same proof technique as above. In fact, the proof of this inequality
illustrates a technique that will be used quite frequently in the following, namely that for
obtaining an X-interval coloring of an X, Y-bigraph G with a partition

X=XjU---UX,
of X, it suffices to construct proper edge-colorings fi,..., f,, of
GX,UY],....GIX,UY],

respectively, such that each f; is interval at every vertex of X;, and the sets of colors used by
fiy, and f;, are disjoint if 41 # 5.

Note further that for complete bipartite graphs, for example, both bounds in (2.1) are
sharp. There are also some other X, Y-bigraphs G with §(X) = A(X) for which Theorem
2.3 gives an exact value on x},,(G, X):

o If A(X) > d/(G), then o/(G) = |X| and x},,(G, X) = A(X);

o if A(X) = o(G), then X, (G, X) = | 25| A(X);
o if A(X)=0a/(G)—1and 0 <t < A(X) —1, then for 0 < A(X)? —tA(X) — | X| <t
we have
Xint (G, X) = (A(X) — 1) A(X).

As we shall see, the upper bound in (2.1) can in general be improved if | X| is substantially
larger than A(G), while the lower bound in (2.1) is best possible for a larger class of bipartite
graphs, including, for example, regular and (a, b)-biregular graphs of arbitrary order.

Let G be an X, Y-bigraph. By Koénig’s edge-coloring theorem, there is a proper A(G)-
edge-coloring ¢ of G. Partition X into sets Xi, Xs,... such that for any two vertices x
and 2’ in X, if z,2" € X;, then p(x) = ¢(2'); and if x € X, and 2’ € X, j # i, then
¢(x) # p(2'). The number of sets is at most 22(%) | and for each i, the set X; UY spans a
subgraph H; that has maximum degree at most A(X). Moreover, for each zy € E(H;) we
have dy,(x) > dy,(y), which by Proposition 2.2 means that each H; can be properly edge
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colored with at most A(X) colors in such a way that each vertex in X; gets an interval of
colors on its incident edges. Hence,

Xt (G, X) < 22DA(X). (2.2)

In the following we shall present some improvements of this general upper bound on
Xint (G, X). We first consider X, Y-bigraphs with A(X) —d(X) < 1.

Theorem 2.4. Let G be an X, Y -bigraph. If A(G) = D and §(X) = D —1, for some positive
integer D, then X, (G, X) < 2D —2. If, in addition o/ (G) < |X|, then x},,(G, X) =2D —2.

Proof. Consider a proper D-edge-coloring ¢ of G; such a coloring exists by Konig’s edge-
coloring theorem. The colors on the edges incident to any vertex z € X of degree D form
an interval. For every vertex = € X of degree D — 1, there is exactly one color in {1,..., D}
missing at x; let ¢, be the color missing at such a vertex x. We define a new edge-coloring
¢ of G from ¢ as follows. For each edge e incident to a vertex = € X of degree D — 1 with
c: & {1, D}, set

o(e) if p(e) > ¢y,
and retain the color of every other edge of G. It is easy to verify that ¢’ is an X-interval
(2D — 2)-coloring of G.
If |[M| < |X| holds for any matching M of G, then x} ,(G,X) > 2D — 2, by Theorem
2.3. O

e) = {go(e) +D if ple) < ¢y,

The proof of Theorem 2.4 is still valid if we allow vertices of degree 1 to appear in
X. Moreover, Theorem 2.4 implies that if an X, Y-bigraph G is (D — 1, D)-biregular, then
Xint (G, X) = 2D — 2, which in fact matches the lower bound a + b — ged(a, b) for the number
of colors in an interval coloring of an (a, b)-biregular graph, obtained by Hanson et al. [12].

For an X, Y-bigraph GG whose vertices in X all have degree d, we have the following upper
bound on X}, (G, X).

Theorem 2.5. If G is an X,Y -bigraph with mazimum degree D and the vertices in X all
have degree in {1,d, D}, where 1 <d < D — 1, then

Xt (G, X) < D+2d—2+ ((S) —(D+d—1)> d.

Proof. Consider a proper D-edge-coloring ¢ of G. We define the following sets of subsets of
A=A{1,...,D}.

e A; is the set consisting of all subsets of size 1 or D of A;
e A, is the set of all subsets of size d of A that are intervals;

e Aj is the set of all subsets of size d of A that are cyclic intervals modulo D, but not
intervals, that is, B € Az if

B={l,...,k}yU{D—d+k+1,...,D},

for some positive integer k satisfying 1 < k <d — 1;
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e A, is the set of all subsets B of size d of A such that D ¢ B, and B is a cyclic interval
modulo D — 1, but not an interval, that is, B € Ay if

B=A{1l,... ) k}u{D—-d+k,...,D—1},
for some positive integer k satisfying 1 < k <d — 1.
It is easy to see that
|Asl| =D —d+1,|As] =d—1,|Ay] =d — 1. (2.3)

For i € {1,2,3,4}, let X; be the set of all vertices z € X such that p(x) € A;. Clearly,
XinX; =0ifq ;éj Set X = X; UX,UX3UX, and X/ = X\X We then have that every
vertex of X’ has degree d in G.

We will now define a proper edge-coloring f of G [X UY] from ¢ that is interval at every
vertex of X. We shall consider each vertex = € X once, and simultaneously recolor some of
the edges incident to x.

First note that vertices in X of degree D or 1 have colors which form an interval on their
incident edges. Hence, for edges e incident to such vertices we simply set f(e) = ¢(e). For
any edge e incident to a vertex x € Xy, we also set f(e) = p(e).

Next, consider a vertex x € X3. For such a vertex x, we have

o) ={1,...,k}U{D—-d+k,+1,...,D},
for some positive integer k, < d. For edges e incident to such a vertex z we define f as
follows:

£(e) ple)+ D it 1 <ple) <k,
e) =
o(e) if D—d+k,+1<¢(e) <D.
For a vertex € X4, we have that

o) ={1,... )k} U{D —-d+k,,...,D—1},

for some positive integer k, < d, and we define f on the edges incident to x as follows:

£(e) ple)=D+1 ifD—d+k, <yple) <D-1,

) —
p(e) if 1< ple) < ka,

The obtained coloring f is proper and interval at every vertex of X. Moreover, it uses

D + 2d — 2 colors.

Now consider the subgraph G[X'UY]. For a vertex x € X', it follows from (2.3) that
there are () — (D +d — 1) d-subsets of {1,..., D} that may equal o(z). Set

= (2) - vy

and consider a partition X]U---U X] of X’ such that all vertices in X/ have the same set of
colors on their incident edges. Note that A(G[X]UY]) = d or G[X]UY] has no edges. Thus
by Proposition 2.2, each subgraph G[X! U Y] has an X/-interval d-coloring.

7



We define a coloring f” of the edges of G[X' U Y] by for each i € {1,...,t}, using d new
colors (distinct from the ones used in f) for an X/-interval d-coloring of G[X! U Y]. The
resulting coloring f” is X’-interval and uses ((Z)) —(D+d- 1)) d colors.

The coloring of G induced by f’ and f is proper, interval at every vertex of X and uses

exactly
D
D+2d—2+<<d) —(D+d—1))d

colors. 0

From the result of Theorem 2.4 we can prove the following theorem yielding another
upper bound on x},,(G, X).

Theorem 2.6. Let G be an X, Y -bigraph with maximum degree D. If each vertex in X has
degree 1,d — 1,d or D, where D > d, then

X%«%X%§D+<(S)—(D—d+U)@d—m.

Proof. Consider a proper D-edge-coloring ¢ of G. We define a subset X’ C X, by for each
vertex € X including = in X' if and only if p(z) is an interval. Note that the restriction
of ¢ to G[X'UY] is X'-interval and uses D colors. Set X” = X \ X’. We will now define
an X”-interval coloring of G[X” U Y] that uses at most ((g) — (D —d+1))(2d - 2) colors.
This suffices for proving the theorem.

There are (g) — (D —d+1) d-subsets of {1,..., D} that are not intervals. Set

t:<g)—(D—d+D

and denote these subsets by A;,..., A;,. Fori € {1,...,t}, let X2 be the set of vertices » € X
of degree d such that p(z) = A;.

Note further that since D > d, each (d — 1)-subset of {1,..., D} that is not an interval
is contained in at least one of the sets A;, ..., A;. For each such (d — 1)-subset B;, choose a
set A; from Ay, ..., A; that contains B;. We say that B; is associated with A;.

Fori € {1,...,t}, let G; be the subgraph of G induced by X¢, Y and all vertices z € X
of degree d — 1 such that ¢(x) is associated with A;. Let X; and Y be the parts of each G;
and note that A(G;) < d and 6(X;) > d — 1 or G; has no edges. For i € {1,...,t}, we will
now define an X;-interval coloring f; of G;. We consider some different cases.

e If A(G;) = d—1, then G, has a proper (d — 1)-edge-coloring, so we can choose f; by
letting it be such a coloring of G;.

o If A(G;) = d(X;) = d, then G; has a proper d-edge-coloring, so we can define f; by
letting it be such a coloring of G;.

e Otherwise, if A(G;) = d and 6(X;) = d — 1, then it follows from Theorem 2.4 that G;
has an X;-interval (2d — 2)-coloring. Define f; to be such a coloring of Gj;.



By repeating this procedure for each G; and using different colors for each f; we get an
X"-interval coloring of G[X” UY] using at most ((}) — (D —d + 1)) (2d — 2) colors. 0O

Let G be an X, Y-bigraph where each vertex in X has degree 1,d—1,d or D. By applying
Theorem 2.5 to the subgraph G of G induced by Y and all vertices of degree d — 1 in X,
and thereafter to the subgraph G = G — E(G1), we deduce that

e spra-2+((2)-0ri-2)a-n+ () -w+a-v)a

Note that for such a graph G, Theorem 2.6 yields a better upper bound on x},,(G, X) than
Theorem 2.5, provided that d > D/2.

More generally, for an X, Y-bigraph G with maximum degree D where vertices of different
degrees 1,dy,...,dy, D — 1, D appear in X, where

l<di<---<dpy<D-—1,

we may proceed as follows: Let ¢ be a proper D-edge-coloring of G. Denote by X’ the set of
vertices © € X, such that ¢(x) is an interval, a cyclic interval modulo D or a cyclic interval
modulo D. As in the proof of Theorem 2.5 we can recolor the edges incident to vertices of
X’ so that each such vertex gets an interval of colors on its incident edges. Next, partition
the set X" = X \ X' into X" = X4, U Xy, U---U X, where all vertices in X, have degree
d;, and then, for ¢ € {1,..., k}, construct an Xy -interval coloring of G[Xy4, U Y] from ¢ as
in the proof of Theorem 2.5, using disjoint color sets on distinct such subgraphs of G. All
these colorings together make up an X-interval coloring of G. Thus we have the following
consequence of Theorem 2.5, which yields a better general upper bound for x},,(G, X) than
that of Theorem 2.3 if | X is substantially larger than A(G).

Corollary 2.7. If G is an X,Y -bigraph with A(G) = D and the vertex degrees in X are in
{1,dy,...,dx,, D —1,D}, where 1 < dy <---<d <D —1, then

k
oG X) S 2D +dp =3+ ((f) (Dt - 1>) s
i=1 g

Remark 2.8. Note that for an X, Y-bigraph G with no vertices of degree D — 1 in X, the
upper bound in Corollary 2.7 can be improved to

k
D

i=1

Of course, Theorem 2.6 yields an analogous corollary of which we omit the details. Ad-
ditionally, to obtain a one-sided interval coloring with as few colors as possible, one may
combine the techniques used for proving Theorems 2.5 and 2.6. For an X, Y-bigraph G one
may e.g. use Corollary 2.7 for the graph induced by Y and vertices of degree at most A(G)/2
in X, and then use Theorem 2.6 for the graph G’ induced by Y and the vertices of degree at
least A(G)/2 in X, by first decomposing G’ as above.



The preceding results give various improvements of the upper bound on x/,,(G, X) in
(2.2). In particular, Theorem 2.4 yields an upper bound on x},,(G, X) for X,Y-bigraphs G
with A(G) — d(X) < 1, which is linear in A(G). However, in general, the answer to the
following question is unknown:

Problem 2.9. Is there a polynomial P(D) in D such that for any X,Y -bigraph G with
mazimum degree D, x}..(G,X) < P(D)?

Note that if it is true that every (a,b)-biregular graph has an interval coloring, then
the answer to Problem 2.9 is positive: let G be an X, Y-bigraph with maximum degree D.
Partition X into sets Xi, Xs,... such that all vertices in X; have the same degree d; in G.
The minimum number of sets in such a partition is at most D, and for each i, the set X; UY
spans a subgraph H; of G where each vertex in X; has degree d;.

It is easy to see that H; is a subgraph of a (d;, D)-biregular graph J; where all vertices of
X, have degree d; (indeed, this is stated as a lemma below), and by assumption, J; has an
interval coloring f;. Taking all colors in f; modulo D, we obtain a cyclic interval coloring g;
of J; using D colors, i.e. a proper D-edge-coloring where the colors on the edges incident to
any vertex form a cyclic interval modulo D, or an interval. In H;, g; induces a coloring ¢;
such that the colors on the edges incident to any vertex of X; form a cyclic interval modulo
D, or an interval. Proceeding as in the proof of Theorem 2.5, we may from ¢, construct an
X;-interval coloring h; of H; using at most 2D colors. Since the minimum number of sets
X1, Xo, ..., that X was partitioned into is at most D, it follows that

X;m&(Gv X) S 2D2

Note also that this conclusion holds under the weaker assumption that every (a,b)-biregular
graph has a cyclic interval max{a, b}-coloring.

3 Graphs with small vertex degrees

In this section we give various upper bounds on X% (G, X) in absolute numbers when G is
an X, Y-bigraph with A(G) < 9. If A(X) = 1, then trivially x},,(G,X) = A(G). The next
proposition deals with the case A(X) = 2. We shall use the following easy lemma quite
frequently. The proof is left to the reader.

Lemma 3.1. If G is an X, Y -bigraph with A(X) < a and A(Y) < b, then there is an
(a, b)-biregular graph containing G as a subgraph.

Proposition 3.2. Let G be an X, Y -bigraph.

(i) If A(X) = 2 and A(G) is even, then x..,(G,X) = A(G), and there is an X -interval
A(G)-coloring of G such that for each vertex x € X of degree 2, there is a positive
integer j such that the edges incident to x are colored 25 — 1 and 2j;

(ii) if AX) = 2 and A(G) is odd, then A(G) < Xy (G, X) < A(G) + 1.
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Proof. For part (i), by Lemma 3.1, G is contained in a (2, A(G))-biregular graph H. It
follows from Theorem 2.1 that H has an interval A(G)-coloring f such that for each vertex
x of degree 2, there is a positive integer j such that the edges incident to x are colored 25 — 1
and 2j. The restriction of f to G is the required coloring. Part (ii) can be proved similarly
using Theorem 2.1 (ii). O

The upper bound in part (ii) of Proposition 3.2 is best possible. This is easily seen by
considering a proper 3-edge-coloring of a (2, 3)-biregular graph with colors 1,2 and 3. The
number of edges with an odd color is two times the number of edges with an even color.
Hence, there is a vertex of degree 2 with colors 1 and 3 on its incident edges. Thus we need
at least four colors for a proper edge-coloring that is interval at the vertices of degree two.

Hansen [11] proved that all bipartite graphs with maximum degree 3 have interval 4-
colorings, so x%.,(G,X) < 4, if G is an X, Y-bigraph with A(G) = 3. For bipartite graphs
with maximum degree 4 we have the following:

Theorem 3.3. If G is an X, Y -bigraph with A(G) = 4, then x},,(G, X) <6.

Proof. Let ¢ be a proper 4-edge-coloring of GG using colors 2, 3,4, 5. From ¢ we will construct
an X-interval coloring ¢ by recoloring some edges of GG. First we prove some properties
concerning the coloring .

Claim 1. We may assume that there is no path P = xyx’ where x € X, p(x) = {3,5},
o(zy) = 3 and p(x'y) = 2 such that either (') = {2,4,5} or p(z') = {2,4}.

Proof. If there is such a path P, then we interchange colors on P and get colors 2,5 at « and
colors 3,4 or 3,4,5 on the edges incident to z’. O

Claim 2. We may assume that there is no path P = xyx’, where x € X, ¢(x) = {2,4},
o(x') =1{2,3,5}, p(zy) =4 and p(z'y) = 5.

Proof. If there is such a path P, then by interchanging colors on P, we get that 2 and 5
appears at x and an interval on the edges incident to 2’. Note further that this interchange
does not yield any path satisfying the conditions in Claim 1. O

We now construct the coloring ¢ from ¢ by considering some different cases. Some of the
edges colored 2 or 3 under ¢ will be recolored with 6, and some of the edges colored 4 or 5
under ¢ will be recolored with 1.

For each vertex x € X such that ¢(x) is interval, we define ¢ on the edges incident to x
by retaining the colors on each edge incident to z. (This includes all vertices of degree 4 and
1 in X.) We will sequentially consider all other vertices in X and recolor the edges incident
to such a vertex = depending on the local appearance of ¢ at x. Note that if p(z) is not

interval, then
o(xr) € {{2,4},{2,5},{3,5},{2,3,5},{2,4,5} }.

Consider a vertex z € X with p(x) € {{3,5},{2,4,5}}. Assuming that there is no such
path as in Claim 1, we recolor the edge with color 3 incident to = with color 6 if p(x) = {3,5}.
If (x) = {2,4,5}, then we recolor the edge with color 2 under ¢ with color 6. We retain the
color of every other edge incident to x. Note that ¢ (x) is interval. We repeat this for every
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vertex € X with ¢(z) = {3,5} or p(z) = {2,4,5}. By Claim 1, no vertex in Y is incident
to two distinct edges colored 6 under ¢ after this process is completed.
For a vertex x € X with

plr) € {{2,4},{2,5},{2,3,5}}

we proceed as follows:

(1a) if p(x) = {2,3,5}, then we recolor the edge colored 5 incident to = with 1, and retain
the color of every other edge incident to x;

(1b) if p(z) = {2,5} and there is no (5, 4)-colored path ) = zyz’ from z to a vertex a’ such
that p(z') = {2,4}, then we recolor the edge with color 5 under ¢ with color 1, and
retain the color of every other edge incident to z;

(1c) if p(x) = {2,4} and there is no (4, 5)-colored path @ = zyz’ from z to a vertex 2z’ such
that p(z') = {2,5}, then we recolor the edge with color 4 under ¢ with color 1, and
retain the color of every other edge incident to x.

Note that 1 (x) is an interval in all these three cases. We repeat this process for every
vertex x satisfying any of the conditions (1a), (1b), or (1c). It follows from Claim 2 that
after this process is completed, no vertex in Y is incident to two edges colored 1 under .

The only case that remains to be addressed is when two vertices x, 2’ € X with ¢(x) =
{2,4}, o(2') = {2,5} are connected by a (4, 5)-colored path Q = xyz’ of length 2. Let ¢/ € Y
be adjacent to x and such that ¢(zxy’) = 2. We set ¢(zy) = 6, ¥(xy) = 5, ¥(2'y) = 1,
and retain the color of every other edge incident to z’. Note that ¢(x) and ¢ (z’) are both
intervals. Furthermore, since only edges with color 4 or 5 under ¢ are recolored with 1, y is
incident to only one edge colored 1 under .

We now prove that ¢ is incident to only one edge colored 6 under . Recall that only
edges colored 2 or 3 under ¢ are recolored with 6. Moreover, if an edge ab, where a € X,
with color 3 under ¢ is recolored with 6, then p(a) = {3,5}. Hence, it follows from Claim 1,
that there is only one edge incident to y’ colored 6 under .

We conclude that by repeating the above recoloring procedure for every pair of vertices
z, ' € X with p(x) = {2,4}, p(2') = {2,5} that are connected by a (4,5)-colored path
Q = xyz’ of length 2, we obtain the required coloring . O

Note that since a (3,4)-biregular X, Y-bigraph G requires six colors for an X-interval
coloring (which follows from Theorem 2.4), the upper bound in Theorem 3.3 is best possible.

Next, we consider bipartite graphs with maximum degree 5. Our next result requires the
following lemma.

Lemma 3.4. Let G be an X,Y -bigraph where A(Y') <5 and A(X) < 3. Suppose that F is
a spanning subgraph of G, such that

(i) dr(y) < 2 for each vertex y € Y, and dp(y) > 1 if dg(y) =5,

(ii) dp(z) <1 for each vertex x € X, and
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(i) if dp(y) = 2, then at least one of the vertices adjacent to y in F' has degree 3 in G.

If there is a vertex xy € X such that dg(xg) = 3 and dp(x¢) = 0, then there is a spanning
subgraph F' of G such that dp:/(z9) =1, and

(i’) dr(y) < dp(y) < 2, for each vertex y €Y,
(i7’) dp(z) < dp(z) <1 for each vertex x € X of degree three in G,
(iii’) dp(x) < 1 for each vertex x € X,
(1v’) if dp(y) = 2, then at least one of the vertices adjacent to y in F' has degree 3 in G.

Proof. Let G be an X, Y -bigraph satisfying A(Y) <5 and A(X) < 3, and suppose that F is
a spanning subgraph of G satisfying (i)-(iii). Suppose further that there is a vertex zo € X
such that dg(zg) = 3 and dp(z) = 0.

Claim 3. The graph F' contains either a vertex in'Y of degree at most 1 in F' or a component
I that is a 3-vertex path such that at most one of the endpoints of I has degree 3 in G.

Proof. Suppose that the claim is false. Denote by X3 the vertices in X of degree 3 in G.
If y € Y, then y is adjacent in F' to two vertices of degree 3 in . This implies that
| X5| — 1 > 2|Y|, which is impossible because A(Y') <5. O

We continue the proof of the lemma. From G and F' we construct a digraph D in the
following way: we set V(D) =Y U {xo} and the set of arcs A(D) is defined as follows: for
each edge zoy € F(G) incident to xy, we add the arc (xg,y) to A(D); if y,y' € Y, then we
include « parallell arcs from y to y' in A(D) if and only if y # ¢’ and

(2a) dr(y) =2 and if x and 2’ are adjacent to y in F, then dg(z) = dg(2') = 3 and
(2b) there are a edges joining the vertices in {z, 2’} with ¢/ in G.

It is straightforward to verify that for each vertex y in Y, y has indegree at most 4 in D,
and that the outdegree of y is either 0, or at least as large as the indegree of y. Moreover, it
follows from Claim 3 that there is at least one vertex in Y that has outdegree 0 in D. Let
@ be a maximal directed trail in D with origin at xg, and let T' = xoy19s> . . . yr be a directed
path contained in ) with the same origin and terminus as (). It then holds that either

(2¢) dp(yr) < 1, or
(2d) yy is adjacent in F to a vertex xj, of degree at most 2 in G.

In the first case, the directed path T corresponds to a path Ty = zoy121 ... 2p_1yx in G
where the edges are alternately in E(G) \ E(F) and E(F'). In the second case, the directed
path T corresponds to a path T}, = xoy121 . . . Tr_1yxTx in G where the edges are alternately
in E(G)\ E(F) and E(F), and dg(xy) = 2.

If (2¢) holds, then we construct the edge set of the spanning subgraph F’ by setting

E(F/) = E(F) \ {ylxlv cee 7yk—135k—1} U {xoylu o 7xk—1yk}-
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If (2d) holds, then we construct the edge set of F’ by setting

E(F/) = E(F) \ {ylxlv cee 7yk35k} U {xoylu . 7xk—1yk}-

Evidently, dp/ (o) = 1 and F’ satisfies (i’)-(iii’) in both cases. Furthermore, any internal
vertex of T is adjacent in F' to two vertices of degree three in (G, which by the construction
of F" implies that (iv’) holds. O

Theorem 3.5. Let G be an X,Y -bigraph. If A(Y) =5 and A(X) = 3, then x},(G,X) <T.

Proof. Let M be a matching saturating every vertex of degree 5 in Y. Such a matching exists
by Hall’s condition. Suppose that some vertex x € X of degree 3 is not saturated by M.
Denote the set of such vertices by X3}. Let M’ be a maximum matching in G[X} U Y], and
set F'= G[M U M']. Note that F' satisfies the hypothesis of Lemma 3.4.

Suppose that some vertex x € X of degree three in G satisfies dp(z) = 0. By repeatedly
applying Lemma 3.4 we obtain a subgraph .J of G such that

Consider the graph H = G — FE(J). Each vertex in X has degree at most 2 in H and
each vertex in Y has degree at most 4 in H. It follows from Lemma 3.1 and Proposition 3.2
(i), that there is an X-interval 4-coloring f of H such that each vertex in X of degree 2 get
colors 1,2 or 3,4 on its incident edges. From f we define the coloring f’ by setting

o) - {f(e)+1 it f(e) € {1,2}
fle)+2 if fe) € {3,4}.

Note that f’ is interval at every vertex of X.

We now define a coloring g of the edges of J so that f’ and g together form an X-interval
7-coloring of G. Let T be a component of J. We consider some different cases.

Suppose first that T' contains only one edge. Let x € X be a vertex of such a component.
If dg(x) = 1, then we use color 1 on the edge incident to z. If instead dg(z) = 2, then
f'(xz) € {2,3,5,6}. We use color 1,4 or 7 on the uncolored edge incident to x so that the
resulting coloring is interval at x. If dg(z) = 3, then f'(x) = {2,3} or f'(z) = {5,6}. In
both cases we may use color 4 on the uncolored edge incident to x.

Suppose now that 1" is a 3-vertex path, that is, T' = zya’, where z,2’ € X and y € Y. It
follows from (3e) that at least one of x and 2z’ has degree 3 in GG. Suppose that dg(z') = 3.
If dg(x) = 1, then we set g(zy) = 1 and g(2'y) = 4.

We now consider the case when dg(z) = 2. This implies that f'(z) € {2,3,5,6}, and we
consider some different cases:
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o If f'(x) =2, then we set g(zy) =1 and g(2'y) = 4.

o If f/(x) = 3, then we set g(zy) = 4; and if f'(2') = {2,3}, then we set g(z'y) = 1,
otherwise if f'(z’) = {5,6}, then we set g(z'y) = 7.

o If f’(x) =6, then we set g(xy) = 7 and g(z'y) = 4.

o If f'(x) =5, then we set g(zy) = 4 and depending on f’(x’) we use either color 1 or 7
on z'y.

Suppose now that dg(z) = 3. If f'(x) = {2,3} or f'(2') = {2,3}, then we use colors 1
and 4 on xy and x'y, respectively, otherwise we use colors 4 and 7 on xy and z’y so that both
g(z)U f'(z) and g(«’) U f'(2’) are intervals.

We conclude that by repeating the above coloring procedure for every component 1" of J
we obtain a coloring g, such that f” and g together form an X-interval 7-coloring of G. This
completes the proof of the theorem. O

Note that for a (3, 5)-biregular X, Y-bigraph G, it follows from Theorem 2.3 and Theorem
3.5 that 6 < x/,,(G, X) < 7. Hence, the upper bound in Theorem 3.5 is almost best possible.
Moreover, by combining Theorems 3.5 and 2.4 we get the following:

Corollary 3.6. If G is an X,Y -bigraph with A(G) <5, then x,,,(G, X) < 15.

In the following we will give two theorems that provide upper bounds on x4, (G, X) for
X, Y-bigraphs G where the vertices in X all have degree 3 or 4. Let us first briefly consider
graphs with maximum degree 6. Let G be an X, Y-bigraph where each vertex in X has
degree 3 and A(Y) = 6. In [7] we proved that every (3, 6)-biregular graph has an interval
7-coloring. Using Lemma 3.1, this result implies the following:

Proposition 3.7. If G is an X,Y -bigraph where all vertices in X have degree 3 and A(Y') =
6, then X}, (G, X) <T.

The upper bound in Proposition 3.7 is best possible, because the problem of determining
whether a (3, 6)-biregular graph has an interval 6-coloring (and thus an X-interval 6-coloring)
is N'P-complete [2].

Theorem 3.8. If G is an X, Y -bigraph satisfying A(G) < 9, and where the vertices in X all
have degree 3, then x},,(G, X) < 17.

Proof. Let G be an X, Y-bigraph satisfying A(G) < 9 and where the vertices in X all have
degree 3. Using Lemma 3.1, we construct a (3,9)-biregular graph H with parts Xy and Yy
containing G as a subgraph. Since any vertex of degree 3 in X has degree 3 in H, any Xpy-
interval coloring of H induces an X-interval coloring of GG. Hence, for proving the theorem,
it suffices to show that H has an Xpg-interval 17-coloring.

From H, we form a new graph J by replacing each vertex y of degree 9 by 3 vertices
Y1, Y2, y3 of degree 3, where each y; is adjacent to three of the neighbors of y in H, and
each neighbor of y is adjacent to exactly one of yy,ys,y3 in J. The graph J is 3-regular and
bipartite, so by Hall’s condition, it has a perfect matching M. In H, M induces a spanning
(1,3)-biregular subgraph F' where vertices in Xy have degree 1 in F.
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The graph K = H — E(F)) is (2,6)-biregular, so by Theorem 2.1, K has an Xy-interval

6-coloring f such that
f(z) € {{1,2},{3,4},{5,6}}

for each vertex z € Xpy. Define a new proper edge-coloring f’ of K by for every e € E(K)
setting

fle)+3 if f(e) € {1,2}
flle)=1q fle)+4 if f(e) € {3,4}
fe)+5 if f(e) € {5,6}.

Note that f’ only uses colors from the set {4,5,7,8,10,11} and that f’ is interval at every
vertex of Xp.

We shall now define a proper coloring g of the edges of F', so that f’ and g together form
a proper edge-coloring of H that is interval at some of the vertices in Xp.

Consider a component 7" of F'. Let y € Yy N V(T), and let x1, x5, x3 be the neighbors
of y in T'. Using straightforward case analysis it is easy to deduce that if f'(x;) # f'(z;) for
some 4,7 € {1,2,3}, then we may use three distinct colors from the set {3,6,9,12} on the
edges of T so that g(z;) U f'(z;) is an interval for i € {1,2,3}. If f'(z1) = f'(x2) = f'(x3),
then we consider some different cases:

o If f'(x1) = f'(x2) = f'(x3) = {4, 5}, then we properly color the edges of T" using colors
3.6,12.

o If f'(x1) = f'(x2) = f'(x3) = {7, 8}, then we properly color the edges of T" using colors
3.6,9.

o If f'(z1) = f'(x2) = f'(x3) = {10,11}, then we properly color the edges of T" using
colors 3,9,12.

By repeating the above coloring procedure for every component of F', we obtain a proper
edge-coloring ¢ of the edges of F'. Let ¢ be the edge-coloring of H induced by f’ and ¢. It
follows that ¢ is proper and uses colors 3,...,12. Moreover, ¢ is interval at every vertex
x € Xp except if

o(z) € {{4,5,12},{3,7,8},{3,10,11}}.

Let X}; be the set of vertices x such that ¢(z) = {3,7,8}. Note that H[X};UY] has maximum
degree 3. We now define an X y-interval 17-coloring ¢’ of H from ¢ by recoloring some edges:

e For any vertex z € Xy such that ¢(z) is an interval, we retain the color of every edge
incident to z.

e For any vertex x € Xy such that ¢(x) = {4,5,12}, we replace colors 4 and 5, by 13
and 14, respectively.

e For any vertex x € Xy such that p(z) = {3,10, 11}, we replace colors 10 and 11, by 1
and 2, respectively.
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e We replace the colors of the edges of H[X}; UY] by properly coloring these edges with
colors 15,16, 17.

The obtained edge-coloring ¢’ is X y-interval and uses colors 1,...,17. U

Note that for a (3,9)-biregular X, Y-bigraph G, any X-interval 9-coloring of G is also
an interval 9-coloring. In [7] it was proved that the problem to determine whether a (3,9)-
biregular graph has an interval 9-coloring is N'P-complete. Thus in general we need at least
10 colors for an X-interval coloring of a (3, 9)-biregular graph.

Our next result requires the following lemma that was proved in [7]. For completeness,
we give the short proof here as well.

Lemma 3.9. [7] Every (4,8)-bireqular graph has a proper edge-coloring f with colors 1,...,8
such that for every vertex x of degree 4

flz) € {{1,2,3,4},{1,2,7,8},{3,4,5,6},{5,6,7,8}}.

Proof. Let G be a (4,8)-biregular X, Y-bigraph. Since all vertex degrees in G are even, G
has a closed Eulerian trail 7. Let E; be the set of all even-indexed edges in GG, and put
E, = E(G) \ E;. Set Gy = G[E;] and Gy = G[E,], and note that G; is (2, 4)-biregular for
ie{1,2}.

By Theorem 2.1, each G; has an interval 4-coloring such that each vertex in X receives
colors 1,2 or 3,4 on its incident edges. Let f; be such a coloring of GG;, i = 1,2. From f; we
define a new proper edge-coloring gy, by replacing colors 3 and 4 by 5 and 6, respectively;
from f, we define a new proper edge-coloring g, by replacing colors 1 and 2 by colors 7 and
8, respectively. Note that if y € Y, then ¢1(y) U g2(y) = {1,...,8}.

If 2 € X, then g1(x) € {{1,2},{5,6}} and g¢2(z) € {{3,4},{7,8}}. Hence, g1 and go
together form the required edge-coloring of G. O

Theorem 3.10. If G is an X, Y -bigraph satisfying A(G) < 8 and where the vertices in X
all have degree 4, then G has an X -interval 10-coloring.

Proof. Let G be an X, Y -bigraph satisfying A(G) < 8 and where the vertices in X all have
degree 4. Using Lemma 3.1, we construct a (4, 8)-biregular graph H with parts Xy and Yy
containing G as a subgraph. Since any vertex of degree 4 in X has degree 4 in H, any Xpy-
interval coloring of H induces an X-interval coloring of G. Hence, for proving the theorem,
it suffices to show that H has an Xpg-interval 10-coloring.

By Lemma 3.9, H has a proper edge-coloring f with colors 1,...,8 such that for any
vertex x of degree 4 in H

f(zx) € {{1,2,3,4},{1,2,7,8},{3,4,5,6},{5,6,7,8}}.

From f we define an Xp-interval 10-coloring by for each vertex x € Xy such that f(z) =
{1,2,7,8} recoloring the edges incident to = colored 1 and 2 by colors 9 and 10, respectively.
Clearly, the obtained edge-coloring is proper and interval at every vertex of Xg. O
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For a (4, 8)-biregular X, Y-bigraph G, any X-interval 8-coloring of G is also an interval
8-coloring. In [7] it was proved that the problem to determine whether a (4,8)-biregular
graph has an interval 8-coloring is N'P-complete. Thus in general we need at least 9 colors
for an X-interval coloring of a (4, 8)-biregular graph, which means that the upper bound in
Theorem 3.10 is nearly best possible.

Using Propositions 3.2 and 3.7, and Theorems 3.8 and 3.10 we can now deduce some
general bounds on y},,(G, X) for various restrictions on the maximum degrees of the parts
of a bipartite graph G.

Corollary 3.11. Let G be an X,Y -bigraph.

(i) If A(X) =3 and A(Y') =6, then X}, (G, X) < 13.
(i) If A(X) =3 and 7 < A(Y) <9, then x},,(G, X) <17+ A(Y) + 2 — ged(2,A(Y)).
(i3i) If A(X)
(X)

4 and A(Y') =6, then x},,(G, X) < 23.
() If A(X) =4 and 7T < A(Y) <8, then X}, (G, X) <27+ A(Y) + 2 — ged (2, A(Y)).

Proof. Part (i) follows from Proposition 3.2 and 3.7. Statement (ii) is an immediate con-
sequence of Theorem 3.8 and Proposition 3.2. Note further that (iii) follows from (i) and
Theorem 3.10. Finally, (iv) is easily deduced from (ii) and Theorem 3.10. O

By combining Theorem 2.4 and Corollary 3.11 (iii) we get the following:
Corollary 3.12. For every bipartite graph G = (X, Y; E) with A(G) =6, x,,,(G, X) < 33.
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